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Abstract

How do artificial neural networks bind concepts to form complex semantic
structures? Here, we propose a simple neural code, whereby the existence
and the type of relations between entities are represented by the distance
and the direction between their embeddings, respectively. We test this
hypothesis in a variety of Large Language Models (LLMs), each input
with natural-language descriptions of minimalist tasks from five different
domains: arithmetic, visual scenes, family trees, metro maps and social
interactions. Results show that the true semantic structures can be linearly
recovered with a Polar Probe targeting a subspace of LLMs’ layer activa-
tions. Second, this code emerges mostly in middle layers and improves
with LLM performance. Third, these Polar Probes successfully generalize
to new entities and relation types, but performance degrades with the size
of the semantic structure. Finally, the quality of the polar representation
correlates with the LLM’s ability to answer questions about the semantic
structure, and intervening on this subspace causally shifts the model’s pre-
dictions. Together, these findings suggest that LLMs learn to build complex
semantic structures by binding representations with a simple geometrical
principle.

1 Introduction

Compositional representations. Human languages constantly require combining words
into rich semantic structures – such as family ties, spatial arrangements, or part-whole con-
nections. Consider the sentence ‘Bob is Alice’s father, and Mary is her mother’: understanding it
requires constructing, on the fly, a representation of the underlying family tree. Yet, simply
allocating a one-hot feature for each possible combination quickly becomes impractical,
and indeed prevents generalization (Fodor & Pylyshyn, 1988). As large language models
become increasingly able to combine new concepts (Brown et al., 2020), it is thus critical to
understand how the geometry of their activations bind entities to represent compositional
structures.

Probing syntactic structures. A simple binding principle has recently been evidenced in
the context of syntactic representations. Indeed, Hewitt & Manning (2019) showed with a
Structural Probe that words that are linked syntactically (e.g., subject - verb) are represented
more closely in a specific subspace of the LLMs’ activations than words that aren’t (e.g.,
subject - object). Building on this proposal, Diego-Simon et al. (2024) further showed with
a Polar Probe that the type of syntactic relation can be recovered from the relative direction
between the two words in this subspace. In sum, the structure of syntax can be explicitly
represented through the relative distances and directions between contextualized word
embeddings.

* This work was co-supervised by these authors
† Correspondence: pablo-diego.simon@psl.eu
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Figure 1: Polar probes linearly read out semantic structures from LLM activations. A: A
natural-language description specifies a set of entities and their typed relations (illustrated
here for spatial layout , where entities are objects and relations are spatial predicates (left
of/right, top of/ below). B: The description corresponds to a semantic structure, formal-
ized as a relational graph whose nodes are entities and whose edges are typed, directed
relations. C: The LLM contextualizes each entity token, yielding a high-dimensional entity
representation in its residual stream. D: A polar probe, a learned linear transformation
from activation space to a probe-space recovers the relational graph: Euclidean distance
between entity representations codes for edge existence, while relative direction codes for
relation type. Bottom panels: The same scheme applies to four additional domains: variable
ordinality, family trees, metro maps, and thematic roles.

Remaining challenge. This binding principle, however, is currently limited to syntax
(Müller-Eberstein et al., 2022; Eisape et al., 2022; Limisiewicz & Mareček, 2021). Conse-
quently, it is unclear whether a similar principle may also be at play in semantic binding.

Approach. To test this hypothesis, we evaluate whether LLMs build subspaces of activa-
tions where the relative distance and direction between word embeddings linearly represent
the corresponding semantic structure. To evaluate the generality of our approach, we
introduce a synthetic dataset spanning five semantic domains: variable ordinality, spatial
layouts, thematic roles, family trees and metro maps, each with distinctive properties. Each
sample in the dataset consists of a text that describes a semantic structure (e.g., The dog is
to the left of the cat. The cat is below the table. etc). For each semantic structure, we generate
multiple valid textual descriptions, where we randomize the order of relations and entities, to
break any correlation between word order and graph structure. We then input these text
descriptions to a variety of LLMs, differing in size and pretraining stage, and train a Polar
Probe (Diego-Simon et al., 2024) on their activations, one per layer and per domain. To
verify that the identified representations effectively generalize, we evaluate out-of-domain
(OOD) samples with new entity names and relation surface forms. Finally, to evaluate the
functional role of the polar probe, we test whether the quality of these polar representations
predicts the LLMs’ ability to answer questions about the semantic structure.

2



Published as a conference paper at COLM 2026

PCA 1

P
C

A
 2

f
c

y
z

e
j

PCA 1

P
C

A
 2

ball ring

planeshirt

coin

PCA 1

P
C

A
 2

farmer
scientist

teacher
pilot

student

PCA 1

P
C

A
 2

JamesPeter

Michael
Joseph

Amelia

Isabella

PCA 1

P
C

A
 2

studio

pub
lake

hospital

mall

right of

to
p 

of

ball ring

plane shirt

coin

Spatial layout

helps

fo
ll

ow
s

farmer scientist student

Thematic roles

teacher

dad of

m
om

 o
f

Family tree

James

Peter

AmeliaIsabella

Family tree

next stop on line B

ne
xt

 s
to

p 
on

 li
ne

 A

Metro map

greater than

fc y ze j

Variable ordinality

pilot JosephMichael

pubmall

lake

hospital

studio

Figure 2: Polar probe geometry mirrors the gold semantic structure. Top: Expected polar
probe geometry for semantic structures from every domain. Bottom: 2D PCA of probe-space
entity representations from 10 different descriptions of a semantic structure in the test set;
large markers denote entity centroids and lines indicate gold relations. The projections tend
to follow the polar code: direction encodes relation type, and Euclidean distance encodes
relation existence and proximity between entities in the relational graph.

2 Methods

2.1 Problem formalization

Semantic structures as directed graphs. We formalize a semantic structure as a relational
graph with labeled nodes (entities) and typed directed edges (relations).

Let V = {v1, . . . , v|V|} be a finite set of entities and T = {t1, . . . , t|T |} a finite set of relation
types. Define

E = {(vi, vj, tr) ∈ V × V × T : i ̸= j}.
A semantic structure is then a graph G = (VG, EG, TG), where VG ⊆ V , TG ⊆ T , and

EG = {(vi, vj, tr) ∈ E : vi, vj ∈ VG, tr ∈ TG}.

We represent G algebraically by two objects. First, the distance matrix

Mρ
G ∈N

|VG |×|VG |
0 , (Mρ

G)ij = dG(vi, vj),

where dG is the shortest-path distance. Second, the incidence tensor

Mϕ
G ∈ {−1, 0, 1}|VG |×|VG |×|T |, (Mϕ

G)ijr = 1[(vi, vj, tr) ∈ EG]− 1[(vj, vi, tr) ∈ EG].

Semantic structures as LLM activations. A semantic structure G can also be described
in natural language. For simplicity, we consider that each entity vi ∈ VG is represented
by a unique token wi. If an LLM represents G given such a textual description, then this
structure should be retrievable from its hidden activations hi ∈ Rd (Vaswani et al., 2017).

In sum, we seek to identify how the symbolic/graphical representations of semantic struc-
tures are represented in the vectorial activations of neural networks.

Polar Probe. The probed pairwise distance matrix M̂ρ
G ∈ R|VG |×|VG | is computed as

(M̂ρ
G)ij = ∥δij∥2,

where ∥·∥2 is the ℓ2-norm.

To assign each relation to a specific direction of the probed space, we learn a prototype vector
pr for each relation type r ∈ T and train the probe so that, whenever a relation of type r
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Figure 3: Semantic structures are most linearly decodable in the middle layers, only in
pretrained LLMs. Spearman’s ρ for relation existence (blue) and type (orange) decoded by
a polar probe from Llama3-8B across layers in five domains. In pretrained models (solid),
decoding peaks around layers 12–15 and remains high in late layers. In randomly initialized
models (dashed), both scores remain close to chance across all layers and domains.

holds between (vi, vj), the probed difference δij aligns with pr. The probed incidence tensor

M̂ϕ
G ∈ R|VG |×|VG |×|T | records, for each token pair (wi, wj), the cosine similarity between δij

and every prototype vector:

(M̂ϕ
G)ijr =

δij · pr

∥δij∥2 ∥pr∥2
.

Learning objective. Consequently, the loss of the Polar Probe consists of two loss terms.
The structural loss Ls (Hewitt & Manning, 2019) is

Ls =
1
|B| ∑

G∈B

(
1−Ψ(M̂ρ

G, Mρ
G)

)
.

Ψ(·, ·) is the differentiable Spearman rank correlation over the vectorized upper-triangular
entries of the two distance matrices (Mρ

G and M̂ρ
G); ranks are computed via the Sinkhorn-

based soft-sorting operator of Blondel et al. (2020). Ψ assesses agreement in relative distance
orderings (higher is better) and does not assume a common scale or equal-interval spacing
between distances.

The angular loss La (Diego-Simon et al., 2024) is

La =
1
|B| ∑

G∈B

1
|EG| |T | ∑

(i,j)∈EG

∑
r∈T

(
(M̂ϕ

G)ijr − (Mϕ
G)ijr

)2.

The polar probe and the relation prototypes are jointly trained to minimize a weighted
(λ ∈ R) sum of the structural (Ls) and angular (La) losses:

(B∗, {p∗r }r∈T ) = arg min
B,{pr}r∈T

(
Ls + λLa

)
, λ > 0.

Implementation details. For simplicity, we systematically train and evaluate the Polar
Probe independently on each of the layers of a given LLM. After a grid search, we set
λ = 5.0 and the learning rate to 1× 10−5. Training runs for 100 epochs, and the probe
rank is 512 by default unless stated otherwise. For each semantic domain, the training set
contains 30 graphs, each described in 20 distinct ways. The validation set contains 50 unseen
graphs, each described 20 times. All graphs in a dataset have a fixed number of entities;
entity names are drawn from a pool of 13 items. A disjoint pool of 13 entities and relation
surface forms is reserved for OOD evaluation.

2.2 Datasets

Semantic domains. We synthesize five datasets, each containing relational graphs from
a different semantic domain. We group semantic domains into Euclidean (spatial layouts,
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variable ordinality and thematic roles) and non-Euclidean (metro networks and family trees).
The criterion is whether the graphs can be faithfully coded with a polar code in a flat
(zero–curvature) space, or instead require nonzero curvature.

Prompting. We use a short, domain-specific prompt to introduce the LLM to the semantic
domain and to incline it to infer the relations between entities. For more details, refer to
Table 1 (e.g., I am going to describe a family tree; you need to understand how all family members
relate to each other). After this prompt, the relations in the graph are exhaustively described
in a random order. For each relation, the order of the entities is also randomized between
both equivalent options (e.g., James is the dad of Joseph or Joseph is the son of James). Therefore,
for a given relational graph, there exist multiple textual descriptions.

Post-prompt. Entities that are related tend to occur relatively close to one another in the
textual descriptions, since the descriptions do not contain sentences specifying the absence
of relations. To control for this textual-distance confound, we append a fixed-order list
of all entities after the relational description (e.g., Who are James, Joseph, and Amelia?) and
extract the model activations at these entity locations in the post-prompt. Thus, all probed
entities appear in a fixed order, independent of where and how often they appeared in the
preceding description. To ensure a one-to-one mapping between entities and tokens, we
choose entity names that are each encoded by a single token.

2.2.1 Euclidean graphs.

We generate Euclidean relational graphs for three semantic domains via Algorithm 1.

Arithmetic (Variable ordinality). First, we investigate ordinality of mathematical
variables, such semantic domain consists of a single relation type. Different variable names
are randomly placed on a magnitude axis. Relational graphs are constructed where entities
are mathematical variables (e.g., x, y, z) and relations denote relative order between adjacent
variables (e.g., greater than/less than).

“x is greater than z. z is less than y.”

Spatial arrangement (2D layouts). Second, we investigate spatial layouts in two dimen-
sions. Such layouts consist of placing objects on a two-dimensional regular grid. Relational
graphs are constructed where entities are objects (e.g., ball, shirt, plane) and relations denote
relative position between adjacent objects (e.g., left of/right of; above/below).

“The ball is left of the plane. The ball is below the shirt.”

Social interaction (Thematic roles). Third, we turn to abstract social interactions, consid-
ering only cases where the relational graph admits an exact two-dimensional Euclidean
embedding under a polar code. We model thematic roles that capture agent–patient in-
teractions within a group of people. Relational graphs are constructed where entities are
professionals (e.g., farmer, pilot, teacher), and relations denote interaction types between an
agent and a patient (e.g., follows/followed by; helps/helped by).

“The pilot follows the teacher. The farmer is helped by the teacher”

2.2.2 Non-Euclidean graphs.

Some semantic domains are not exactly representable in a Euclidean space following a polar
code. This occurs in three settings: (1) when relation composition is non-commutative, (2)
when relations are many-to-many, or (3) when the underlying graph has non-Euclidean
topology. Nevertheless, we ask whether a polar code can hold locally—within small neigh-
borhoods—even if it is not globally coherent.

Family trees. Then, we study a semantic domain with non-commutative and many-to-
many relations: family trees. Parent relations compose non-commutatively (e.g., mother ◦
father ̸= father ◦ mother), and kinship ties such as sibling of are many-to-many (e.g., three
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Figure 4: Polar probe performance grows with pretraining, falls with the number of
entities in the relational graph, and degrades with out-of-distribution (OOD) entities and
relation surface forms. Top: Spearman’s ρ for relation existence (blue) and type (orange)
vs. pretraining steps at the best layer of OLMo-7B. Middle: Polar probe performance vs.
number of entities in the graph at the best layer of Llama3.1-8B. Bottom: Generalization
analysis on the best layer of Llama3.1-8B to OOD relation surface forms, OOD entity names,
and without domain-specific prompting.

sisters are each siblings of the others). Relational graphs are constructed where entities
are people (e.g., Joseph, Amelia, James, Emily) and relations are kinship ties (e.g., mother
of/father of; daughter of/son of; sister of/brother of). Valid relational graphs are sampled
while enforcing classical genealogical constraints (no cycles through parent links, consistent
parentage, and gendered inverse relations). For the “sibling of” relation, because of its
many-to-many nature, we do not assign it to a prototypical direction; however, we include
it in the structural loss computation.

“Amelia is the mother of James. Joseph is the father of James. Emily is the sister of James”

Metro maps. Finally, we investigate a semantic domain where the graph’s distance metric
is not Euclidean. Metro networks are a canonical example, since the distance between
two stops on different lines is determined by network path length rather than Euclidean
geometry. Relational graphs are constructed where entities are metro stops corresponding
to city landmarks (e.g., lake, mall, hospital) and relations denote the line and direction
connecting adjacent stops (e.g., next on line A / previous on line A; next on line B /
previous on line B). Transfer hubs occur where the lines intersect, and distances follow
shortest-path length along the metro lines (including transfers).

“The mall is one stop after the lake on line A.
The hospital is one stop before the mall on line B”

2.3 Evaluation details

The test set for each dataset comprises 50 held-out graphs, each described 30 times. We
report Spearman’s ρ, following prior work (Hewitt & Manning, 2019), for (i) relation existence
predictions (rank correlation between the vectorized upper triangle of predicted vs. gold
pairwise distance matrices) and (ii) relation type predictions (rank correlation between the
vectorized prototype-based predicted incidence tensor vs. the gold incidence tensor).
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Figure 5: Polar probe performance increases with model size and saturates at low probe
rank. Top: Spearman’s ρ for relation existence (blue) and type (orange) as a function of
model size across the Pythia family, at the middle layer. Solid lines indicate pretrained
models; dashed lines indicate randomly initialized ones. Bottom: Polar probe relation
existence and type scores as a function of probe rank at the best layer of Llama3.1-8B.

2.4 Correlation with downstream predictions.

We evaluate whether probe-space errors correlate with LLM downstream performance on a
Question-Answering task. We present 500 relational graphs one-by-one to the LLM and, in
each graph, query a specific relation (e.g., Which variable is immediately greater than y?). For
each query, we record the logit assigned to the correct answer. To account for varying graph
complexity, we normalize probe errors within each graph and report Spearman’s ρ between
the normalized probe error and the correct answer’s logit. A statistically significant negative
correlation (Spearman’s ρ < 0) would be consistent with larger probe errors being associated
with lower logit values, suggesting that probe errors may provide a partial diagnostic of the
model’s reasoning performance.

Causal interventions Beyond correlations, we test whether the geometric structure identi-
fied by the Polar Probe can causally steer model behavior (Nanda et al., 2023; Turner et al.,
2025). We use the same QA setup as in the correlation analysis and measure the probability
of predicting the correct entity token. Given a Polar Probe B, we map a prototype vector
pr back to model space via v = B†pr. We then intervene on the hidden state of the correct
token by adding a scaled direction: h← h + α s v, where α and s control the intervention
strength and the directionality of the intervention respectively. We compare two conditions:
(i) positive-prototype steering (s = 1), (ii) negative-prototype steering (s = −1).

2.5 Pretrained Large Language Models.

We use publicly available, text-only LLMs. Most analyses are conducted with Llama3.1-8B
(Grattafiori et al., 2024). For the emergence analysis, we use OLMo-7B (Groeneveld et al.,
2024), whose training checkpoints are publicly available . For model-size analyses, we
consider members of the Pythia family (Biderman et al., 2023) with varying parameter
counts ranging from 10 million to 6.8 billion.
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3 Results

Layer analysis. Across domains, polar probes decode semantic structures most accurately
from the middle layers of Llama3-8B (Grattafiori et al., 2024) (Figure 3). Spearman’s ρ
for relation existence peaks at ∼ 0.80 and for relation type at ∼ 0.50–0.70 around layers
12–15. Probes trained on a randomly initialized Llama3-8B yield scores near 0.0 across
layers, matching a random baseline (see also additional baselines in Figure 9). Unlike prior
results in syntax (Hewitt & Manning, 2019; Diego-Simon et al., 2024), performance does
not fully collapse in deeper layers. Domain-wise, type scores diverge: family trees reach
comparatively high type accuracy already in shallow layers, likely reflecting lexical gender
cues in names (encoded in the vocabulary embeddings), whereas metro maps show lower
type scores overall and peak later, consistent with their non-Euclidean, network-based
structure. We observe similar results when evaluating polar probes on both naturalistic and
multilingual variants of the spatial layouts domain (Figure 10)

Emergence during pretraining. How does training shape their subspaces to represent
semantic structures? To address this issue, we apply the Polar Probe to 9 checkpoints of
OLMo-7B (Groeneveld et al., 2024). Polar probe performance increases with pretraining
steps at the best-performing layer of OLMo-7B (Figure 4). Scores for both relation existence
and type strengthen gradually and remain largely unsaturated across available checkpoints,
suggesting further gains with longer pretraining. Consistent with the depth analysis,
decoding for metro maps emerges later during pretraining than for other domains and
attains lower type scores overall. Overall, these results suggest that the polar coordinate
principle is not a trivial property of high dimensional connectionist models, but directly
depends on their ability to learn to store, represent, and manipulate knowledge.

Graph complexity. Are all semantic structures equally represented in the LLMs? To ad-
dress this question we train and evaluate polar probes on relational graphs with varying
number of entities. Both existence and type scores decline as the number of entities in
the relational graph increases (measured at the best-performing layer of Llama3-8B) (Fig-
ure 4). The drop is especially pronounced for relation type in thematic roles and metro
maps, exceeding 50% when just two entities are added. As the entity count grows, the
combinatorial space of possible graphs expands rapidly, making the decoding problem
substantially harder.

Generalization to new entities and relations. While the above analyses are systematically
evaluated on semantic structures absent from the training set, the Polar Probe may memorize
some relations (e.g., plane left of ball = dimension 42). To test whether the learned geometry
generalizes beyond such associations, we repeat the analyses on semantic structures in which
entity names and relation surface forms are absent from the training set. Figure 4 shows
that, at the best-performing layer of Llama3-8B, Polar Probe performance degrades only
modestly when the domain-specific prompt is removed. Using OOD relation surface forms
leads to an additional but modest drop, whereas OOD entity names have a substantially
larger effect. Nevertheless, performance remains well above the random baseline across
all settings. Overall, these results show that Polar Probes generalize to unseen semantic
structures rather than simply memorizing the training graphs. However, as the probes are
supervised, generalization remains partial for OOD entities and relation surface forms.

LLM size. To evaluate whether the capacity of the LLMs influenced the geometry of
semantic structures, we trained and evaluated polar probes on models from the Pythia
suite spanning 14M–6.9B parameters (Biderman et al., 2023). Polar probe performance
increases with model size, for each of the 5 domains, even though the probe size is fixed
at 128 (Figure 5). This result is not trivially explained by the LLM dimensionality: when
trained on randomly initialized LLMs, the polar probes remain close to chance across all
sizes.

Polar probe rank. To assess whether the Polar Probe relies on dense or sparse repre-
sentations, we trained and evaluated polar probes for each semantic domain with ranks
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logarithmically spaced from 2 to 1024. Polar probe performance saturates at low ranks for
both relation existence and type scores. Across domains, a rank of roughly 32 captures most
of the achieved performance (Figure 5). Notably, for variable ordinality, relation type scores
peak with only 2 dimensions; beyond these values, increasing rank yields no consistent
gains. Overall, this suggests that semantic structures are represented in a compact subspace
of the LLMs.
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Figure 6: Polar probe prototypes
steer LLM predictions: Probability
of a correct answer under steering at
layer 11 of Llama3-8B.

Causal interventions. To examine whether Polar
Probes can causally influence downstream predic-
tions, we intervene on Llama3-8B by steering its acti-
vations along the learned positive and negative pro-
totype directions. Steering modestly shifts the prob-
ability of a correct answer in a QA setting (Figure 6),
with the strongest effects observed in the model’s
middle layers (Figures 11 and 12), consistent with
the layers where Polar Probe performance is highest.
These results suggest that the recovered subspaces
have some behavioral relevance, but do not estab-
lish that they fully explain the model’s downstream
reasoning behavior.

Subspace superposition. Across domains, the
learned subspaces are largely disjoint in the LLM’s
activation space (Figure 7). A clear exception is a pro-
nounced overlap between spatial layouts and vari-
able ordinality, consistent with the superposition hy-
pothesis (Elhage et al., 2022).

4 Discussion

Specific contributions. This work demonstrates that the textual description of a new
semantic structure can be recovered from the hidden activations of a large language model
(LLM) with a simple geometric principle. Specifically, the existence and the type of a semantic
relation between two entities are encoded by the distance and the direction, respectively,
between their embeddings in a subspace of the LLM.

Beyond syntactic trees. Our approach extends earlier work on syntactic tree representa-
tions in LLMs (Hewitt & Manning, 2019; Diego-Simon et al., 2024), which focused exclusively
on universal-dependency relations between words. By contrast, we here show that the Polar
Probe is limited neither to syntax nor to tree structures, but also extends to a broader class
of structures, namely, directed and labeled Euclidean graphs.

Beyond knowledge retrieval. Linear probing of language models has been widely ex-
plored (Humphrey et al., 1970; Georgopoulos et al., 1986; Alain & Bengio, 2017; Conneau
et al., 2018), to show that a broad range of features are linearly decodable from their activa-
tions: linguistic properties (Tenney et al., 2019; Jawahar et al., 2019; Liu et al., 2019), spatial
and temporal knowledge (Gurnee & Tegmark, 2024; Chen et al., 2023), lexical semantics
(Mikolov et al., 2013; Park et al., 2025b), political stances and factuality (Kim et al., 2025;
Marks & Tegmark, 2024), and numeric values (Levy & Geva, 2025). These studies, however,
primarily investigate how models retrieve knowledge acquired during training. By contrast,
our present work targets compositional structures that, by design, could not have been
memorized during training. In this sense, this study closely relates to in-context learning
(Brown et al., 2020; Park et al., 2025a) and binding (Feng & Steinhardt, 2024; Dai et al., 2024),
providing a geometric principle for how compositional representations may be structured
in neural activations.

Limitations and future work. This work has several limitations that suggest natural
directions for future research. First, although the structural loss supervises shortest-path
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distances between all pairs of entities, the angular loss supervises relation types only for
directly connected entities. Thus, the Polar Probe does not explicitly model how relation
types compose across multiple hops. Extending Polar Probes to capture such multi-hop
relational composition is an important direction for future work. Second, as noted by
Simon et al. (2025), the Polar Probe relies on linear distances, and is therefore tailored to
capture Euclidean graphs, i.e., structures whose nodes and edges can be faithfully embedded
in a flat vector space and where distances satisfy Euclidean geometry. As a result, our
method cannot accurately represent entire non-commutative, many-to-many relations or
shortest-path distances (e.g. family trees and metro networks).

The present findings also leave open broader questions about how relational structure is
organized in language-model activations. Although our results suggest that semantic and
syntactic structures may rely on a shared geometric principle, the relationship between
their representations remains unresolved. In particular, it is unclear whether they occupy
overlapping subspaces or are encoded in distinct subspaces with similar geometric proper-
ties. Directly comparing these representations and quantifying the overlap between their
respective subspaces is therefore an important direction for future work.

More generally, our results motivate interpretability methods that are less tied to supervised
objectives over fixed training corpora and more directly constrained by the intrinsic geom-
etry of model representations (Sarfati et al., 2026; Wurgaft et al., 2026). Such approaches
may help reveal geometric regularities that are more stable across lexical realizations and
contexts.

Larger impact. Overall, this study clarifies how symbolic structures can be represented
within vectorial systems, thereby refining the solution to the long-standing — and sometimes
overstated — tension between symbolic and connectionist approaches to AI (Fodor &
Pylyshyn, 1988; Smolensky, 1991; Marcus, 2003; Gayler, 2004).
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6 Appendix

6.1 Subspace alignment score.

Let Bi ∈Rki×d and Pi ∈Rki×Ti be a trained polar probe and its prototype matrix (columns
are prototype vectors). We project prototypes to model space:

Vi = B†
i Pi ∈ Rd×Ti ,

and take the reduced QR factorization Vi = QiRi with Q⊤i Qi = ITi , Qi ∈ Rd×Ti .

We report the mean squared cosines of the principal angles between two subspaces (Åke
Björck & Golub, 1973):

Alignment(Bi, Bj) =
1
N
∥Q⊤i Qj∥2

F.

where {θn} are the principal angles and N = min(T1, T2). This score lies in [0, 1], equals 0
for orthogonal subspaces, and increases with alignment.

Spa
tia

l la
yo

ut

Fam
ily

 tre
e

Metr
o m

ap

Vari
ab

le 
ord

ina
lity

Family tree

Metro map

Variable ordinality

Thematic roles

0.0009

0.0007 0.0003

0.0198 0.0003 0.0012

0.0019 0.0002 0.0002 0.0012 0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

0.0175

Su
bs

pa
ce

 a
lig

nm
en

t

Figure 7: Semantic domain subspaces are largely disjoint, with a spatial–ordinal overlap.
Cross-domain alignment at the best layer of Llama3-8B, quantified via the principal angles
in LLM space (higher = more overlap).

6.2 Correlation with downstream predictions

To determine whether polar representations are merely epiphenomenal or instead reflect
representations used by the LLM, we conduct a representation–behavior analysis. Specifi-
cally, we compare the reliability of these representations (Polar Probe performance) to LLMs’
ability to effectively answer questions about the semantic structure. We find that higher
type errors in probe-space correlate with the worse Llama3-8B downstream performance
(Figure 8). No analogous correlation is observed for existence errors.
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Figure 8: Type probe errors predict LLM’s downstream performance. Layerwise Spearman
correlation between existence (blue) and type (orange) probe-space errors and logit of the
correct answer on a Question-Answering task over semantic structures.

6.3 Additional baselines

Figure 9: Semantic structures are encoded in linear subspaces of LLM activations. Training
prototype vectors with a fixed identity probe yields Existence scores close to chance. Type
scores are high in the spatial layout and family tree domains but remain near chance
elsewhere. Finally, the linear baseline, shown as a horizontal line, performs very close to
chance across all domains.

6.4 Naturalistic evaluation

We extend the evaluation to more naturalistic settings by synthesizing a dataset from the
spatial layouts domain, in which relation surface forms vary. We further synthesize a
multilingual version comprising Italian, Spanish, French, and English.
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Figure 10: Polar probes trained on the Spatial Layout controlled dataset generalize to
naturalistic and multilingual sentences. Polar probes are trained on the controlled Spatial
Layout dataset and evaluated on an LLM-generated naturalistic dataset within the same
semantic domain. Probe performance substantially exceeds both chance level and the
untrained baseline.

6.5 Causal interventions
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Figure 11: Interventions along polar probe directions modulate model predictions, with
the strongest effects in middle layers. Probability of the correct token under positive
and negative direction steering. In middle layers, positive-prototype interventions reliably
increase the probability and negative-prototype interventions decrease it.
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Figure 12: Middle layers show maximal response to causal interventions. Layerwise mean
difference in probability between positive-signed and negative-signed prototypes.
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6.6 Alignment with uncontextualized embeddings

Figure 13: Semantic domain subspaces and uncontextualized embeddings are disjoint.
Cross-domain alignment at the best layer of Llama3-8B, quantified via the principal angles
in LLM space (higher = more overlap)

6.7 Predicted vs.Ground-truth distances
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Figure 14: Semantic distance and Probe distance used to calculate Spearman’s ρ
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6.8 Dataset generation

Algorithm 1 Grid-based Euclidean graph sampler

Require: entities n, dimension d
Ensure: G = (VG, EG, TG)

1: VG = {v1, . . . , vn}
2: TG = {t1, . . . , td}
3: Ud ← {e1, . . . , ed} ▷ positive unit steps
4: positions← {0} ▷ positions in Zd

5: while |positions| < n do ▷ random signed unit-step growth
6: pick x ∈ positions uniformly
7: pick u ∈ Ud uniformly
8: pick s ∈ {−1,+1} uniformly
9: positions← positions∪ {x + su} ▷ reject if already occupied

10: end while
11: pick a bijection f : positions ∼−→ VG
12: pick a bijection g : Ud

∼−→ TG
13: EG ← ∅
14: for all ordered pairs (vi, vj) do
15: ∆← f−1(vj)− f−1(vi)
16: if (∥∆∥2 = 1) ∧ (∆ ∈ Ud) then
17: t← g−1(∆) ∈ TG
18: EG ← EG ∪ {(vi, vj, t)} ▷ Add to graph
19: end if
20: end for
21: return G = (VG, EG, TG)
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6.9 Setup details

Table 1: Entity names, relations and prompt used for each semantic domain

Spatial layout Family tree Metro lines Variable ordinality Thematic roles
Entity names Entity names Entity names Entity names Entity names
bag, ball, clock, lamp, ring,
key, train, plane, boat, bus,
bike, shirt, coin

James, Henry, Peter, Ben,
Michael, Joseph, Isabel, Al-
ice, Amelia, Charlotte, Is-
abella, Grace, Anna,

market, studio, pub, park,
Opera, court, college, lake,
airport, church, restaurant,
hospital, mall

d, f, c, y, u, z, o, g, r, e, j, l, n tourist, farmer, mechanic,
scientist, teacher, manager,
pilot, waiter, firefighter, stu-
dent, doctor, engineer, actor

Relations Relations Relations Relations Relations
to the right of / to the left
of, on top of / below

son of, daughter of, mom
of, dad of, brother of, sister
of

one stop before / one stop
after

less than / greater than follows / is followed by,
helps / is helped by

Entity names (OOD) Entity names (OOD) Entity names (OOD) Entity names (OOD) Entity names (OOD)
car, cat, dog, tree, house,
chair, table, book, door, bed,
phone, cup, shoe

Victoria, Emily, Emma,
Mary, Sarah, Lucy Leo,
William, Paul, John, Bob,
Mark, Daniel

bar, hill, square, pool,
gallery, school, river, shop,
tower, station, forum,
bridge, library

w, b, h, x, i, m, v, t, s, k, q, a,
p

driver, baker, dancer,
neighbor, singer, librarian,
lawyer, officer, artist, writer,
chef, nurse, coach

Relations (OOD) Relations (OOD) Relations (OOD) Relations (OOD) Relations (OOD)
rightward of / leftward of,
over / underneath

offspring of, mother of, fa-
ther of, sibling of

one stop back from / one
stop ahead of

fewer than / larger than pursue / is pursued by, as-
sists / is assisted by

Prompt Prompt Prompt Prompt Prompt
**Geometrical Layout**
You will receive a descrip-
tion of an abstract scene
laid out on a regular square
grid. **Vocabulary** The
scene contains objects,
named: [] **Relations** The
following spatial relations
are used to describe the
relative position of the
objects on the grid: (above,
below, left of, right of)
**Goal** Infer the grid
coordinates of every ob-
ject so that **all** spatial
constraints are satisfied.
**Scene description:**

**Family Tree** You will
receive a description of a
family tree. **Vocabulary**
The family tree contains
people, named: [] **Rela-
tions** The following fam-
ily relations are used to
describe link between two
people in the family: (dad
of, mom of, son of, daugh-
ter of, brother of and sister
of) **Goal** Infer the family
relations among all mem-
bers in the family so that
**all** constraints are satis-
fied. **Scene description:**

**Metro Map** You will re-
ceive a description of a
city’s metro map. **Vocab-
ulary** The metro can have
lines [] which connect the
following sites in the city
[]. **Relations** The fol-
lowing relations are used
to describe where each site
is located on a given direc-
tion of the metro line: (one
stop before, one stop after)
**Goal** Infer the position
of each site on its corre-
sponding metro line so that
**all** constraints are satis-
fied. **Scene description:**

**Mathematical Variables**
You will receive a descrip-
tion of set of mathemati-
cal constants, each associ-
ated with an unknown real
number. **Vocabulary**
The constants are named ac-
cording to []. **Relations**
The following relations are
used to describe the rela-
tive position of a constant
with respect to another one
on the real axis: (greater
than, less than) **Goal** In-
fer the position of each con-
stant on the real axis so that
**all** constraints are satis-
fied. **Scene description:**

**Social Interactions** You
will receive a description
of an interaction between
several people. **Vocab-
ulary** The people poten-
tially participating in the
interaction are: [] **Rela-
tions** The interaction type
between two people can
be: (follow - be followed
by , help - be helped by)
**Goal** Infer the interac-
tions among participants so
that **all** constraints are
satisfied. **Scene descrip-
tion:**
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