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Abstract

Token Choice Mixture of Experts (TC) routes each token to a fixed number
of experts, limiting dynamic computation allocation and requiring auxiliary
losses to maintain load balance. We propose Expert Threshold (ET) routing,
which relaxes the per-token activation constraint to an expected activation
rate over the global token distribution. ET maintains an exponential mov-
ing average (EMA) threshold for each expert estimated from the global
token distribution. At training and inference, each token independently ac-
tivates an expert if its routing score exceeds the expert’s threshold, enabling
dynamic computation allocation while achieving load balance without aux-
iliary losses. This causal mechanism eliminates dependence on other tokens
in the batch, making it well-suited for autoregressive language modeling.
In pretraining experiments scaling to 2.4B parameters on FineWeb-Edu, ET
achieves 0.067 lower cross-entropy loss than TC, equivalent to reaching the
same performance with 1.6× fewer tokens.

1 Introduction
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Figure 1: Evaluation loss for Dense, TC, and
ET. Compared to TC, ET achieves a 0.067 final
loss gap, or reaches the same performance
with 1.6× fewer tokens.

Mixture of Experts (MoE) architec-
tures (Shazeer et al., 2017; Lepikhin et al.,
2021; Fedus et al., 2022) have emerged as a
leading approach to scale language models
efficiently, powering frontier models
like DeepSeek-V3 (DeepSeek-AI, 2024).
By sparsely activating only a subset of
expert networks per token, MoE decouples
model capacity from computational cost,
enabling massive parameter counts with
tractable FLOPs. However, sparse routing
introduces a fundamental tension: without
intervention, routers tend to collapse
onto a small subset of experts (Shazeer
et al., 2017). This harms model quality, as
underutilized experts become redundant
parameters that waste capacity. It also
creates hardware bottlenecks under Expert

Parallelism (Lepikhin et al., 2021), where skewed loads leave some devices idle and others
overloaded. Thus, we need a routing mechanism that roughly maintains load balancing.

Prior work falls into two categories. The prevalent Token Choice (TC) routing (Fedus et al.,
2022) fixes the number of experts each token selects. This sparsity constraint not only fails
to address load imbalance, but further complicates the routing as it conflicts with load
balancing, turning the routing into a combinatorial optimization problem. Existing methods
resort to heuristics to approximate load balancing, such as auxiliary losses (Lepikhin et al.,
2021; Fedus et al., 2022) or PID controllers (Team, 2025a; Wang et al., 2024). In contrast,

Code is available at https://github.com/MasterGodzilla/Expert-Threshold-Routing.
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Expert Choice (EC) routing (Zhou et al., 2022) relaxes the fixed computation budget per
token and only enforces load balancing within a batch by selecting the top-k tokens for
each expert, achieving perfect load balancing by construction while enabling dynamic
computation allocation. However, EC routing fundamentally violates causality, making it
unsuitable for autoregressive language models. Selecting top-k requires comparing against
the entire batch that includes future positions. At training time this mechanism leaks
information (Wang et al., 2024); at inference time future tokens simply do not exist.

In this paper, we relax both per-token sparsity and per-batch load balancing, requiring only
that load reaches a targeted activation rate in expectation. The resulting mechanism, Expert
Threshold (ET) routing, routes each token by comparing its score to a quantile threshold
tracked from each expert’s global score distribution. Because the same threshold is used at
training and inference, ET routing is fully causal with no train-inference mismatch.

Pretraining a 2.4B (0.56B active) language model on FineWeb-Edu, ET outperforms TC by
0.067 in cross-entropy loss while achieving near-perfect load balancing. We further show
that EC’s performance improves with batch size, and that models trained with large-batch
EC can perform causal inference using our threshold-based routing without retraining.

2 Preliminaries on Routing as Constrained Optimization

An MoE layer replaces a dense feed-forward block with a router and GE experts. Consider
a batch of N tokens with representations xt ∈ Rd. The router computes scores

rt,i = (Wrxt)i, (1)

collected into a matrix r ∈ RN×GE. Based on r, a routing rule produces a binary assignment
z ∈ {0, 1}N×GE where zt,i = 1 indicates expert i is activated for token t and 0 otherwise.
Each selected expert i computes an output yi,t ∈ Rd, weighted by a gate value pt,i = σ(rt,i).
The MoE output for token t is

yt =
GE

∑
i=1

zt,i pt,i yi,t. (2)

The routing rule that determines z therefore controls both compute allocation and expert
load balance. We formalize MoE routing as finding z that maximizes the total routing score
subject to computational constraints, since higher scores indicate stronger token-expert
affinity and, through the gate pt,i, larger expert contributions to the output.

Token Choice Routing The standard Token Choice routing goal is

max
z

N

∑
t=1

GE

∑
i=1

zt,irt,i

s.t.
GE

∑
i=1

zt,i = G, ∀t (Sparsity)

N

∑
t=1

zt,i = k, ∀i (Load Balancing)

zt,i ∈ {0, 1}

(3)

Here the sparsity constraint ensures each token selects exactly G experts, and the Load
Balancing constraint ensures each expert processes exactly k = N/E tokens. Solving (3)
exactly requires combinatorial algorithms such as theO(N3) Hungarian Matching algorithm.
Most Token Choice (TC) methods therefore strictly enforce the sparsity constraint by setting
zt,i = 1 ⇐⇒ i ∈ TopG(rt,·), while relying on auxiliary losses (Lepikhin et al., 2021; Fedus
et al., 2022) or loss-free load balancing strategies (Wang et al., 2024) to approximate the load
balancing constraint.
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Figure 2: Illustration of TC, EC, and ET routing mechanisms and their routing pools. Left: TC
routes each token independently to its top-G experts, causing load imbalance. Middle: EC
has each expert select its top-k tokens from the batch, requiring access to all tokens including
future ones (non-causal). Right: ET routes each token independently by comparing its
score against the population’s top-(1/E) quantile estimated by an EMA-tracked threshold
ci, enabling fully causal routing over the population.

Expert Choice Routing While the load balancing constraint is essential to avoid routing
collapse, the sparsity constraint has no practical benefit. Thus, Expert Choice (EC) (Zhou
et al., 2022) removes the sparsity constraint entirely and enforces only load balancing within
batches. The primal problem becomes

max
z

N

∑
t=1

GE

∑
i=1

zt,irt,i s.t.
N

∑
t=1

zt,i = k, ∀i, zt,i ∈ {0, 1} (4)

with trivial closed-form solution zt,i = 1{t ∈ Topk(r·,i)}, i.e. picking the top-k tokens in
each batch. This design has two key benefits. First, it achieves perfect load balancing, since
each expert processes exactly k = N/E tokens by construction, eliminating the need for
auxiliary losses or capacity clipping. Second, it enables dynamic computation, since a token
may be selected by zero, one, or multiple experts depending on token importance.

However, the per-batch load balancing constraint in EC introduces a causality problem
for autoregressive generation. The selection indicator zt,i depends on all tokens’ scores
{r1,i, . . . , rN,i}—including future tokens unavailable during inference. Extending EC to
batch-level top-k (Ludziejewski et al., 2024) partially alleviates this but does not fully restore
causality, as routing still depends on batch composition.

3 Expert Threshold

In the preliminaries, we identified the constraints that Token Choice and Expert Choice
routing impose, yet we question their necessity. To avoid routing collapse, asymptotic
load balancing suffices. ET further relaxes the per-sequence or per-batch Load Balancing
constraint to a stochastic expectation.

max
z

Edata

[
GE

∑
i=1

zt,irt,i

]

s.t. Edata[zt,i] =
1
E

, ∀i

zt,i ∈ {0, 1}

(5)

Essentially, solving this primal problem is equivalent to picking the top 1/E fraction of
tokens from the full router logit distribution, rather than from a single batch. We may obtain
a (1− 1/E)-quantile estimate ci via exponential moving average (EMA) of the k-th largest
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Algorithm 1 Expert Threshold Routing

1: Input: router logits r ∈ RN×GE, cutoff-EMA {ci}, decay rate β, target selection size
k = N/E

2: for expert i = 1, . . . , GE do
3: zt,i ← 1{rt,i > ci} ∀t
4: if TRAINING then
5: ci ← βci + (1− β) · kth-largest({rt,i}N

t=1, k)
6: end if
7: end for
8: Return z, {ci}

router logit of each batch. Then, for both training and inference, we route tokens via binary
thresholding, setting

zt,i = 1{rt,i > ci} (6)

where zt,i ∈ {0, 1} is the binary indicator of whether token t is routed to expert i. Since zt,i
depends only on rt,i and the global threshold ci, routing is fully causal while satisfying load
balancing in expectation.

Connection to EC. Conceptually, ET can be viewed as Expert Choice routing over an
infinitely large batch. In standard EC, each expert selects its top-k tokens within the batch,
so the selection threshold depends on all tokens present. As the batch size grows, however,
each individual token’s influence on this threshold vanishes, and the routing decision for
any token becomes independent of others. ET approximates this limit by maintaining a
fixed threshold estimated from the global token distribution.

ET and EC handle batch-wise variance differently. EC enforces perfect load balance per
batch by letting the threshold vary, which means routing decisions fluctuate with batch
composition. ET instead fixes the threshold for stable routing decisions, accepting small
variance in per-batch expert utilization. Despite this difference in training, we show that ET
routing can serve as causal inference for EC-trained models without retraining, provided
the batch size is sufficiently large.

Warmup. Early in training, the router logit distribution shifts rapidly, and a fixed decay of
β = 0.999 cannot keep the cutoff EMA in step with it. We consider two warmup strategies.
The first uses EC routing for the initial 4k steps, letting the EMA accumulate reliable statistics
before switching to ET. The second stays fully causal by using ET from the very first step with
a scheduled decay, holding β = 0.5 for 200 steps and then increasing it linearly to 0.999 by
step 4k. The responsive early decay is inspired by dynamic Quantile Balancing (Su, 2026a),
which uses a fixed decay of β = 0.9. It tracks the fast-moving router distribution, while
the final decay provides a stable long-horizon estimate. Section 5 compares both strategies
together with bias-corrected EMA, delayed accumulation, and shorter EC warmups.

Future Information Leakage. Following Loss-Free balancing (Wang et al., 2024), ET de-
rives thresholds from historical batches, so routing at step t depends only on rt,i and past
statistics, guaranteeing causality. But what about EC, whose cutoff is computed from the
current routing pool? We define future information leakage as the minimum number of
advice bits about future tokens required to reproduce routing decisions causally (formalized
in Appendix B). With finite precision (e.g., bf16), total leakage is bounded by the bit-width,
so per-token leakage decays as O(1/N). Surprisingly, with infinite-precision cutoffs, a
threshold can encode log2 (

N
k ) bits, yielding Θ(1) bits per token that persist as N → ∞.

Fortunately, practice uses finite precision, so larger batch sizes reduce per-token leakage.

Proposition 3.1 (Informal). If an infinite-precision top-k cutoff is allowed to depend on the full token
sequence, it can encode log2 (

N
k ) bits of future information per expert, matching the combinatorial

leakage upper bound of Expert Choice routing (see Appendix B for proof).
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Table 1: Main results on d12 and d20 for EC, TC, and ET. Routing pool is measured in
tokens. ET reports the effective EMA pool size N/(1− β). Best results per scale in bold,
second best in italics.

Model Method Routing pool CE loss (↓) CORE (↑)
d12 dense — 3.002 15.74
d12 TC — 2.893 17.98
d12 TC aux 64k 2.892 15.89
d12 TC loss-free 512k 2.898 18.03

d12 EC 2k 2.910 17.91
d12 EC 8k 2.845 18.83
d12 EC 64k 2.841 18.75
d12 EC 512k 2.843 19.94

d12 ET (β=0.999, EC warmup) 0.5M→ 500M 2.844 19.88
d12 ET (β=0.5→0.999) 1M→ 500M 2.839 18.44

d20 dense — 2.751 20.43
d20 TC aux 32k 2.687 22.31
d20 TC loss-free 32k 2.694 21.13
d20 EC 256k 2.621 24.98
d20 ET (β=0.999, EC warmup) 256k→ 500M 2.620 25.14

4 Experiments

4.1 Experiment Setup

We evaluate our methods on Nanochat (Karpathy, 2025), an open-source codebase for
training GPT-2-like models. We conduct experiments at two scales: a d12 model (575M
parameters, 195M active) with 12 transformer layers, and a d20 model (2.4B parameters,
561M active) with 20 transformer layers. For MoE layers, we use 16 routed experts with
granularity G=1 and expansion E=16, plus 1 shared expert. Each token activates the shared
expert and on average 1 routed expert. We use sigmoid gates (pt,i = σ(rt,i)) instead of
softmax gates following LossFree (Wang et al., 2024) and Mixture-of-Depths (Raposo et al.,
2024). We add an expert capacity factor of C = 0.5 to avoid GPU out-of-memory. The first
layer is kept dense following common practice (DeepSeek-AI, 2024; Wang et al., 2024) to
allow meaningful routing. We train on 10B and 11.2B tokens for d12 and d20, respectively,
from the FineWeb-Edu 100B dataset (Penedo et al., 2024) with a batch size of 0.5M tokens
(for d20, we halve the minibatch size and use 2-step gradient accumulation). We report CE
loss and CORE benchmark results (Li et al., 2024). Architecture, training, and evaluation
details are in Appendices C, D, and E.

4.2 Main Results

We compare Expert Threshold (ET) routing against Expert Choice (EC) and Token Choice
(TC) routing. All variants share the same architecture and parameter count. For ET on
d12, we report both the original fixed β = 0.999 recipe with a 4k-step EC warmup and the
fully causal recipe that schedules β from 0.5 to 0.999 while using threshold routing from the
first step. For EC, we sweep the global selection batch size from 2k to 512k tokens during
training and use ET’s cutoff EMA during inference which makes it fully causal. Unless
stated, reported CORE/CE use the causal protocol. For TC, we report variants with no
load balancing, auxiliary loss (α=0.001), and loss-free load balancing with u=0.005 on d12
and u=0.001 on d20. Table 1 summarizes results on both d12 and d20. Both ET recipes
outperform TC at d12. The fully causal schedule obtains the lowest d12 CE loss of 2.839,
while the original fixed-decay recipe retains the stronger CORE score of 19.88. At d20, the
fixed-decay ET recipe improves over TC auxiliary by 0.067 CE loss and 2.83 CORE. EC with
large batch sizes achieves comparable CE loss to ET, confirming that explicit large-batch
selection and EMA-based thresholding reach similar training loss. EC 512k slightly edges
out ET on CORE (19.94 vs. 19.88) in d12, though both substantially outperform TC.
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Figure 3: Cutoff stability vs expert usage tradeoff. EC 512k shows batchwise cutoff variation,
while ET uses the cutoff EMA directly. ET varies around capacity target while EC remains
constant.
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Figure 4: Expert specialization analysis. (a) Token-level activation intensity on a GSM8K
passage, colored by total fanout (sum of experts activated across layers). The model assigns
more computation to structurally important tokens (punctuation, sentence boundaries,
numerical results) than to common content words. (b) Expert token ratio heatmaps for
HumanEval (code) and GSM8K (math). The upper panel shows EC with batch size 2k, while
the lower panel shows ET. ET achieves sharper patterns in expert activation, suggesting
more domain-aware routing and specialization.

4.3 Analysis

We analyze key aspects of Expert Threshold routing through cutoff-usage tradeoff, dynamic
computation allocation, expert specialization, and supporting EC comparisons on batch size
scaling and train-evaluation gap.

4.3.1 Cutoff vs Expert Usage Tradeoff

EC and ET achieve routing stability through complementary mechanisms. EC enforces a
fixed expert usage. Each expert selects exactly top-k tokens, guaranteeing usage of 1/E
per expert. However, the cutoff threshold varies batch-to-batch, with standard deviation
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Figure 5: Per-layer expert fanout on a representative GSM8K passage under EC (2k). Each
cell shows the number of experts activated for a given token at a given layer. Numerical and
mathematically salient tokens receive substantially higher fanout than surrounding context.

scaling as O(1/
√

N). ET inverts this tradeoff. The cutoff-EMA provides a stable threshold
(β = 0.999), while expert usage fluctuates around the capacity target. Figure 3 shows the
signed deviation between EC’s per batch cutoff and cutoff-EMA, while ET remains at zero
by design. This enables consistent inference without large-batch coordination. In essence,
ET trades off hardware consistency for training-inference uniformity.

4.3.2 Dynamic Computation Allocation

A key advantage of ET and EC is that they do not enforce a fixed amount of computation
for every token. We here document its behavior and compare it with EC. For a more drastic
comparison, we use the sequence-level EC with batch size 2k. Figure 5 gives a qualitative
example on a GSM8K passage (Cobbe et al., 2021), where per-layer fanout shows that a
small subset of structurally important tokens receives much heavier computation than
surrounding context. We further analyze how expert activation relates to position and token
difficulty. Figure 6 shows that both methods allocate more computation to early positions,
but EC (2k) exhibits a dramatic spike at the first token (mean fanout ∼10) while ET shows a
milder increase (∼2) that decays smoothly. The lower row bins tokens by loss and overlays
faint dashed layer traces with a denser global trend. For EC (2k), both the global curve and
several layers rise with loss, showing that harder tokens receive more computation. ET
remains flatter overall, with layer trajectories crossing and the global curve peaking in the
middle before softening at higher loss.

4.3.3 Expert Specialization

We follow Global LBL (Qiu et al., 2025) to evaluate expert specialization across EC with
various batch sizes (2k, 8k, 64k, 512k) and ET. For each configuration, we measure the expert
token ratio—the fraction of tokens from a given domain routed to each expert—across
HumanEval (Chen et al., 2021) (code) and GSM8K (Cobbe et al., 2021) (math) evaluation
sets. Figure 4(b) compares EC (batch size 2k) with ET. Both exhibit clear specialization:
certain experts consistently attract domain-specific tokens, visible as concentrated dark
cells in the heatmap. ET achieves specialization comparable to EC without requiring large-
batch coordination at inference. The full comparison across all batch sizes (Appendix G,
Figure 22) shows that EC specialization sharpens with larger batches—patterns become
more concentrated from 2k to 512k—while ET matches the large-batch EC pattern.

4.3.4 Batch Size Scaling

We hypothesize that larger batch sizes stabilize EC’s cutoff threshold, yielding better perfor-
mance and motivating ET’s pursuit of the infinite-batch limit. Figure 7a confirms this trend
across four batch sizes (2k, 8k, 64k, 512k tokens). Training CE loss improves from 2.874 (2k)
to 2.844 (8k) to 2.836 (64k), with CORE scores following suit (17.91→ 18.83→ 18.75). Top-k
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(a) EC (2k) fanout vs position (b) ET fanout vs position

(c) EC (2k) fanout vs loss by layer (d) ET fanout vs loss by layer

Figure 6: Activation dynamics for EC (2k) and ET. Both methods allocate more computation
to early positions, with EC (2k) showing a sharper spike. Faint dashed curves show per-layer
means and solid red curves show the global mean. When binned by loss, EC (2k) fanout
rises monotonically while ET peaks early before declining.
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Figure 7: Batch-size sensitivity and train-eval discrepancy for EC and ET.

selection over larger token pools better approximates the population-level routing decision,
explaining this gain. However, performance saturates around 64k tokens, as increasing
to 512k provides no further improvement (2.840 CE, 19.94 CORE). Notably, ET achieves
comparable performance (2.844 CE, 19.88 CORE) without requiring batch size coordination,
making it practical for autoregressive inference where only single tokens are available.

4.3.5 Train-Evaluation Gap

A key concern for Expert Choice is the train-inference discrepancy when using ET routing
at inference. During training, EC selects the top-k tokens for each expert within a batch; at
inference, we apply ET’s learned thresholds instead, since future tokens are unavailable
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for batch selection. Our results demonstrate that this concern depends critically on the
routing batch size. As shown in Table 1, EC with large batch sizes (64k, 512k) achieves
validation loss nearly identical to ET (2.841–2.843 vs 2.844), with comparable CORE scores.
However, smaller batch sizes reveal significant train-inference mismatch. EC at 2k tokens
shows degraded CORE performance (17.91 vs 19.94 at 512k) and evaluation loss (2.910 vs
2.843). This gap arises because top-k selection over a small batch is a noisy estimate of the
population-level routing decision; at inference (batch size 1), this noise becomes extreme.
Figure 7b illustrates this gap. EC (2k) shows a large train-evaluation discrepancy, while EC
(512k) maintains close alignment between train loss EMA and eval loss. ET’s cutoff-EMA
mechanism addresses this by maintaining a population-level threshold that is independent
of batch size, enabling consistent routing at inference without large-batch coordination.

4.3.6 ET Inference for EC Models

Vanilla EC cannot be applied directly at
batch-one autoregressive inference because
its top-k decision requires a complete rout-
ing pool. We therefore evaluate causal infer-
ence rules on the same d12 EC checkpoint
trained with a 2,048-token single-sequence
routing pool. The prior-work-derived al-
ternatives include per-position threshold-
ing and Online SeqTopK (Wen et al., 2025),
cross-sequence top-k (Ludziejewski et al.,
2024), and an auxiliary predictor (Raposo
et al., 2024). Table 2 shows that our ET
retrofit reaches 2.910 validation loss and
17.91 CORE, outperforming every alterna-
tive under matched average compute. For
reference, end-to-end ET reaches 2.844 val-
idation loss and 19.88 CORE (Table 1). Ap-
pendix Table 9 reports the complete task-
level results.

Table 2: Causal d12 inference comparison.
All rows use the same checkpoint trained
with a 2,048-token single-sequence routing
pool. Prior EC inference rows use batch-one
inference under matched average compute.

Method Val. (↓) CORE (↑)
Our method
EC 2k with ET inference 2.910 17.91

Prior EC inference
Per-position threshold 2.930 16.9
Online SeqTopK 3.048 16.5
Cross-sequence top-k 3.733 12.8
Auxiliary predictor 3.981 13.0

4.3.7 Routing Consistency Across Checkpoints

To measure how stably each routing rule preserves token expert assignments over training,
we compare the routed-expert sets assigned to the same token-layer pairs across checkpoints,
excluding the always-active shared expert. We report weighted Jaccard over pooled token-
layer-expert edges,

weighted_jaccard =
|EA ∩ EB|
|EA ∪ EB|

,

where EA and EB are the pooled active token-layer-expert edges under two checkpoints.
A higher weighted Jaccard indicates more similar routing behaviors between checkpoints.
This gives the clearest separation while preserving the same qualitative ranking as the
companion divergence views in Appendix G.2.

Figure 8 shows a clear pattern. ET is above EC 2k on every checkpoint pair, indicating
that threshold routing preserves its token-expert decisions much more consistently than
small-pool EC. At the same time, ET remains close to EC 64k across the full matrix, which
supports the view that ET tracks the large-pool EC regime without requiring large-batch
coordination at inference. TC shows strong short-range consistency, but its longest-range
pairs are weaker than ET, so it does not match the same large-pool EC behavior as cleanly.
Appendix G.2 reports the complementary joint JSD heatmap.
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Figure 8: Within-family checkpoint-pair routing consistency on a fixed validation stream,
measured by weighted Jaccard. ET is consistently more stable than EC 2k and stays close to
EC 64k. TC is competitive on nearby checkpoints but degrades more on longer ranges.

5 Warmup Schedule Ablation

Section 3 introduced two warmup strategies, an EC warmup that runs noncausal EC routing
before switching to ET, and a fully causal schedule that decays β from 0.5 to 0.999. Table 3
sweeps the EC warmup length, the EMA delay, and the decay β, and compares all variants
against the scheduled decay. Validation loss is largely insensitive to these choices, staying
within 0.006 across all settings. The fully causal schedule attains the lowest loss of 2.839,
while the original 4k EC warmup retains the highest CORE score of 19.88. We conclude that
EC warmup stabilizes the fixed-decay estimator but is not required, since scheduling the
decay alone trains ET successfully from the first step. Appendix F.1 provides the estimator
details and early-training dynamics.

Table 3: ET warmup and EMA sweep on d12 with an identical trunk, data, optimizer, and
compute budget. The fully causal row holds β at 0.5 for 200 steps and then linearly increases
it to 0.999 by step 4k.

EC warmup steps EMA delay β Validation loss (↓) CORE (↑)
0 200 0.997 2.845 16.51
200 200 0.99 2.843 16.44
200 200 0.999 2.845 17.54
500 200 0.999 2.844 17.06
500 200 0.997 2.844 19.72
2,000 200 0.999 2.844 18.05
4,000 original 0 0.999 2.844 19.88

Threshold from step 0 0 0.5→ 0.999 2.839 18.44

6 Conclusion

We introduce Expert Threshold (ET) routing, a mechanism that resolves the causality
issue in Expert Choice (EC) models while preserving their load-balancing advantages. By
maintaining an exponential moving average of each expert’s selection threshold, estimated
from historical batches rather than within-batch top-k selection, each token’s routing decision
depends only on past statistics, eliminating the need for future token access at training
and inference time. Our experiments demonstrate that ET routing achieves competitive
performance with EC routing (matching validation loss at 2.84) while outperforming Token
Choice by 0.067 in cross-entropy loss, all while enabling causal autoregressive generation.
The cutoff-EMA mechanism provides stable routing thresholds that accurately approximate
EC’s top-k boundaries, as evidenced by the minimal train-inference gap. Our warmup
ablation further shows that EC routing is not required, since scheduling the EMA decay
enables threshold routing from the first step while preserving training-time causality. These
findings suggest that population-level threshold estimation bridges Expert Choice routing
and causal language modeling, opening new directions for scalable MoE architectures.
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Guilherme Penedo, Hynek Kydlíček, Loubna Ben allal, Anton Lozhkov, Margaret Mitchell,
Colin Raffel, Leandro Von Werra, and Thomas Wolf. The fineweb datasets: Decanting the
web for the finest text data at scale. In The Thirty-eight Conference on Neural Information
Processing Systems Datasets and Benchmarks Track, 2024. URL https://openreview.net/
forum?id=n6SCkn2QaG.

Zihan Qiu, Zeyu Huang, Bo Zheng, Kaiyue Wen, Zekun Wang, Rui Men, Ivan Titov,
Dayiheng Liu, Jingren Zhou, and Junyang Lin. Demons in the detail: On implement-
ing load balancing loss for training specialized mixture-of-expert models, 2025. URL
https://arxiv.org/abs/2501.11873.

Alec Radford, Jeff Wu, Rewon Child, David Luan, Dario Amodei, and Ilya Sutskever.
Language models are unsupervised multitask learners. OpenAI Blog, 2019. URL https:
//openai.com/blog/better-language-models/.

Alec Radford, Jong Wook Kim, Chris Hallacy, Aditya Ramesh, Gabriel Goh, Sandhini
Agarwal, Girish Sastry, Amanda Askell, Pamela Mishkin, Jack Clark, et al. Learning
transferable visual models from natural language supervision. In International Conference
on Machine Learning, pp. 8748–8763. PMLR, 2021.

Samyam Rajbhandari, Jeff Rasley, Olatunji Ruwase, and Yuxiong He. Zero: Memory
optimizations toward training trillion parameter models, 2020. URL https://arxiv.org/
abs/1910.02054.

David Raposo, Sam Ritter, Blake Richards, Timothy Lillicrap, Peter Conway Humphreys,
and Adam Santoro. Mixture-of-depths: Dynamically allocating compute in transformer-
based language models. arXiv preprint arXiv:2404.02258, 2024.

Noam Shazeer, Azalia Mirhoseini, Krzysztof Maziarz, Andy Davis, Quoc Le, Geoffrey
Hinton, and Jeff Dean. Outrageously large neural networks: The sparsely-gated mixture-
of-experts layer. arXiv preprint arXiv:1701.06538, 2017.

Minglei Shi, Ziyang Yuan, Haotian Yang, Xintao Wang, Mingwu Zheng, Xin Tao, Wenliang
Zhao, Wenzhao Zheng, Jie Zhou, Jiwen Lu, Pengfei Wan, Di Zhang, and Kun Gai. Diffmoe:
Dynamic token selection for scalable diffusion transformers, 2025. URL https://arxiv.
org/abs/2503.14487.
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A Related Work

A.1 Mixture of Experts

Mixture of Experts (MoE) scales model capacity by routing each token to a small subset of
experts while keeping compute nearly constant. A learned gate selects top-G experts per
token (Shazeer et al., 2017), with auxiliary losses to balance load across experts (Lepikhin
et al., 2021). The Switch Transformer (Fedus et al., 2022) sets G=1 for efficiency. Recent
LLMs further adopt fine-grained MoE with many small experts and shared experts that
remain always active to capture global knowledge (Dai et al., 2024). We incorporate shared
experts in our design.

A.2 Load Balancing

A critical challenge in MoE systems is load balancing, as routers often favor a small subset
of experts without explicit constraints. The standard approach uses an auxiliary loss
Laux = α ∑i fiPi to encourage uniform expert assignment (Lepikhin et al., 2021; Fedus et al.,
2022), where fi =

E
N ∑N

t=1 zt,i and Pi =
1
N ∑N

t=1 pt,i are the normalized load and average
routing probability for expert i. Minimizing this loss exerts unbalanced pressure to suppress
the router logits based on the load statistics, which makes the router logits biased towards
the less loaded experts. However, in distributed training, small local batch sizes cause
high variance in load estimation. Global-batch load balancing (Qiu et al., 2025; Team,
2025b) addresses this by computing balance statistics across all devices, yielding more
stable gradients and improved expert specialization. This insight motivates our approach to
extend the “global” philosophy beyond auxiliary losses.

Recent work explores auxiliary-loss-free alternatives. DeepSeekMoE (Dai et al., 2024)
introduces expert-specific bias terms bi that dynamically adjust based on load statistics.
Expert selection uses biased scores rt,i + bi, while gating weights use original scores rt,i,
preserving specialization. The bias updates follow bi ← bi + u · sign(1− fi), where fi is a
normalized load statistic for expert i (equal to 1 under perfect balance). This eliminates the
trade-off between load balancing and task performance inherent in auxiliary loss methods.
LongCat-Flash (Team, 2025a) adopts a similar framework but replaces the sign-based update
with proportional control: ∆bi = u · (1− fi). While DeepSeek’s approach applies constant-
magnitude corrections regardless of imbalance severity, proportional updates scale with the
load deviation, enabling smoother convergence.

Expert Threshold (ET) combines the above ideas. Instead of a per-batch top-k selection
for the original EC, we extend Qwen’s philosophy to compute balance statistics across
the entire pretrain population by maintaining a distributional cutoff threshold using EMA.
Surprisingly, this scalar functions similarly to the bias term for loss-free load balancing. See
Table 5 for more details.

Concurrently with our work, dynamic Quantile Balancing (QB) (Su, 2026a) arrives at a
closely related threshold rule from an optimal assignment perspective. Dropping the per-
token sparsity constraint from a linear programming formulation of balanced routing, its
dual solution activates an expert whenever the score exceeds a per-expert bias, which equals
the (1− 1/E)-quantile of the expert’s score distribution and is tracked by an EMA with
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Table 4: Taxonomy of load balancing meth-
ods by scope (Aux loss (Lepikhin et al.,
2021); Global LBL (Qiu et al., 2025); Loss-
Free (Wang et al., 2024); Seq EC (Zhou et al.,
2022); Batch EC (Ludziejewski et al., 2024)).

Micro
Batch/Seq

Batch Population

Aux loss Global LBL –
– – LossFree

Seq EC Batch EC ET (ours)

Table 5: Conceptual connections between ET
and LossFree (Wang et al., 2024).

ET Similar To Connection

Cutoff-EMA
ci

LossFree bias
bi

Per-expert
scalar; no aux
loss

1− β LossFree µ Update rate

decay β = 0.9. QB likewise routes each batch with the historical estimate before updating it,
following the same leakage-free principle as Loss-Free balancing and ET. The two works
differ in emphasis. QB is developed as a load balancing scheme whose framework also
applies to standard top-k Token Choice routing (Su, 2026b), while we focus on Expert
Threshold routing and its connection to Expert Choice, studying EC batch size scaling,
causal ET inference for EC-trained models, and the future information leakage of EC routing.
Our fully causal warmup also borrows QB’s responsive early EMA while introducing its
own schedule from β = 0.5 to 0.999.

A.3 Dynamic Computation

Dynamic computation methods adaptively allocate computational resources based on input
complexity. Expert Choice (EC) (Zhou et al., 2022), detailed in Section 2, achieves this by
letting each expert select its top-k tokens, enabling variable computation per token (0 to GE
experts). EC has been applied to upcycling dense checkpoints (Komatsuzaki et al., 2023),
attention layer skipping (Raposo et al., 2024), vision (Liu et al., 2024), diffusion (Sun et al.,
2024; Shi et al., 2025), and multimodal models (Lin et al., 2024; Ni & team, 2025). Related
variants expand the design space (Yan et al., 2025). However, EC’s causality problem limits
its use in autoregressive LLMs (Section A.4).

Besides EC, other approaches to dynamic computation rely on other explicit designs. Re-
MoE (Wang et al., 2025b) replaces discrete TopG routing with fully differentiable ReLU-based
routing and adaptive L1 regularization. Other works (Jin et al., 2024; Team, 2025a; Zeng
et al., 2024) introduce zero-computation experts (e.g., zero, copy, and constant) that allow
tokens to skip expert computation entirely, an approach Kilian et al. (2026) extend to multi-
modal modeling. Top-P routing (Liu et al., 2025b; Jin et al., 2025; Huang et al., 2024; Wang
et al., 2025a) selects experts based on cumulative probability mass, adapting expert count
to routing confidence, so high-confidence tokens use fewer experts while uncertain ones
activate more. XMoE (Yang et al., 2024) is closest to our setting, replacing fixed Top-G
routing with a threshold that activates experts until cumulative routing mass exceeds a
preset value. The key difference is that XMoE uses a fixed probability-mass threshold in
Token Choice MoE, while ET uses expert-specific EMA cutoffs to causalize Expert Choice.
Auto-tuning methods like DynMoE (Guo et al., 2025) also let each token determine how
many experts to activate while reducing sensitivity to MoE hyperparameters. Beyond MoE
routing itself, conditional computation can also be applied to other Transformer components
and long-context settings, e.g., CoLT5 (Ainslie et al., 2023b). Early exit methods (Xin et al.,
2020) enable sample-level dynamics by allowing tokens to exit at intermediate layers.

A.4 Causal Generation of Expert Choice Models

EC poses a causality challenge. Token selection requires ranking against future tokens, which
are unavailable in autoregressive generation. Prior work addresses this issue in three main
ways. Predictor-based methods train an auxiliary predictor or learn per-expert thresholds
to approximate oracle top-k decisions, enabling causal routing at inference (Raposo et al.,
2024; Shi et al., 2025). Alternatively, top-k selection across the current tokens from different
sequences preserves causality within each sequence (Ludziejewski et al., 2024; Wen et al.,
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2025). Recent work changes routing granularity. Lory routes at the segment level, using the
previous segment to determine the next (Zhong et al., 2024), while SeqTopK shifts expert
budgets to sequence-level selection with an Expert Cache for autoregressive decoding (Wen
et al., 2025). All above approaches have significant drawbacks. Predictions can be noisy
and unstable, and batch-level top-k can impose inference-time topology constraints, leading
to a large train–inference mismatch. Routing that depends on global batch composition
can also be sensitive to batch size or composition and raises privacy and safety concerns in
multi-tenant settings (Wen et al., 2025). In contrast to EC, ET reduces to a simple threshold
test, namely whether token logit rt,i is higher than cutoff EMA ci, at inference time and thus
eliminates the train–inference discrepancy.

A.5 From Batch to Population Level Statistics

The progression from sample, batch, to population-level statistics is a recurring theme in
deep learning. While techniques like Batch Normalization (Ioffe & Szegedy, 2015) and
contrastive learning (Radford et al., 2021) rely on batch statistics, momentum-based ap-
proaches (He et al., 2020; Caron et al., 2021) and adaptive optimizers like Adam (Kingma &
Ba, 2015) use Exponential Moving Averages (EMA) to approximate population distributions.
ET applies this principle to routing via EMA-based cutoffs.

B Future Information Leakage for Expert Choice Models

In DeepSeek’s loss-free load balancing paper (Wang et al., 2024), they give an upper bound
on the future information leakage of Expert Choice (EC) that is linear in the number of tokens
for each expert, or constant per token. They considered all potential selection combinations
(N

k ) for choosing k = N/E tokens out of N tokens, which makes the per-expert bound
log2 (

N
k ) = Θ(N) for fixed E.

We consider two scenarios. When cutoff threshold is expressed as a finite precision float,
it is trivial that the total future information leakage is at most the number of bits used to
represent the cutoff threshold. However, when cutoff threshold is of infinite precision, we
show that we can indeed leak at least Θ(N) bits of future information per expert for fixed E,
making the bound tight.

The rest of this appendix proceeds as follows.

1. First, we provide a formal definition of future information leakage.

2. Then, we show for finite precision, the total leakage is constant, which means per
token leakage is 0 as batch size increases.

3. Then, we show for infinite precision, we describe an encoding strategy that can leak
at least Θ(N) bits of future information per expert for fixed E, making the bound
tight. The idea is that we can break the cutoff space into 2N small intervals, and
injectively (though not surjectively) map each potential selection combination to a
unique interval in a memoryless way.

4. We formally prove that the encoding strategy can leak at least Θ(N) bits of future
information per expert for fixed E.

Fortunately, since ET derives its cutoff threshold from historical batches rather than the
current routing pool, ET is still causal.

B.1 Definition of Future Information Leakage

Definition B.1 (Future information leakage). Fix a sequence length N and a deterministic
selection rule F that maps a logit sequence r1:N to a subset F(r1:N) ⊆ [N] (where [N] ≜
{1, . . . , N}). Here r1:N denotes the entire sequence of router scores/logits across tokens, and
we write zt ≜ 1[t ∈ F(r1:N)] for the induced selection indicator.

17



Published as a conference paper at COLM 2026

An advice variable is any function A = α(r1:N) with finite range, where α is an encoder that
maps the full logit sequence to a finite label. We write Range(α) ≜ {α(r1:N) : r1:N} for the
set of labels that can be produced by α.

We say A causalizes F if there exist functions {gt}N
t=1 such that for all r1:N and all t ∈ [N],

zt = gt(r1:t, A) .

The future information leakage of F on length N is

LF([1 : N]) ≜ min
α, {gt}

log2|Range(α)| .

B.2 Finite-precision cutoff implies constant leakage

With this definition, it is trivial to show that, under finite precision float representation, the
total future information leakage is constant, which means per token leakage is 0 as batch
size increases.

In our case, F is the Expert Choice selection rule induced by a cutoff threshold: for each
expert, tokens are selected by comparing their router scores against the expert’s cutoff
(equivalently, selecting those above the cutoff, which matches top-k when the cutoff is set to
the k-th order statistic).
Theorem B.2 (Finite-precision cutoff implies constant leakage). If the cutoff threshold is
represented with b bits of precision (e.g., b = 16 for bf16 or b = 32 for fp32), then the future
information leakage satisfies LF([1 : N]) ≤ b for all N.

Proof. This is an upper bound via a particular advice choice. Let the advice be the cutoff
itself: A = α(r1:N) ≜ c, encoded in b bits, so |Range(α)| ≤ 2b. Given A = c, the selection
indicator at time t is a causal function of the prefix (in fact, of rt) and c by thresholding,
hence A causalizes F. Therefore LF([1 : N]) ≤ log2 |Range(α)| ≤ b.

B.3 Upper bound on Infinite-precision future information leakage

The strategy we used in the previous subsection does not work for infinite precision cutoff,
as it takes infinite bits of communication to represent the cutoff. Thus, we need a different
encoding strategy.

Previously, Loss-free Load Balancing paper Wang et al. (2024) gave a combinatorial up-
per bound on the information carried by an Expert Choice allocation when we allow all
admissible token-to-expert assignments consistent with the sparsity pattern.

Using the Token Choice notation from Loss-free Load Balancing, let N denote the number
of tokens in the routing pool and GE the number of routed experts. Each token activates G
routed experts, so the MoE sparsity is 1

E . For an MoE layer in Expert Choice, the maximum
information leakage L in bits per token is

L =
GE
N

log2

(
N
N
E

)
>

GE
N
· N

E
log2(E− 1)

= G log2(E− 1). (7)

In the example configuration from Wang et al. (2024), with sparsity 2
16 = 0.125 and 9 MoE

layers, the total leakage is more than 50 bits per token.

B.4 Encoding Strategy and Decoding Procedure

The above upper bound is pretty intuitive to understand. We ask whether we can reach this
bound. Surprisingly, we can. In this subsection, we describe an encoding strategy where we
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Algorithm 2 Binary-search decoding of an infinite-precision cutoff

1: Input: horizon N; unknown cutoff c ∈ [0, 1]; oracle bit zt = 1{rt ≥ c}
2: ℓ← 0, u← 1
3: for t = 1, . . . , N do
4: rt ← (ℓ+ u)/2 {Query midpoint}
5: Observe selection zt ∈ {0, 1}
6: if zt = 1 then
7: u← rt {Selected (rt ≥ c) =⇒ c ∈ [ℓ, rt)}
8: else
9: ℓ← rt {Not selected (rt < c) =⇒ c ∈ [rt, u)}

10: end if
11: end for
12: Return (z1, . . . , zN) and interval [ℓ, u)

create an injective mapping from the set of all possible Expert Choice combinations to the
range of the infinite precision cutoff.

Suppose the cutoff c ∈ [0, 1]. We partition this space into 2N dyadic intervals. Let z ∈ {0, 1}N

be the target Expert Choice combination, i.e. the codeword. We map z to the interval

I(z) ≜
[ N

∑
t=1

(1− zt)2−t,
N

∑
t=1

(1− zt)2−t + 2−N
)

.

This orders codewords in descending order: 00 · · · 00 maps to the rightmost interval and
11 · · · 11 maps to the leftmost. Choose a cutoff value c ∈ I(z). Obviously, this mapping is
injective, i.e. each codeword maps to a unique interval. However, since not all combinations
are possible, it is not surjective.

Information from the Past. For a token t, what information about the past routing logits
r1:t and decisions z1:t can we use to guide the selection of the interval? It turns out that
the only information we get is the current bracket [ℓ, u) containing the decision boundary.
The upper bound u is determined by the lowest logit of the selected tokens, and the lower
bound ℓ by the highest logit of the unselected tokens. To maximize information leakage, we
minimize help from the past by always choosing the next query logit to be in the middle of
the interval, rt = (ℓ+ u)/2. Then, the routing decision zt = 1{rt ≥ c} reveals exactly one
bit of the cutoff, requiring full future information.

Decoding Procedure. We formalize this procedure in Algorithm 2.

B.5 Formal Proof

We now formally prove that the amount of information required to implement the Expert
Choice selection causally is lower-bounded by the combinatorial entropy of the selection
space. This confirms that the upper bound in Eq. (7) is tight and that the infinite-precision
construction in Algorithm 2 is optimal in terms of information leakage.
Theorem B.3. For a single expert with capacity k = ⌊N/E⌋, any causal routing mechanism that
can realize all possible top-k assignments requires at least log2 (

N
k ) bits of non-causal information

(advice).

Proof. Let Zk = {z ∈ {0, 1}N : ∑N
t=1 zt = k} be the set of all valid selection indicators for the

expert, with |Zk| = (N
k ). We show that distinct advice is necessary for every distinct pattern

in Zk.

Consider the specific family of logit sequences generated by the binary search process
in Algorithm 2. In this construction, the router logit rt is the midpoint of the current
valid interval [ℓ, u), which is determined solely by the history of decisions z1, . . . , zt−1.
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Figure 9: Illustration of the binary-search encoding strategy. The cutoff value c partitions
the interval [0, 1] into regions corresponding to different expert selection patterns, enabling
N bits of future information to be encoded in a single real-valued threshold.

Consequently, if two selection patterns z and z′ share the same prefix z1:t−1, they will
generate the exact same logit rt at step t.

Suppose there exists an advice encoding with range size strictly less than (N
k ). By the

Pigeonhole Principle, at least two distinct valid patterns z, z′ ∈ Zk must share the same
advice value. Let t be the first index where they differ (i.e., z1:t−1 = z′1:t−1 but zt ̸= z′t). Since
the prefixes are identical, the generated logit sequence r1:t is identical for both patterns. A
causal decoder, which must output a decision at time t based only on r1:t and the advice,
receives identical inputs for both cases. It must therefore produce the same output. However,
zt ̸= z′t, so the decoder necessarily fails for at least one of the patterns.

Thus, every valid top-k pattern requires a unique advice value. The minimum information
leakage is log2 (

N
k ) bits per expert.

Summing this lower bound over GE experts recovers the combinatorial quantity in Eq. (7),
proving that Expert Choice routing fundamentally requires significant future information to
implement.

C Architecture Details

Our model architecture follows nanochat (Karpathy, 2025), which differs from standard
GPT-2 (Radford et al., 2019) in several ways. Table 6 summarizes the key differences.

C.1 Data and Tokenization

We train on the FineWeb-Edu 100B shuffle dataset (Penedo et al., 2024), a high-quality
educational web corpus. Tokenization uses RustBPE with a vocabulary of 65,536 tokens
(64k, power-of-2 aligned for GPU efficiency). We use a sequence length of 2048 tokens.
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Table 6: Model architecture and size configurations. Architecture features are shared
between d12 and d20 (nanochat-style). For MoE variants with G=1, E=16: 16 routed
experts + 1 shared = 17 total experts. Total params include all expert parameters; active
params include only the shared expert plus on average one routed expert per token.

Feature GPT-2 d12 d20

Tokenization GPT-2 RustBPE
Vocab Size 50,257 65,536
Activation GELU ReLU2 (So et al., 2021)
Normalization LayerNorm RMSNorm (Zhang & Sennrich, 2019)
FFN Dimension 4× dmodel 4× dmodel
Linear Layer Bias Yes No
Position Encoding Learned RoPE (Su et al., 2024)
Head Dimension 64 128
QK Normalization No Yes (Dehghani et al., 2023)
Logits Softcapping No 15.0 (Team et al., 2024)
Embedding Weights Tied (wte = lm_head) Untied
First Layer Dense — Yes

nembd 768 768 1280
nlayer 12 12 20
nhead 12 6 10
KV heads 12 2 2
Dense Params 124M 195M 561M
MoE Total Params — 575M 2429M
MoE Active Params — 195M 561M

C.2 Model Size Configurations

Table 6 shows the model configurations used in our experiments. We follow the nanochat
naming convention where d* indicates the number of layers, and nembd = d× 64, with head
dimension fixed at 128.

Attention configuration. We use grouped-query attention (Ainslie et al., 2023a) with head
dimension 128 (larger than GPT-2’s 64). The number of attention heads is nhead = nembd/128,
giving 6 heads for d12 and 10 heads for d20. QK normalization is applied before the attention
computation.

MoE configuration. For MoE variants, we use 16 routed experts with granularity G=1
and expansion E=16, plus 1 shared expert (17 total). Each routed and shared expert has
dimension dexpert = 2× nembd (half the dense FFN dimension). The shared expert processes
every token, while each token activates on average 1 routed expert, matching the dense
model’s active parameter count.

D Training Setup Details

D.1 Training Hyperparameters

D.1.1 Weight Initialization

We follow the nanochat initialization scheme (Karpathy, 2025), which uses aspect-ratio
scaled initialization. For a weight matrix W ∈ Rdout×din :

std =
1√
din
·min

(
1,

√
dout

din

)
(8)

This formula reduces to standard 1/
√

din initialization for square or tall matrices, but scales
down variance for wide matrices where dout ≫ din.
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Table 7: Training hyperparameters.

Hyperparameter Value

Total tokens 10B / 11.2B
Batch size (tokens) 524,288 (0.5M)
Sequence length 2048
Muon Warmup steps No warmup
AdamW Warmup steps 250
Learning rate schedule Linear decay
Min learning rate 0.1× peak LR
Gradient clipping None
Weight decay 0.0
AdamW β1, β2 0.9, 0.95

Component-specific initialization:

• Embeddings: N (0, 1) – standard normal initialization

• Output projections (lm_head, c_proj): Zero initialization, critical for Muon opti-
mizer stability

• Router weights: N (0, 1/
√

din) – small init for symmetry breaking

• Expert weights: Aspect-ratio scaled for up projections, zero for down projections

• Attention weights: Aspect-ratio scaled as above

Table 8: Parameter initialization and optimizer configuration. Aspect-ratio scaled init.
uses std = d−1/2

in ·min(1,
√

dout/din). LRs include µP (Yang et al., 2022) scaling λ =

(dmodel/768)−1/2.

Parameter Init. LR Opt.

WE (embed.) N (0, 1) 0.2λ AdamW
Wlm (head) 0 0.004λ AdamW

WQKV (attn) Asp.-ratio 0.02λ Muon
WO (attn proj) 0 0.02λ Muon

Wrouter N (0, d−
1
2 ) 0.02λ Muon

W(e)
↑ (exp. up) Asp.-ratio 0.02λ Muon

W(e)
↓ (exp. dn) 0 0.02λ Muon

W(s)
↑ (shd. up) Asp.-ratio 0.02λ Muon

W(s)
↓ (shd. dn) 0 0.02λ Muon

D.1.2 Optimizer Configuration

We use a hybrid optimizer setup following nanochat (Jordan, 2024; Liu et al., 2025a):

• Muon (Jordan, 2024) for 2D/3D weight matrices (attention, MLP, experts):
momentum-based optimizer with Newton-Schulz orthogonalization

• AdamW (Loshchilov & Hutter, 2019) for embeddings and output head: with learn-
ing rate scaling ∝ 1/

√
dmodel/768

No weight decay is used, as Muon provides implicit regularization and language models
benefit from memorization.
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D.2 Hardware Infrastructure Details

Hardware. We train our models on a single node with 8x NVIDIA B200 GPUs, each with
180GB of memory.

Code. For TC models, we use the ScatterMoE backend (Tan et al., 2024). For EC and ET
models, we write our own custom Pytorch MoE implementation. We use padding to handle
variable number of tokens per expert.

Parallelism. We rely on Nanochat’s implementation of distributed AdamW and Muon
optimizers, which use ZeRO-2 style gradient synchronization (Rajbhandari et al., 2020).
For EC and ET models, we write our own expert parallelization all-to-all communication
framework. This allows us to use maximum batch size during routing instead of micro-
batches, reaching a better usage/cutoff variance trade-off while saving memory.

E CORE Evaluation Details

We evaluate using the CORE benchmark (Li et al., 2024), which provides a standardized
suite of in-context learning tasks for language model evaluation.

Task types. The CORE benchmark includes multiple-choice tasks, schema matching tasks,
and language modeling tasks, testing various aspects of language understanding.

Metric. The primary metric is centered accuracy, which adjusts for random baseline perfor-
mance:

acccentered =
acc− 0.01× baselinerandom
1.0− 0.01× baselinerandom

(9)

This normalization ensures that random guessing yields a score near zero, while perfect
accuracy yields 1.0. The final CORE score is the mean of centered accuracy across all tasks.

Evaluation protocol. We evaluate at fixed intervals during training (every 250 steps by
default) to track learning dynamics.

F Further Ablations

F.1 Warmup Dynamics

The original 4k EC warmup and the fully causal schedule address the same cold start
in different ways. The original recipe holds β = 0.999 throughout and temporarily uses
exact EC routing while the cutoff EMA accumulates statistics. The additional fixed-decay
variants use bias-corrected EMA, defer accumulation for 200 steps, and shorten the EC
phase. The fully causal variant removes the EC phase entirely. Its initial β = 0.5 gives new
cutoff observations substantial weight before the decay rises to 0.999, growing the effective
routing pool from 1M to 500M tokens for the 0.5M-token d12 batch. The schedule takes
from dynamic Quantile Balancing only the idea of a responsive early EMA.

Figure 10 isolates the original fixed-decay estimator by comparing the original no-warmup
and 4k EC-warmup runs. Without warmup, the cutoff EMA lags behind the observed cutoff,
expert usage remains low, and starvation is frequent. EC warmup stabilizes the cutoff
trajectory and reduces the variance of router logits and gates. This figure does not include
the newer bias-corrected fully causal schedule, so it explains why the original estimator
benefited from EC warmup rather than showing that ET inherently requires EC routing.
The EC 512k run does not log raw usage or underflow metrics, so the corresponding panels
contain only the two ET runs.
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Figure 10: Effect of EC warmup on the original fixed-decay ET training dynamics during the
first 8k steps. Without warmup, the cutoff EMA lags behind the actual cutoff, raw expert
usage is low, and starvation is frequent. With EC warmup, the cutoff trajectory stabilizes
and router outputs show lower variance.

F.2 Comparison to Token Choice

In our setup, Token Choice with loss-free load balancing shows a less stable routing trajectory
than ET and EC, especially in early layers. Figure 11 compares cutoff-EMA (expert 0) at
layer 1. ET and EC stabilize quickly, while DeepSeek’s loss-free controller drifts upward
over training. We treat this as an exploratory observation rather than a central claim, since
the behavior may depend on hyperparameters and gating parameterization.
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Figure 11: Layer-1 cutoff-EMA (expert 0) under EC/ET vs DeepSeek loss-free load balancing.
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F.3 Shared Expert

We report results of EC and ET no warmup with and without shared expert. For no shared
experts, we select 2 experts out of 16 routed experts, roughly matching the number of
parameters and compute to the shared variant. In both cases, shared expert improves loss
by roughly 0.02. We suspect that while later layers need early layers to empower the router,
sometimes early layers have no activated experts, causing ineffective routing. See Table 10
for more details.

F.4 Normalization

Initially, we assumed that dynamic expert count would bring instability in training because
of the scale expansion. However, we found that normalization was ineffective in our setting.
No norm outperformed fanout norm by 0.04 in CE loss. We suspect that the norm made
experts’ contribution unpredictable (see Figure 12).
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Figure 12: Comparison of evaluation loss with and without normalization. The configuration
without normalization (blue) consistently achieves lower loss than the fanout-normalized
variant (orange).

G Additional Experiment Results

G.1 Capacity Constraints

Because ET’s thresholding does not fix the per-batch number of selected tokens for each
expert, expert loads can fluctuate around the target, which can risk GPU out-of-memory.
Following standard practice (Fedus et al., 2022), we enforce capacity constraints during
training, where each expert processes between (1− C) · N/E and (1 + C) · N/E tokens
per batch (capacity factor C = 0.5), with excess tokens dropped or capacity padded. Since
these constraints are absent at inference, frequent triggering would cause train-inference
mismatch. Figure 13 shows capacity constraint metrics for ET (with warmup) from step 4k
onward. Capacity constraints are triggered infrequently. After warmup, raw expert usage
stabilizes around 6.5%, and both saturation and starvation rates remain low, confirming that
train-inference mismatch from capacity constraints is minimal.
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Figure 13: Capacity constraint behavior during ET training (from step 4k onward, after
warmup). (a) Raw expert usage before capacity capping. (b) Saturation rate: fraction of
selected tokens dropped due to capacity limits. (c) Starvation rate: fraction of unused
expert capacity. Both saturation and starvation rates remain low, confirming minimal train-
inference mismatch.

G.2 Routing Consistency Sweep

Section 4.3.7 reports the main weighted Jaccard heatmap strip. Here we define the routing-
consistency metrics used throughout the comparison and include the companion joint JSD
heatmap for the same four runs.

Objects being compared. For a given token-layer pair, let At and Bt denote the sets of
active routed experts under checkpoints A and B. The shared expert is excluded, so these
sets contain only routed experts. Pooling all active token-layer-expert edges across the full
comparison gives

EA = {(ℓ, t, i) : i ∈ At}, EB = {(ℓ, t, i) : i ∈ Bt}.
The pooled edge sets EA and EB are used by the weighted overlap metrics, while the
token-level sets At and Bt are used by the per-token overlap and divergence metrics below.

Metric definitions. Our main metric is weighted Jaccard, defined on the pooled edge sets

weighted_jaccard =
|EA ∩ EB|
|EA ∪ EB|

.

Its pooled Dice companion is

weighted_dice =
2|EA ∩ EB|
|EA|+ |EB|

.

We also report token-level overlap averaged uniformly over token-layer pairs

Jt =
|At ∩ Bt|
|At ∪ Bt|

, Dicet =
2|At ∩ Bt|
|At|+ |Bt|

.

The reported jaccard and dice are the means of Jt and Dicet over all token-layer pairs.

For the divergence metrics, we convert each token’s binary activation set into a distribution
over experts by assigning uniform mass to the active experts

Pt(i) =
{

1/|At|, i ∈ At
0, otherwise

Qt(i) =
{

1/|Bt|, i ∈ Bt
0, otherwise.

Using these distributions, we compute

joint_jsd(Pt, Qt) =
1
2

KL(Pt∥Mt) +
1
2

KL(Qt∥Mt),

Mt =
1
2
(Pt + Qt),
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Figure 14: Within-family checkpoint-pair routing consistency on a fixed validation stream,
measured by joint JSD. Lower values indicate more stable routing. The same broad story
remains. ET separates clearly from EC 2k and stays close to EC 64k.

EC (2k) ET

Figure 15: Layerwise mean fanout versus loss bin for the two main runs. EC 2k shows a
stronger positive dependence in several layers, while ET remains more mixed across depth.

and
total_variation(Pt, Qt) =

1
2 ∑

i
|Pt(i)−Qt(i)|.

The reported joint_jsd and total_variation are averages over token-layer pairs, and
lower values indicate more stable routing.

Empty-routing conventions. If both checkpoints activate no routed expert for a token-
layer pair, we set token-level Jaccard and Dice to 1, and joint JSD and total variation to 0. If
only one checkpoint activates any routed expert, we set token-level Jaccard and Dice to 0,
and joint JSD and total variation to 1. For the pooled metrics, if both pooled edge sets are
empty, weighted Jaccard and weighted Dice are both defined as 1.

G.3 Activation Dynamics Sweep Across Routing Variants

Section 4.3.2 focuses on EC (2k) and ET. This subsection first gives the layerwise continuation
for those two main runs using loss binned fanout views, then shows EC 8k in the same
overlaid form as the main figure before collecting inverse layerwise diagnostics for the
remaining three runs.

Across these additional variants, EC 8k is much flatter than EC 2k in the same overlaid
inverse view used in the main text. The remaining three inverse layerwise panels show that
the loss–fanout relation remains setup dependent, with substantial variation across routing
variants and depth.

For completeness, Figure 18 shows representative router logit histograms from the warmup
ET run. We include them as a qualitative diagnostic of router behavior.

This appendix also provides extended expert specialization analysis, complementing the
summary in Section 4.3.3.
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Figure 16: Standalone EC 8k activation dynamics in the same form as the main figure. Faint
dashed gray curves show the per-layer means and the solid red curve shows the global
mean across layers. Compared with EC 2k, EC 8k is noticeably flatter across the loss range.

ET no warmup EC (64k) EC (512k)

Figure 17: Inverse layerwise activation diagnostics for the remaining three runs. Each panel
plots mean loss against fanout by layer, highlighting how the loss–fanout relation remains
setup dependent across ET no warmup, EC 64k, and EC 512k.

Per-token routing visualizations. Figures 19, 20, and 21 show token-level expert routing
for additional passages from GSM8K and HumanEval. Across GSM8K passages, content-
bearing tokens—particularly numbers (e.g., “48”, “72”), mathematical operators (“/”, “+”,
“=”), and computation markers (“<<”)—consistently receive the highest fanout. Function
words and punctuation receive minimal activation, indicating that experts preferentially pro-
cess semantically rich tokens. In HumanEval passages, a similar pattern holds: code-specific
tokens (variable names, operators, keywords) receive higher activation than boilerplate text
and whitespace.

Expert activation heatmaps. Figure 22 shows expert token ratios across all routing config-
urations. Each heatmap plots expert ID (columns) versus layer (rows), with color intensity
indicating the fraction of domain-specific tokens routed to each expert. The left column
shows HumanEval (code) and the right column shows GSM8K (math).

Several patterns emerge across batch sizes. EC with batch size 2k (top row) shows diffuse
activation: while some experts exhibit domain preferences (e.g., concentrated dark cells
at specific layer-expert pairs), the overall pattern is noisy with activation spread across
many experts. As batch size increases to 8k and 64k, specialization sharpens—dark cells
become more concentrated and background activation fades, indicating that experts more
consistently capture domain-specific tokens when routing decisions are made over larger
token pools. EC at 512k shows the most pronounced specialization, with a small number of
experts per layer handling the majority of domain tokens.
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Layer 1 expert 0 Layer 11 expert 15

Figure 18: Router logit histograms from the warmup ET run. The bulk of the distribution
is roughly bell shaped, with a heavier right tail. This asymmetric tail is consistent with
activated tokens receiving reinforcing gradient signals that can further increase their logits.
We view this figure as a qualitative appendix diagnostic rather than a core result.
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Figure 19: Per-layer expert fanout on a HumanEval passage, complementing the GSM8K
passage in Figure 5. Each cell shows the number of experts activated for a given token at a
given layer. Code-specific tokens receive substantially higher fanout than function words.

ET (bottom row) achieves specialization comparable to large-batch EC. The activation
patterns closely resemble EC at 512k, with concentrated expert-domain associations across
layers. This confirms that ET’s population-level threshold mechanism captures the same
routing structure as large-batch top-k selection, without requiring batch size coordination at
inference.

Comparing across domains, the HumanEval and GSM8K columns reveal that experts
develop different specialization patterns for code versus math. Certain experts that are
heavily activated for code tokens (e.g., dark cells in the HumanEval column) show low
activation for math, and vice versa. This cross-domain differentiation is consistent across all
routing configurations, suggesting that expert specialization reflects genuine domain-level
structure rather than artifacts of a particular routing strategy.

29



Published as a conference paper at COLM 2026

0

7

15

L11

0

7

15

L10

0

7

15

L9

0

7

15

L8

0

7

15

L7

0

7

15

L6

0

7

15

L5

0

7

15

L4

0

7

15

L3

0

7

15

L2

·s
ol

d

·c
lip

s

·to

·

48 ·o
f

·h
er

·fr
ie

nd
s

·in

·A
pr

il ,

·a
nd

·th
en

·s
he

·s
ol

d

·h
al

f

·a
s

·m
an

y

·c
lip

s

·in

·M
ay

.

·H
ow

·m
an

y

·c
lip

s

·d
id

·N
at

al ia

·s
el

l

·a
lto

ge
th

er

Token

0

7

15

L1

Variant C: Full routing  GSM8K_0

(a) GSM8K.

0

7

15

L11

0

7

15

L10

0

7

15

L9

0

7

15

L8

0

7

15

L7

0

7

15

L6

0

7

15

L5

0

7

15

L4

0

7

15

L3

0

7

15

L2

\n \n \n de
f

·h
as _

cl
os

e _

el
em

en
ts (n

um
be

rs :

·L
is

t [ f

lo
at ],

·th
re

sh
ol

d :

·fl
oa

t )

·-> ·b oo
l

:\n ·· · ·" ""

·C
he

ck

Token

0

7

15

L1

Variant C: Full routing  HumanEval_0
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Figure 20: Full expert routing on GSM8K and HumanEval passages. Each panel shows
binary expert activation (black = activated) across all layers and experts for every token.
Routing patterns reveal domain-specific structure.

Table 9: Per-task CORE results for the causal routing alternatives. Task values are accuracies
in percent and CORE is the centered average.

Task ET EC with ET inference Per-position SeqTopK Cross-sequence Auxiliary predictor

arc_easy 64.0 59.6 60.4 60.0 49.6 53.0
arc_challenge 31.2 32.2 31.4 30.6 25.6 28.2
hellaswag 42.2 40.8 40.2 37.8 35.2 35.6
hellaswag_zeroshot 40.8 40.0 39.6 39.8 33.8 36.6
piqa 71.0 67.6 66.8 67.4 61.6 61.2
winogrande 49.8 50.6 49.4 47.8 51.6 50.6
winograd 61.9 59.7 61.2 61.5 51.6 54.2
lambada_openai 34.0 33.6 34.4 37.4 21.0 17.8
boolq 47.2 57.0 54.8 49.8 58.2 54.6
openbook_qa 32.2 33.4 30.2 32.4 28.2 29.2
commonsense_qa 34.6 22.8 23.2 26.8 29.2 22.0
copa 66.0 63.0 63.0 62.0 56.0 68.0
coqa 15.0 14.0 13.2 13.6 8.6 11.6
squad 12.6 11.2 8.2 10.8 7.2 6.8
jeopardy 5.2 2.6 1.8 1.6 0.0 0.2
agi_eval_lsat_ar 28.3 27.0 25.7 28.3 28.7 28.3
bigbench_language_identification 27.4 25.0 25.8 27.0 28.2 25.4
bigbench_dyck_languages 11.0 17.0 14.6 15.4 14.2 7.0
bigbench_cs_algorithms 43.0 40.6 41.2 38.0 39.4 36.2
bigbench_operators 14.8 15.7 17.1 11.9 14.8 15.7
bigbench_qa_wikidata 49.6 49.6 48.0 49.0 37.2 35.6
bigbench_repeat_copy_logic 0.0 0.0 0.0 0.0 0.0 0.0

CORE centered average 18.5 17.8 16.9 16.5 12.8 13.0
Validation loss 2.844 2.910 2.930 3.048 3.733 3.981
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Table 10: Ablation on the shared expert mechanism. In both ET no warmup and EC, shared
expert improves loss by roughly 0.02.

Method Shared CE CORE

EC (bsz 512k) Yes 2.843 19.94
EC (bsz 512k) No 2.862 16.31

ET no warmup (β=0.999) Yes 2.844 16.87
ET no warmup (β=0.999) No 2.862 18.52

<|bos|> from  typing  import  List

def  has _ close _ elements (n umbers :  List [ f loat ],  threshold :  float )  ->  b

ool :

    " ""  Check  if  in  given  list  of  numbers ,  are  any  two  numbers  closer

 to  each  other  than

    given  threshold .

    >>>  has _ close _ elements ( [ 1 . 0 ,  2 . 0 ,  3 . 0 ],  0 . 5 )

    False

    >>>  has _ close _ elements ( [ 1 . 0 ,  2 . 8 ,  3 . 0 ,  4 . 0 ,  5 . 0 ,  2 . 0 ],  0 . 3 )

    True

    "" "

    for  id x ,  ele m  in  enum erate (n umbers ):

        for  id x 2 ,  ele m 2  in  enum erate (n umbers ):

            if  id x  ! =  id x 2 :

                distance  =  abs (e lem  -  ele m 2 )

                if  distance  <  threshold :

                    return  True

    return  False

Token activation intensity  HumanEval_0

0 1 2 4 8 16 32 64 176
Total fanout (sum across 11 layers)

Figure 21: Token activation intensity on a HumanEval passage. Each token is colored by
total fanout (sum of experts activated across all layers). Code-specific tokens (variable
names, operators, keywords) receive higher activation than boilerplate text.
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Figure 22: Expert activation heatmaps across routing configurations. Each row corresponds
to a routing variant (EC with batch sizes 2k, 8k, 64k, 512k, and ET). Columns show Hu-
manEval (code) and GSM8K (math) domains. Color intensity indicates expert token ratio.
Specialization sharpens with larger EC batch sizes, and ET achieves comparable patterns
without batch size dependence.
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