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Abstract

Evolution Strategies (ES) have emerged as a scalable gradient-free alter-
native to reinforcement learning based LLM fine-tuning, but it remains
unclear whether comparable task performance implies comparable so-
lutions in parameter space. We compare ES and Group Relative Policy
Optimization (GRPO) across four tasks in both single-task and sequential
continual-learning settings. ES matches or exceeds GRPO in single-task
accuracy and remains competitive sequentially when its iteration budget is
controlled. Despite this similarity in task performance, the two methods
produce markedly different model updates: ES makes much larger changes
and induces broader off-task KL drift, whereas GRPO makes smaller, more
localized updates. Strikingly, the ES and GRPO solutions are linearly con-
nected with no loss barrier, even though their update directions are nearly
orthogonal. We develop an analytical theory of ES that explains all these
phenomena within a unified framework, showing how ES can accumu-
late large off-task movement on weakly informative directions while still
making enough progress on the task to match gradient-based RL in down-
stream accuracy. These results show that gradient-free and gradient-based
fine-tuning can reach similarly accurate yet geometrically distinct solutions,
with important consequences for forgetting and knowledge preservation.

The source code is publicly available.'

1 Introduction

Fine-tuning large language models (LLMs) is essential for adapting them to new tasks
and for maintaining performance in continual learning settings. When explicit supervised
targets are unavailable, optimization must proceed from evaluative feedback rather than
token-level labels. In this regime, gradient-based reinforcement learning methods such
as Group Relative Policy Optimization (GRPO) have become a standard component of
LLM post-training (Shao et al., 2024; Guo et al., 2025), while Evolution Strategies (ES) have
recently emerged as a scalable gradient-free alternative (Qiu et al., 2025; Korotyshova et al.,
2025; Sarkar et al., 2025). ES replaces backpropagation with population-level perturbation
and reward aggregation, offering potential advantages in memory usage and parallelism.

Despite growing interest in ES for LLM alignment and fine-tuning, its behavior relative to
gradient-based methods remains poorly understood. Prior works present a mixed picture.
Some studies (Qiu et al., 2025) suggest that ES can achieve competitive performance while
retaining low KL divergence to the base model. This raises the possibility that it may be
well suited for continual learning, where preserving prior capabilities is important. Other
work (Abdi et al., 2026), however, finds that ES can induce substantial forgetting, attributing
this to larger and less sparse parameter updates. Taken together, these results leave open a
basic question: when ES and gradient-based RL achieve similar task performance, do they
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induce similar off-target effects (e.g. forgetting), and do the solutions have similar geometric
properties (e.g. norm and dimensionality)?

In this study, we compare ES and RL in a setup where an LLM is trained sequentially
across four diverse tasks and extend the analysis with a geometric characterization of the
solutions each method finds. Our analysis reveals that despite equivalent accuracy across
four diverse tasks, ES and GRPO navigate the loss landscape in different ways. GRPO
identifies a narrow, high gradient direction, making precise and targeted updates that
stay close to the base model. ES navigates a broad, low curvature plateau, accumulating
large diffuse updates that travel orders of magnitude further from initialization. Strikingly,
despite these near orthogonal trajectories and orders of magnitude norm differences, no
loss barrier exists between the two solutions. Moreover, when we probe the loss landscape
along each method’s learned update direction, the ES direction behaves much more like a
random direction on held-out tasks, indicating that a substantial fraction of its displacement
lies in task-irrelevant dimensions rather than in a sharply task-aligned subspace.

Finally, we derive a theoretical account of these geometric differences. ES weight updates
decompose into two components: an on-manifold (task relevant) component, and an off-
manifold (task-invariant) component. In the off-manifold subspace, ES is equivalent to
a random walk, which exhibits a characteristic scaling: the squared norm of the weight
change grows as a?dT /N, proportional to parameter dimension d and step count T, and
inversely proportional to population size N. In a high-dimensional landscape with many
flat dimensions — this off-manifold diffusion dominates the weight change. Empirically,
LLM parameters (particularly weight matrices) precisely exhibit this predicted random
walk behavior, with the theoretical scaling matching observations at R* > 0.99. This single
mechanism accounts for all the geometric phenomena we observe: the large update norm,
the near-orthogonality between ES and GRPO update directions, the flatter loss curvature
along ES weight changes, and the linear mode connectivity despite geometric separation.

Our contributions are:

1. Empirical evidence that ES can match or exceed GRPO in task accuracy across both
single-task and sequential fine-tuning settings.

2. A geometric characterization of ES versus GRPO solutions, revealing that equivalent
task performance can be achieved with orders of magnitude norm differences.

3. A theoretical account of the random-walk-like behavior of ES in high-dimensional
weakly informative subspaces, explaining its large update norms and diffuse-like
behavior relative to GRPO.

2 Related Work

Evolution strategies for LLMs. Salimans et al. (2017) demonstrated ES as a scalable
alternative to reinforcement learning via high parallelizability. Recent work has brought
ES to LLM scale: Qiu et al. (2025) showed ES achieving comparable performance to GRPO
on reasoning tasks, attributing this to LLMs’ low intrinsic dimensionality (Aghajanyan
etal, 2021) and ES’s smoothing of jagged reward landscapes via Gaussian convolution in
parameter space (Lehman et al., 2018). Korotyshova et al. (2025) and Sarkar et al. (2025)
further showed that ES can be made practical for large-scale alignment through low-rank
parameterizations that improve efficiency and scalability. Liang et al. (2026) showed that
fine-tuning loss landscapes are low-dimensional in curvature, helping explain why ES
succeeds with small populations. However, Abdi et al. (2026) demonstrates that ES causes
significant forgetting compared to GRPO on smaller models (Qwen2.5-1.5B and Llama-3.2-
1B), attributing it to larger update norms and lower sparsity.

Gradient-based RL for LLMs. Shao et al. (2024) introduced GRPO, which eliminates the
critic model by estimating advantages from group statistics, reducing memory overhead
compared to PPO. It became a standard post-training method following its use in DeepSeek-
R1 (Guo et al., 2025). Several concurrent works have investigated why GRPO preserves
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prior capabilities during fine-tuning. Shenfeld et al. (2025) showed that forgetting correlates
with KL divergence from the base model, while Chen et al. (2025) showed that GRPO’s
robustness may stem more from its use of on-policy data rather than KL regularization or
advantage estimation.

3 Methodology

We compare two fundamentally different approaches to fine tune large language models:
ES, a gradient free method, and GRPO, a gradient based reinforcement learning algorithm.

3.1 Evolution strategies

ES optimizes model parameters through population based search without computing
gradients. At each iteration, we sample N perturbation vectors €; ~ N (0, I), evaluate the
perturbed models, and update parameters using z score normalized rewards:

1 N
Ori1 =0+ N Y Zie (1)
i=1
where « is the learning rate, Z; = R’;; 'R is the z score normalized reward for the i-th

perturbation, and R; = R(6; + 0¢;) is the reward of the perturbed model with noise scale .
Following Qiu et al. (2025), we maintain & = ¢ /2 throughout and apply ES updates to the
complete model weights.

3.2 Group relative policy optimization

GRPO (Shao et al., 2024) normalizes advantages within groups of sampled responses,
eliminating the need for a critic model. For a prompt x, we sample K responses
{y1,...,yx} from the current policy 7y and compute group-normalized advantages:
A — Ry)—pr
! OR+€
rewards. The policy is updated by maximizing the clipped surrogate objective: Lgrpo(0) =
E {% YK min (p;(0)A;, clip(0;(6),1 —€,1+ e)Ai)} , where p;(0) = % is the proba-
old V!
bility ratio between the current and old policy. We disable the KL penalty (k1. = 0) during
training to induce a clean comparison with ES without explicit regularization (Shenfeld
et al., 2025), but track KL divergence to the reference policy for analysis in both methods.

, where pg and oR are the within group mean and standard deviation of

3.3 Experimental setup

All experiments use Qwen3-4B-Instruct-2507 as the base model. We evaluate on four diverse
tasks spanning reasoning, mathematics, scientific knowledge, and reading comprehension:
Countdown (arithmetic reasoning), Math (mathematical problem solving), SciKnowEval-
Chemistry (chemistry domain knowledge), and BoolQ (boolean reading comprehension).
Each task uses 200 training samples and 2,000 test samples (500 for Math). In the continual
learning experiments, tasks are presented sequentially. Hyperparameter sweeps were
conducted for both methods (see Appendix C.3); we selected N = 30, 0=0.0015, «=0.00075
for ES and Ir=1x10"° for GRPO. An additional model, Llama-3.2-3B-Instruct, can be found
in the Appendix.

4 Empirical Results

4.1 Task performance

Table 1 compares the task accuracy of the base model against ES and GRPO in a single task
training setup. Running ES for 300 iterations consistently yields the highest peak accuracy
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across all four tasks. For instance, on the Chemistry task, ES (300) achieves 76.5% accuracy,
significantly outperforming both ES (100) at 68.1% and GRPO at 74.9%.

However, when the model is trained sequentially across the tasks (Figure 1), utilizing 300
ES iterations causes pronounced degradation in earlier tasks as the training progresses.
Limiting ES to 100 iterations offers a balance. While it sacrifices a small degree of peak
single task accuracy compared to the 300 iteration configuration, it maintains sequential
training stability. Both ES (100) and GRPO remain comparatively stable throughout the
entire sequential training pipeline, avoiding the sharp drop-offs seen with ES (300). Because
of this, we use an iteration count of 100 for ES in all of the following sequential experiments.

Table 1: Accuracy (%) for single task training.

Task Base ES (iter=100) ES (iter=300) GRPO
Countdown  20.5 75.1 78.6 74.5
Math 61.8 724 74.0 68.8
Chemistry 63.4 68.1 76.5 74.9
BoolQ 83.7 87.2 88.1 86.6

As a side note, ES and GRPO show different transfer dynamics in the sequential task training.
ES exhibits notable zero-shot forward transfer, i.e., learning a task increases performance on
an unseen task. Chemistry accuracy rises from 63% to approximately 69% before its training
stage begins, and Math accuracy increases by roughly 3 points after Countdown training
alone. This forward transfer is not universal and depends on the tasks, as BoolQ accuracy
dips slightly below the base model before its training stage. GRPO shows little forward
transfer by comparison.
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Figure 1: Accuracy (%) on each task throughout sequential training. The shaded region
marks the stage at which that task was trained. ES (300) shows clear degradation on earlier
tasks as training progresses, while ES (100) and GRPO remain comparatively stable.

4.2 Forgetting
To test whether fine-tuning affects general capabilities beyond training tasks, we evaluate

both methods on two held-out benchmarks after each training stage: MMLU for general
knowledge, and IFEval (strict) for instruction-following ability. The two methods diverge on
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MMLU. ES accuracy drops monotonically from 77.5% to 73.8% across the four training stages
(—3.7%), with the largest single-stage drop during Chemistry training (—1.6%). GRPO, by
contrast, remains stable or slightly improves throughout, ending at 78.3% (40.8%). On
IFEval, the pattern reverses: ES gains 4-2.2%, peaking after Math training, while GRPO rises
through Chemistry but drops after BoolQ training, ending at —1.3% below baseline.

Table 2: Holdout benchmark accuracy (%) throughout sequential training.

Stage ES (MMLU) GRPO (MMLU) ES (IFEval) GRPO (IFEval)
Base model 77.5 77.5 79.7 79.7
After Task 1 (Countdown) 77.0 77.0 80.0 80.6
After Task 2 (Math) 76.2 77.5 82.6 80.6
After Task 3 (Chemistry) 74.6 78.0 82.3 81.7
After Task 4 (BoolQ) 73.8 78.3 81.9 78.4
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Figure 2: Incremental KL divergence per training step. Each cell shows KL (7T gier || TTpefore)
for a given evaluation task (row) after a given training step (column). Both panels share
the same color scale. Across three seeds there is large variance for some blocks. We have
included median, min and max in Appendix C.4 so the complete picture can be seen

We measure the incremental KL divergence KL(7Tafier|| 7Tpefore) ON each task’s held-out
set after every training step, capturing how much each step shifts the model’s output
distribution on every task (Figure 2). Qiu et al. (2025) find that ES produces substantially
lower KL divergence than GRPO on a single-task conciseness benchmark. The first column
of our heatmap (T0, Countdown only) is broadly consistent: ES’s on-task KL (0.21 nats)
is slightly lower than GRPO's (0.38 nats). In the sequential setting, however, ES produces
larger off-diagonal KL shifts—training on any task causes non-trivial drift on all other
tasks (e.g., training on Math shifts Chemistry by 0.62 nats for ES vs. 0.01 for GRPO). ES’s
on-diagonal drift is also more aggressive: Chemistry training induces 1.42 nats for ES versus
1.31 for GRPO. There is a single example where GRPO induces larger off diagonal than ES
but if you compared medians in Appendix C.4 than it goes away. This is consistent with
our weight-space findings: ES’s isotropic perturbations spread change broadly across the
output distribution, while GRPO’s directed updates concentrate it on the trained task. The
discrepancy with Qiu et al. (2025) in the sequential setting may reflect differences in task
structure or model, but it suggests the KL advantage of ES is not universal.

To quantify off-diagonal drift directly, we compute the ratio of off-task to on-task incremental
KL separately for each seed s:

ff

_ Zt K?,s
s — 7
Y K??
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where «7¢ is the test-set incremental KL on the task trained at transition ¢, and K?[? is the
mean test-set incremental KL over the other three tasks at the same transition. Thus, ps — 0
indicates that drift is concentrated on-task, whereas p; ~ 1 indicates that average off-task
drift is comparable to on-task drift. For Qwen3-4B-Instruct-2507, we compute ps separately
for seeds 42, 52, and 62 and report the mean and sample standard deviation across seeds. ES
yields prs = 0.533 £ 0.407, compared with pgrpo = 0.228 £ 0.108 for GRPO. The ES mean is
therefore 2.34x the GRPO mean, indicating greater off-task drift relative to on-task change
under ES. The large variation across seeds further indicates substantial seed-dependent
heterogeneity in the magnitude of this effect.

We additionally report cumulative test-set KL divergence from the original base model
throughout training, Dxy (71, || 779,) (Appendix C.5).

5 Weight Space Geometry Analysis

Despite both ES and GRPO achieving similar accuracy when trained with a single task,
their difference in the sequential task experiments suggests that the weight changes of both
could be distinct. We characterize the geometry of their weight changes, seeking a deeper
understanding of the difference between the two methods.

5.1 ES induces larger weight changes

We measure the total ¢/, norm of each method’s weight difference from the base model:

2012 = [|6rained — Obase |2 2)
Table 3 shows this at each sequential checkpoint. ES updates grow from 87.28 to 173.00
across the four tasks, while GRPO updates remain two orders of magnitude smaller (1.00 to
1.84), yielding norm ratios of 87 to 107 x.

Table 3: Weight update norms (||Af||») at each sequential checkpoint, measured from the
base model.

Checkpoint ESnorm GRPO norm Ratio
After Task 1 (Countdown) 87.28 1.00 87 x
After Task 2 (Math) 122.76 1.15 107
After Task 3 (Chemistry) 149.99 1.65 91x
After Task 4 (BoolQ) 173.00 1.84 94 x

5.2 ES updates are denser and higher rank

The ¢, norm alone conflates several ways of geometric change; a large norm can arise from
large changes along a few coordinates or from small changes spread broadly across many
parameters. To disambiguate these, we measure two other properties of each method’s
weight update at every sequential checkpoint: sparsity, the fraction of update entries A6;
with |Af;] < e (using e = 1 x 107°), and stable rank, | AW||2/||AW||3 (Frobenius norm over
spectral /operator norm), which quantifies the effective dimensionality of the update for
matrix-shaped parameters. Table 4 reports both measures. GRPO’s updates are substantially
sparser (87.7-88.0% near-zero entries, versus 2.1-3.8% for ES) and lower rank (60-103,
versus 1078-1100 for ES). This is consistent with our picture (Sec. 6): ES’s isotropic, high-
dimensional diffusion produces dense, high-rank updates, while GRPO's targeted, gradient-
aligned updates are concentrated in a sparse, low-rank subspace.

Table 4: Sparsity (fraction of entries with [Af;] < & = 1 x 107°) and stable rank
(||AW|2/]|AW|3, averaged across attention QKVO projections, and MLP up/down/ gate
projections) of ES and GRPO weight updates at each sequential checkpoint.

Stage Sparsity ES  Sparsity GRPO Stable Rank ES  Stable Rank GRPO
T0 Countdown 3.8% 88.0% 1100 60
T1 Math 2.9% 88.0% 1090 70
T2 Chemistry 2.4% 87.7% 1084 89
T3 BoolQ 2.1% 87.7% 1078 103
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5.3 ES and GRPO solutions are linearly mode-connected

We evaluate whether ES and GRPO solutions occupy the same loss basin by testing linear
interpolations (i.e. linear mode connectivity) at each sequential checkpoint:

6(a) = (1 —a)0Ogs +abgrro, « € {0,0.25,0.5,0.75,1} 3)

A loss barrier would manifest as degraded performance at intermediate & values relative to
both endpoints. Figure 3 shows average accuracy across tasks at each interpolation point.
No significant loss barrier exists at any checkpoint: performance transitions smoothly, and
intermediate points frequently match or outperform the endpoints, demonstrating that ES
and GRPO remain in the same loss basin throughout sequential training.

Countdown Math
73
76 Linear interp. Linear interp.
72
e\° O\o 71
> 74 >
2 8 70
573 E
S S
<4 & 69
68
71 ¢
0 0.25 0.5 0.75 1.0 0 0.25 0.5 0.75 1.0
(ES) (GRPO) (ES) (GRPO)
SciKnowEval-Chemistry BoolQ
75 Linear interp. 90 Linear interp.
74 89
3 2
=73 = 88
3 ]
572 5 87
o 5
o g
<7 < 86
70 85
0 0.25 0.5 0.75 1.0 0 0.25 0.5 0.75 1.0
(ES) (GRPO) (ES) (GRPO)

Figure 3: Per-task accuracy along the linear interpolation path between the final ES and
GRPO checkpoints. The dashed gray line shows the linear interpolation between endpoint
accuracies. Across all tasks, the interpolated model remains close to or above the linear
baseline with no catastrophic accuracy drop, indicating that the two solutions lie in the
same basin of the loss landscape.

5.4 ES solution direction behaves similarly as random directions

To understand why ES and GRPO produce such different weight geometries despite similar
task accuracy, we probe the loss landscape along each method’s learned update direction.
Starting from the base model, we move along the normalized ES or GRPO weight delta at
increasing magnitudes:

AB
Operturbed = Opase + 11 - 6] 4

where m ranges from 0 to ||Af||, (the trained checkpoint) and beyond. Random directions,
averaged over three seeds, serve as a control. By construction, m = ||A8||, exactly recovers
the trained checkpoint.

Figure 4 shows that along the GRPO direction, task accuracy rises rapidly from the base-
model level to the checkpoint level within a very small displacement, then degrades quickly
once the perturbation magnitude exceeds the trained solution. Along the ES direction,
accuracy improves more gradually over a much larger displacement scale. Both methods
reach comparable final accuracy, but GRPO concentrates its useful signal into a much smaller
norm, while ES spreads it across a larger perturbation, consistent with ES containing a larger
component weakly coupled to the target task.

Evaluating perturbed models on holdout tasks reinforces this picture (Fig. 5). The ES and
random directions produce similar holdout degradation profiles, consistent with the ES
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Figure 4: Task accuracy when moving from the base model along ES (blue), GRPO (red), and
random (gray) directions at increasing magnitudes. Dashed vertical lines mark ||Agrpol|
(red) and || Ags|| (blue). Dotted horizontal lines show base and checkpoint accuracies.

update being a non-targeted diffused shift. GRPO’s direction is more effective per unit
norm on the target task, but degrades general capabilities faster than either ES or random
directions, consistent with its updates being concentrated in a narrow task-specific subspace.
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Figure 5: Holdout task accuracy (IFEval, MMLU) when perturbing along ES (blue) and
GRPO (red) directions from the final BoolQ checkpoint.

6 Theoretical Interpretation

The experiments show a consistent pattern: ES and GRPO reach comparable task accuracy,
yet ES accumulates much larger weight changes, resembles random directions on holdout
probes, and remains linearly connected to GRPO solution in accuracy with no loss barrier.
We now develop a theoretical account that explains these phenomena within a unified
framework (with formal statements in App. D).

Signal-diffusion decomposition. Consider a quadratic potential centered at 0 with cur-

vature Q, £(8) = 10T Q6. Idealizing ES as a fixed step-size Ornstein-Uhlenbeck process
surrogate, the displacement after T steps decomposes as (Prop. 4):
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T
bps — 0= (H' =16 + ) H' 'yr, 5
=1
signal (GD-like) —_———
diffusion

with H :=1— g—‘;Q and i.i.d. noise 7y ~ N (0, "‘—zld). The first term drives parameters toward
the optimum and resides in the column space of Q, resembling gradient descent with 7%

playing the role of learning rate; the second term is diffusion in d dimensions. Along flat
directions (u where Qu = 0), the signal vanishes while the diffusion persists. Noiseless
gradient descent — an idealized view of GRPO, produces only the first term (Prop. 6).

Why diffusion dominates On a flat landscape, the ES update is a pure random walk
(Prop. 1): A6 ~ N (0, ”‘—21d), and the displacement concentrates at its expectation,

E[||6r — 6o|[*] = «*Td/N. (6)

This scaling—linear in T and d, inverse in N—persists in the off-manifold (i.e. reward irrele-
vant) subspace even when the landscape is non-flat. On linear and quadratic landscapes,
we derive the full single-step statistics analytically (Prop. 2, 3). On a linear landscape, the
fraction of gradient-aligned squared displacement per step is (App. E.3):

x =1+ (N+1)s)/ (d+ (N+1)s), (7)
where s := 02||v||2/03 € [0,1] is the signal fraction, with ||v|| the gradient norm. Since

N < d in practice (N = 30, d ~ 4 x 10%), x is negligible, i.e. most update is not gradient
aligned. Further, on a quadratic landscape, with rank-r curvature, over T steps (Prop. 7):

E|l6gs — 60> = O(r) +a®T(d—r)/N ~ «*Td/N. (8)
~—— —— ——
on-manifold off-manifold

Geometric consequences The decomposition yields a norm hierarchy (Propositions 6-8):
16D — 60ll> = O(r),  E|l6gs — 60| = O(r) + O(d),  Elfs — bcpl* = O(d), (9)

and the expected cosine similarity scales as O(1/r/d) (Remark 9): nearly orthogonal despite
similar task performance. The key difference is on flat directions: GD freezes at initialization

while ES diffuses with variance a?t/N (Propositions 4, 5).

6.1 Empirical validation and explanatory power

Random walk scaling. For the full parameter vector, ||Af]|? grows linearly with step count
in both models (r > 0.9999 for ES against r ~ 0.87 for GRPO; Fig. 6A). Inverting the slope to
infer the effective dimension yields dog/ dioa) = 96.4% (Qwen) and 102.4% (Llama)—nearly
all dimensions behave as flat, the two models bracketing the parameter-free prediction
within 4%. Per-parameter analysis localizes the departure: large weight matrices follow
the random walk scaling almost exactly (0.968 £ 0.014 and 1.024 £ 0.031, R? = 0.9999),
while gains of normalization layers deviate strongly and differently across architectures
(1.75 £ 0.87 in Qwen, 0.40 + 0.40 in Llama; Fig. 6B,C; see App. E.1). In summary, ES
dynamics is dominated by a random walk through an almost flat landscape, with a < 4%
correction from the task-relevant directions—where curvature compresses the walk, and a
gradient-like component inflates it.

Explaining each observation. Our framework explains: Large ES update norms (Table 3):
ES is dominated by the O(d) off-manifold term while GRPO stays at O(r), producing the
~100x ratio. Near orthogonal updates (App. E.2): the cosine similarity of GD and ES
weight updates is around ~ 10~* (Tab. 20), consistent with the predicted scale O(v/r/d).
Flat mode connectivity (Fig. 3): after convergence, the 8ps—fgp line lies in the off-manifold
subspace where loss is flat. ES resembles random (Fig. 4): dominant fraction of ES update
comes from off-manifold random walk, explaining their similarity and smaller directional
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curvature along ES updates. Holdout degradation (Fig. 5): the fine-tuning landscape sits
atop a broad plateau of base-task performance; off-manifold perturbations beyond a certain
radius degrade general capabilities regardless of task relevance, explaining the matched
ES-random degradation profiles. This picture is summarized in Figure 6D.

Random walk scaling of ES Per-parameter fit qualit:
A-s00 4 9= C Paand scalingcI Y D. Sharper Flat mode
~ Quen Y ) ‘ Ik ored curvature along  connectivity
- Llama i random-walk prediction
400 { =~ theory 14 - — 65,and 6., berwzeg 6o
! I, and G,
g 04 !
X 300 L
S -1 1 ~<--->
o F a I
= P [
< 200 -2 ¥ Shallower
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100 4 ) | e input_in k_norm
R | @ post_in o Llama \\/
| @ norm = Qwen
0 ! : ! ! . - ponom W ERwen NN S RQEN. ) ——== -
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B Training step 7' p=deft/doral
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&> Landscape of finetune loss
Landscape of base model loss
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1a67]1* (x107%)
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Figure 6: ES fine-tuning drifts as a random walk through the parameter space; GRPO
does not. A. Total drift || Af7||? for Qwen and Llama, each divided by its own random-walk
scaling ad/ N so that the theory becomes the identity (dashed). Inset: GRPO with the same
normalisation. B. Individual Qwen tensors against the same scaling (dashed): gkv_proj
follows it for the whole run, post_1n saturates away from it. C. Effective dimension ratio
0 = degt/ dyoral against fit quality R? for every tensor. All weight matrices collapse onto
the ideal scaling R?> = 1,p = 1, the norm vectors do not. D. GRPO moves along the low-
dimensional task-relevant subspace (red). ES accumulates both a task-relevant component
and a large off-manifold random walk (green), yielding a much larger displacement nearly
orthogonal to GRPO. The two solutions are linearly connected because the off-manifold
component is loss-invariant.

Remark 1. High-dimensional OU processes are dominated by their flattest dimensions, thus
resembling random walk (Antognini & Sohl-Dickstein, 2018). Similar random-walk-like dynamics
has been observed in diverse context: SGD-trained neural network weights, evolution of Influenza
virus (H3N2) and ES-optimized visual stimuli (Moore et al., 2018; Wang & Ponce, 2022a;b),
suggesting high degeneracy and flat subspaces are generic features of high-dimensional landscapes.

7 Discussion

Our results reveal that ES and GRPO find geometrically distinct solutions despite equiva-
lent task performance: near-orthogonal update directions and orders-of-magnitude norm
differences. The random walk interpretation from Section 6 provides a unifying expla-
nation: on the high-dimensional subspace of task-irrelevant directions, ES accumulates
isotropic noise whose squared norm grows linearly with steps, while the task-relevant
component remains small but sufficient for learning. These geometric differences imply that
task-matched solutions found by different optimizers need not be equivalent in parameter
space or in how they alter the model more broadly. More generally, our results suggest
that weight-space geometry is itself an important object of study in post-training, because
similar downstream accuracy can mask substantial differences in the structure and scale of
the underlying update.
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A Author contributions

W.H. designed the initial experiments, performed most of the experiments and analyses, and
wrote the first draft of the manuscript. B.W. contributed to the theoretical framework and
appendix derivations. X.P. coordinated the study and contributed broadly to the design and
framing of the study. All authors contributed to revising and polishing the final manuscript.

B Disclosure of LLM Use

In the study, LLM is used for coding the experiments, analyzing the results, assisting
mathematical derivation, and polishing the writing.

C Experimental Configurations

All experiments use Qwen3-4B-Instruct-2507 with full-parameter fine-tuning, seed 42, 52,
62, and a maximum of 1,024 generated tokens. Each task uses a fixed training set of 200
prompts. An additional model of Llama-3.2-3B-Instruct was used to repeat the experiments
with one seed, 42.

C.1 Sequential Training Results (Qwen3-4B-Instruct)

Table 5: Qwen3-4B-Instruct: accuracy (%, mean =+ std over 3 seeds) throughout sequential
training with ES (iter=100). Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ

Base 2078 2020 61.40+£035 63.77+0.32 83.97+0.23
After Countdown 74.52+0.70 65.20+0.72 64.35+0.80 83.43 +0.95
After Math 7540+ 031 7173042 6945+046 8420+1.18
After Chemistry = 72.67 £1.03 71404140 74.85+1.01 84.03+2.29
After BoolQ 64.87 £8.78 6993 £1.01 73.80+£159 87.53 £ 0.60

Table 6: Qwen3-4B-Instruct: accuracy (%, mean =+ std over 3 seeds) throughout sequential

training with GRPO. Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ

Base 1722 £211 6620 +£4.01 6277 £0.68 85.20 £1.39
After Countdown 69.17 +4.86 6727 =647 60.58 +4.85 8552+ 1.78
After Math 7032 +349 69.80 £5.89 61.63+2.03 8557 +1.69
After Chemistry  70.65 +4.01 71.67 £5.03 64.47+7.34 82.10+ 8.00
After BoolQ 7050 £3.77 7427 £580 66.08£7.05 89.80+1.31

C.2 Replication on a Second Model Family (Llama-3.2-3B-Instruct)

Table 7: Llama-3.2-3B-Instruct: accuracy (%) throughout sequential training with ES
(iter=100). Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ
Base 24 38.2 60.6 73.4
After Countdown 37.4 41.2 60.9 75.8
After Math 34.9 41.8 64.0 71.6
After Chemistry 29.3 41.0 65.9 68.8
After BoolQ 20.3 38.2 65.7 81.9
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Table 8: Llama-3.2-3B-Instruct: accuracy (%) throughout sequential training with GRPO.
Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ
Base 1.8 394 615 734
After Countdown 37.8 422 626 75.3
After Math 40.8 420 624 75.9
After Chemistry 40.4 442 658 72.2
After BoolQ 40.3 464  67.0 83.0

C.3 Hyperparameter Sweeps

Evolution Strategies. We conducted a sweep over three configurations maintaining & =
o/2:

Table 9: ES hyperparameter configurations. Config 3 selected.

Config o !

1 0.0005 0.00025
2 0.001  0.0005
3 0.0015 0.00075

GRPO. We swept learning rates with KL penalty disabled (k1 = 0) and linear decay:

Table 10: GRPO learning rate configurations. Config 3 selected.

Config Learning rate

1 1x10°°
2 3x10°°
3 1x10°°
4 3x107°

On disabling the KL penalty. Although the original GRPO formulation (Shao et al., 2024)
includes a KL-divergence penalty against the reference policy, we set Bk, = 0, following
now-common practice in the field. The widely used TRL implementation similarly defaults
to B = 0 for this reason.”

2https ://huggingface.co/docs/trl/main/en/grpo_trainer#computing-the-1loss
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C.4 Seed Variance in Incremental KL Divergence

Table 11: ES: median [min, max] incremental test KL divergence across 3 seeds (42, 52, 62).
Bold indicates the task just trained at that stage.

Eval. task After Countdown  After Math  After Chemistry After BoolQ
0.200 0.162 0.075 0.086
Countdown [0.187, 0.232] [0.124, 0.221] [0.074, 0.083] [0.047, 0.086]
0.062 0.080 0.041 0.043
Math [0.054, 0.071] [0.067, 0.088] [0.033, 0.042] [0.036, 0.054]
0.137 0.313 1.100 0.103
Chemistry [0.116, 0.143] [0.272,1.276] [0.106, 3.062] [0.090, 0.649]
0.135 0.170 0.096 0.102
BoolQ [0.126, 0.137] [0.151, 0.227] [0.086, 0.127] [0.090, 0.122]

Table 12: GRPO: median [min, max] incremental test KL divergence across 3 seeds (42, 52,
62). Bold indicates the task just trained at that stage.

Eval. task After Countdown  After Math  After Chemistry After BoolQ
0.381 0.008 0.012 0.017
Countdown [0.293, 0.454] [0.006, 0.012] [0.004, 0.030] [0.005, 0.029]
0.050 0.009 0.010 0.006
Math [0.048, 0.056] [0.003, 0.010] [0.007, 0.016] [0.005, 0.011]
0.012 0.010 0.117 0.056
Chemistry [0.000, 0.115] [0.000, 0.019] [0.072, 3.738] [0.017, 0.105]
0.051 0.010 0.038 0.239
BoolQ [0.035, 0.061] [0.003, 0.010] [0.028, 4.431] [0.094, 0.322]

C.5 Cumulative KL Divergence from the Base Model

Table 13: Qwen3-4B-Instruct: cumulative KL divergence from base model, ES (iter=100).
Mean =+ std over 3 seeds (42, 52, 62). Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ

After Countdown 0.206 + 0.023  0.062 £ 0.008 0.132 +0.014 0.133 £ 0.006
After Math 0.436 £0.032 0.178 £0.021 0.755 £ 0.477 0.355 £ 0.079
After Chemistry 0.536 £0.059 0.250 & 0.033 2.541 +£2.390 0.545 £ 0.211
After BoolQ 0.551 £0.112 0288 £0.028 2.013 £1.781 0.545 £ 0.158
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Table 14: Qwen3-4B-Instruct: cumulative KL divergence from base model, GRPO. Mean +
std over 3 seeds (42, 52, 62). Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ

After Countdown 0.376 = 0.081 0.052 £0.004 0.040 £ 0.066 0.049 + 0.013
After Math 0420 £0.113  0.069 +0.018 0.087 +0.129  0.072 £ 0.025
After Chemistry 0.435+0.143 0.093 £0.038 1.297 +2.120 1.904 + 3.140
After BoolQ 0.435+0.115 0.091 £0.024 1.282 +2.062 0.194 £ 0.063

Table 15: Llama-3.2-3B-Instruct: cumulative KL divergence from base model, ES (iter=100).
Single seed. Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ
After Countdown 0.069 0.020 0.074 0.236
After Math 0.071 0.038 0.127  0.536
After Chemistry 0.095 0.058 0.396 1.644
After BoolQ 0.170 0.066 1.362 1.788

Table 16: Llama-3.2-3B-Instruct: cumulative KL divergence from base model, GRPO. Single
seed. Bold indicates the task just trained at that stage.

Stage Countdown Math SciK BoolQ
After Countdown 0.072 0.011 0.094 0.312
After Math 0.081 0.012 0.107  0.347
After Chemistry 0.091 0.022 2306 1411
After BoolQ 0.099 0.023 2330 1.717

C.6 Single Task Training Curves

Figure 7 and Figure 8 show train and test reward over the course of single-task training
for GRPO and ES using the configurations selected in Tables 9 and 10 for Qwen3-4b-
Instruct. Both methods converge on all four tasks without overfitting, confirming that these
hyperparameters yield stable learning before we proceed to the sequential setting.
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Figure 7: GRPO single-task training reward across 20 epochs for each task.
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Figure 8: ES single-task training reward across 300 steps for each task.
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C.7 Selected Training Configurations
The selected configurations are summarized in Table 17. In the single-task setting, ES trains

for 300 steps and GRPO for 20 epochs. In the sequential setting, each of the four tasks trains
for 100 ES steps or 20 GRPO epochs with identical per-task hyperparameters.

Table 17: Training hyperparameters for ES (left) and GRPO (right).

GRPO
ES . 5
Learning rate 1x10
Noise scale (0) 0.0015 Optimizer AdamW
Step size (x) 0.00075 Scheduler Linear decay
Population size 30 Max gradient norm 1.0
Batch size 200 KL coefficient (Bxr) 0
Rollouts per prompt (K) 8

C.8 Compute Cost (FLOPs) Comparison

For a model with P parameters and sequence length L, we estimate a forward pass at 2PL
FLOPs and a backward pass at 4PL.

GRPO. Each response requires a policy forward pass, a reference-model forward pass,
and a policy backward pass:

FLOPsgrpo = Tgrro - B- G - (2 +2+ 4) -PL = 8 TqgrpoBG PL, (10)
——
fwd + ref + bwd

where Tgrpo is the number of optimizer steps, B the question batch size, and G the number
of responses generated per question.

ES. Each population member requires only a forward pass over the evaluation batch:
FLOPsgg = Tgs-N-D- 2 -PL=2TgNDPL, (11)
fwd

where Tgg is the number of iterations, N the population size, and D the number of prompts
evaluated per iteration.

Applied to our setup. From training logs, GRPO runs Tgrpo = 80 steps per task with B ~
63 and G = 8; ESuses N = 30 and D = 200 prompts per iteration, with Tgg € {100, 300}.
Table 18 reports the resulting FLOP totals:

Table 18: Compute per task, relative to GRPO.
Method FLOPs vs. GRPO
GRPO (T = 80) 8(80)(63)(8) PL = 322,560 PL 1.00x

ES (100 iter) 2(100)(30)(200) PL = 1,200,000PL  3.72x
ES (300 iter) 2(300)(30)(200) PL = 3,600,000 PL  11.16

ES(100), the configuration used throughout Section 4, uses roughly 3.7 x the compute of
GRPO, and ES(300) roughly 11 x.

C.9 Evaluation Protocol

All evaluations use greedy decoding (temperature = 0) with a maximum of 1,024 gen-
erated tokens and binary rewards (1.0 correct, 0.0 otherwise). Table 19 summarizes
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the answer extraction and scoring for each task. Countdown problems are sourced
from Jiayi-Pan/Countdown-Tasks-3to4, MATH from nlile/hendrycks-MATH-benchmark,
SciKnowEval Chemistry from hicai-zju/SciknowEval v2, BoolQ from google/boolg,
MMLU from cais/mmlu, and IFEval from google/IFEval.

Table 19: Evaluation protocol per task. All tasks use greedy decoding (temperature = 0),
1,024 max generated tokens, and binary scoring.

Task Answer format  |Diest| Answer extraction and scoring

Countdown \boxed{expr} 2,000 Extract last \boxed{} via regex. Verify the ex-
pression contains only digits and +, —, *, /;
each input number is used exactly once; and
the evaluated result equals the target (toler-

ance < 107°).

MATH \boxed{ans} 500 Extract last \boxed{} with nested-brace han-
dling. Normalize both prediction and gold
by stripping LaTeX wrappers (\text, \dfrac,
currency/degree symbols). Compare as
strings; on mismatch, convert fractions and
decimals to floats and compare numerically

(tolerance < 1079).

SciKnowEval Chem. "answer":"X" 2,000 Extract answer letter via regex cascade:
(1) JSON-style "answer”:"X", (2) unquoted
answer: X, (3) last standalone A/B/C/D to-
ken. Use the last match found.

BoolQ \boxed{yes/no} 2,000 Extract last \boxed{}, normalize to lowercase.
Accept {yes, true, 1} as positive and {no,
false, 0} as negative.

Holdout tasks (not trained on; used to measure forgetting)

MMLU "answer”:"X" 14,042 Same regex cascade as SciKnowEval
Chemistry.
IFEval Free-form 541 Check each instruction constraint program-

matically (keyword presence, formatting
rules, length bounds, etc.). Score 1.0 only if all
constraints for a prompt are satisfied (strict
prompt-level accuracy).

MMLU and IFEval are evaluated after training to measure whether general capabilities are
preserved.
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D Theoretical Results

D.1 Evolution Strategy on a Flat Landscape

Proposition 1 (Evolution Strategy on a Flat Landscape). Let R(6) = const, so all reward

variation arises from observation noise. Under the ES update A0 = Zili 1 Zi€ej withe; ~ N (0, 1)
and z-scored rewards Z;, the weight update is a pure isotropic random walk:

_ e

0(2 2
so~N (0 k), Ella0) =%

After T steps of ES with population size N, step size a, and parameter dimension d, the cumulative
deviation satisfies

«®Td  o*Td

N 4N’
where the last equality substitutes « = o /2. In particular, the expected drift grows linearly in T and
d, and shrinks inversely in the batch size N. Proof in F.2.

E[||6T — 60?] =

D.2 Evolution Strategy on a Linear Landscape

Proposition 2 (Evolution Strategy on a Linear Landscape). Let R(8) = —v ' 0 with observation
noise 0. Define 03 := o2 ||v||* + O’éz. The mean and covariance of the ES parameter update are

—ov

E[A6] = 12
20] = =22 12

062 0620'2 T
Cov|[Af] = N I+ N—(T]% vv (13)

The mean update is purely aligned with the gradient direction v, and the covariance consists of the
same isotropic baseline as the flat landscape plus a rank-1 boost along v. Relative to the quadratic

case (Proposition 3), the linear landscape produces identical expressions with Q% = 0: the curvature-
dependent inflation of 0 and the anisotropic noise term 20*Q? are both absent. Proof in I.3.

Remark 2 (On-manifold alignment of ES update). Define the signal fraction s := o||v||? /0% €
[0, 1]. The on-manifold fraction of total squared displacement is

_ E|PIAg)> 1+ (N+1)s
T OE[A62 d+(N+1)s’

Hence: (i) without signal (s = 0), p = 1/4, i.e. the update is purely diffusive; (ii) in the high-SNR
limit (s — 1), p — (N +2)/(d + N + 1); (iii) p increases monotonically in s and N, and decreases
in d. Since N < d in practice, on-manifold movement per step is negligible relative to off-manifold
diffusion.

D.3 Evolution Strategy on a Quadratic Landscape

Proposition 3 (Evolution Strategy on a Quadratic Landscape). Let R(0) = f%GTQG, current
iterate 6y, and v := Q0 (the negative gradient). Define

0% = ?||v|? + & Tr[Q? + o2 (14)

The mean and covariance of the ES parameter update are

—ov

E[A6] = 1
(28] = ——, (15)
Cov|Af] = Ll ( 2w’ 4 204Q% + o3 Id). (16)
No%
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Relative to the linear case (Proposition 2), the quadratic term Q introduces two additional contribu-
tions: (i) a curvature-dependent inflation of 0% through Tr[Q?], which attenuates the mean gradient

step; and (ii) an anisotropic noise term 20*Q?* / 0% in the covariance, which increases update variance
along the principal high curvature directions of Q. Proof in F.4.

Remark 3 (On-manifold alignment on quadratic landscape). The on-manifold fraction of total
expected squared displacement is

 (N+ 1) AP+ 20* 9T Q% + 0

~ (N+1)0?||v|? +20* Tr[Q?] +d oz’

where ¥ := v/||v||. Setting Q* = 0 and 0% = 0?||v||* + 07 recovers the linear-landscape ratio
p= (14 (N+1)s)/(d+ (N+1)s). The quadratic landscape modifies p in two ways: the curvature
inflates o, which grows the isotropic term d 0% in the denominator; and the 20*Q? noise splits

between numerator (the projection ¥ Q*%) and denominator (the full trace Tr[Q?]). When the
gradient aligns with the high-curvature eigenvectors, much of the curvature-induced noise is on-
manifold and p is comparable to the linear case; when the curvature is predominantly orthogonal to
¥, the denominator grows while the numerator does not, suppressing p.

D.4 Dynamics of ES on Quadratic Landscape
Proposition 4 (Dynamics of ES on Quadratic Landscape). Consider the simplified evolution
2

0r1 = HO: + 11, e ~ N(O, aﬁld) ,
where H =1 — %Q =Y (1 — %/\k) ukukT. S Letyi=1— g—‘;/\k denote the contraction factor
along eigendirection uy. Then the projected mean and variance evolve as

Eluyg 6:] = 7k 6o,
1— ,)/Zt
2 k 2
1
Var[u] 6] = G — 2’ e 7L

N k
t, 'y,% =1

The process converges in mean and variance along direction wy if and only if |v,| <1, i.e.,

2
0< Ay < 2R,
xo

In this regime, the asymptotic variance is

2 1

. T _w
tll)ngOVar[uk 0] = N 1 o

and the convergence timescale is T = — log2 / log 2. Proof in F.5.

Remark 4 (Stability conditions). The three failure modes each correspond to a violation of |yy| < 1.
Flat directions (Ax = 0) satisfy vy = 1, so both the mean and variance grow as a pure random walk:
the optimizer drifts diffusively and never localizes. Concave directions (A < 0) give i > 1, causing
exponential divergence of both mean and variance — the landscape actively repels the iterates. Overly
sharp convex directions (A > 20r /o) give |7vx| > 1 for a different reason: the ES step overshoots,
analogous to gradient descent with too large a learning rate. Note that because the ES learning rate

is & = /2, this threshold becomes Ay = 4og /0>

Remark 5 (Optimal curvature). Within the stable regime, the convergence speed and asymptotic
variance are jointly controlled by 'y,%. Directions with A, ~ or/wo achieve vy, ~ 0, which
simultaneously minimizes the convergence timescale (tp — 1 iteration) and the asymptotic variance
(~ a«?/N). Directions near the stability boundary A\ — 0% or Ay — (20r/ac)~ suffer slow
convergence and inflated variance. Thus the landscape curvature relative to the ratio og /w0 plays
the role of an effective condition number for the ES dynamics.

30R here is a fixed constant, not changing across iterations as in the full ES update (Eq. 14).
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0‘72
N(1-7)
between exploration and precision: increasing the population size N suppresses variance linearly,
while the landscape geometry (through y?) sets a floor on the minimum achievable uncertainty. In
well-conditioned directions, 1 — 7]% ~ 2?;—‘;/\;(, so the asymptotic variance scales as ﬁ, inversely

proportional to both curvature and the signal-to-noise ratio o/ oR.

Remark 6 (Role of noise scale). The asymptotic variance reveals the expected tension

D.5 Dynamics of GD on Quadratic Landscape

Proposition 5 (Dynamics of GD on Quadratic Landscape). Let R(6) = — %QT QO with Q = 0,
and let gradient descent with learning rate p iterate as 6,1 = (I — BQ) 6;. Define Hgp := I — BQ
and let 'y]?D := 1 — BAy. The iterate is

d
0 = H5p 00 = Y_ (78P)" (] 6o) uy.

k=1
Direction uy, converges if and only if |’ykGD| < 1,ie,0 < Ag <2/B. In this regime the convergence
timescale is TkGD = —log2/ log(ych)z, and the residual error is exactly zero: lim;_,e0 ukTGt =0.

Proof in F.6.

Remark 7 (Stability conditions for GD). The three failure modes mirror those of the ES dynamics
(Proposition 4): flat directions (A = 0) give 'ykGD = 1, so the iterate is frozen at w] 6, for all t —
unlike ES, where the iterate drifts diffusively. Concave directions (A < 0) give ’yED > 1, causing

exponential divergence. Overly sharp convex directions (Ay > 2/ B) give |yCP| > 1, and the iterate
overshoots with growing or non-decaying oscillations.

D.6 GD displacement is low-dimensional

Proposition 6 (GD displacement is low-dimensional). Starting from 6y on a rank-r quadratic
landscape (v < d), the GD displacement

6cp—6o= Y, [(1—pA)T —1] (] 60) w
k: A>0
lies entirely within the r-dimensional column space of Q, with ||6gp — 6o|> = O(r).

D.7 ES displacement decomposes into signal and diffusion

Proposition 7 (ES displacement decomposes into signal and diffusion). The ES displacement
from initialization decomposes as

T
Ops — 6y = (HES — 1)90 + Z Hégl 0r—t -
signal (on-manifold) — “———
noise (all directions)
The signal term lies within the column space of Q, identical in structure to the GD displacement

with B <+ ao /og. The noise term has support in all d dimensions. For r < d and large T,
W2T(d —7) w?Td

E[|6gs — 60]> = O ~ :
168 — ol (7‘) + N N
on-manifold off-manifold diffusion

D.8 ES-GD difference is off-manifold

Proposition 8 (ES-GD difference is off-manifold). When both methods have converged on the
active directions ( ('yES)T 2 (,),ch)T ~ 0), the expected squared difference between the two solutions
is dominated by off-manifold diffusion:
W?T(d —r
E s — el ~ 0" = O(a)
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Remark 8 (Geometric summary). The three pairwise squared distances satisfy the hierarchy (for
r < d, large T):

16cp — 60]1* = O(r),
E||6gs — 60> = O(r) + O(d),
E||6gs — Ogp||* = O(d).

The GD displacement is low-dimensional and task-aligned. The ES displacement superposes a
comparable on-manifold component with a much larger isotropic off-manifold diffusion. The ES-GD
difference is dominated by the off-manifold term alone, since both methods converge to the same
optimum within the active subspace. This accounts for the empirical observation that ES achieves
similar task performance to GD (shared on-manifold signal) while being far from it in parameter

space (off-manifold diffusion).

Remark 9 (Cosine similarity between displacements). Since Ogp — 69 lies within the column
space of Q and the ES noise is zero-mean, the expected inner product picks up only the on-manifold
signal of ES. For large T with both converged on active directions, the expected cosine similarity
satisfies

E [COS Z(GES — 90, QGD — 90)] ~ 0(\/7/7) ’

which is small for r < d: the two displacement vectors are nearly orthogonal despite leading to
similar task performance.
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E Detailed Validation of Theoretical Predictions

E.1 Testing Random Walk Scaling of Weight Drift in ES and GRPO

Proposition 1 predicts that, on a flat landscape, the squared norm of parameter drift grows
linearly in the step index t:

_ a?td

-

This is a parameter-free prediction: d is the number of parameters and «, N are ES hyper-
parameters, so the predicted trajectory is fixed before any data are seen. It is also the null
model one would obtain if the landscape were entirely flat and every parameter irrelevant
to the task; deviations from it are therefore informative about which parts of the network
the task actually constrains.

E|[la6:|?]

The proposition applies to any set of coordinates evolving under the same update, so we
test it at two granularities: for the parameter vector as a whole, and independently for each
named parameter tensor.

Setup We fine-tune two language models of different families and scales on a single
reasoning task:

* Qwen3-4B-Instruct-2507, d = 4,022,468,096 parameters, 36 transformer blocks,
dmodel = 2560,

e Llama-3.2-3B, d = 3,212,749,824 parameters, 28 transformer blocks, d,;,o4e1 = 3072.
Each is trained with two optimizers:

* Evolution Strategy (ES): z-scored ES with perturbation standard deviation ¢ =
0.0015, step sizea = ¢/2 = 7.5 x 1074, and population size N = 30, run for T = 500
steps. The run was extended from 300 to 500 steps for the analysis reported here.

* GRPO: Group Relative Policy Optimization, a gradient-based RL fine-tuning
method, run for T = 79 steps.

At each step t we record, for every named parameter 6%,

k k k
1862 = 16 — 6{ 12,

the squared Euclidean distance from initialization.
Whole-model drift vs. theory (Figure 9) Figure 9 plots the empirical } ||A9t(k) ||? against
the predicted curve. ES tracks it closely in both models, with R? = 0.9943 (Qwen) and 0.9978

(Llama) measured against the parameter-free prediction itself rather than against a fitted
line.

The residual is a small error in the slope, not a departure from linearity. Refitting the slope
freely — still through the origin, as the law has no intercept — raises R? to 0.9999 and 1.0000
respectively, so the growth is linear to four or five decimal places. Writing p := d/d for
the ratio of the fitted to the predicted slope:

Model d predicted slope fitted slope [y R? (free fit)
Qwen  4.02 x 10° 75.42 72.74 0.964 0.9999
Llama 3.21 x 10° 60.24 61.66 1.024  1.0000

The two models bracket the prediction: Qwen’s aggregate drift runs 3.6% below it and
Llama’s 2.4% above. Both mechanisms available in the theory are consistent with a deviation
of this size — curvature along task-relevant directions suppresses diffusion and drives p
below unity (Prop. 4), while a systematic gradient-like component adds displacement and
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drives it above (Prop. 3) — so we do not read a single mechanism into the aggregate
scaling residual. What the aggregate does establish is that neither effect is large: across two
architectures the total drift rate is within 4% of a prediction with no fitted parameters.

Note that these aggregate values are exactly the parameter-count-weighted mean of the
per-tensor p reported below, agreeing to four decimal places.

GRPO behaves qualitatively differently. Its drift saturates within roughly 50 steps rather
than growing linearly, reaching a peak ||A8||? of 1.12 (Qwen) and 1.72 (Llama). Compared at
the last step both optimizers reached, T = 79, ES has already moved the weights 5.2 x 10°
(Qwen) and 2.9 x 10% (Llama) times farther. This is consistent with gradient-based fine-
tuning making targeted updates within a low-dimensional subspace rather than diffusing
through parameter space.

A B
Qwen Llama
M 3.0 A ]
3.5 - W, /
’ 7
7, 7
3.0 J 2.5 1
< <
S 2.5 A P 4 S 2.0
= V. X
~ 20 T o 1 _
= R2,=0.9999 =15 R2,=1.0000
S 151 il = 3 e =1.02
q - desildre = 0.964 q degildioy = 1.024
= - S/GRPO ~52x10° atT=79 = 1.0 1 S/GRPO ~2.9%10° at T=79
05 - — ES R?=0.9943 0.5 — ES R2=0.9978
= = Theory a?TdIN — = Theory a?Td/IN
0.0 T T T T 1 0.0 T T T T 1
0 100 200 300 400 500 0 100 200 300 400 500
Training step T Training step T

Figure 9: Total weight drift under ES follows the random-walk law; under GRPO it does
not. Squared displacement of the full parameter vector ||Af7||? against training step T for
Qwen (A, d = 4.02 x 10%) and Llama (B, d = 3.21 x 10°). Solid blue, ES; dashed black, the
prediction a>Td/N with & = ¢/2, ¢ = 0.0015 and N = 30. The R? in the legend is measured
against that prediction, which has no fitted parameter; the annotation gives instead the
R of a freely fitted slope and the effective dimension p = deg/dioa that slope implies.
Insets show GRPO on its own axes over its full 79 steps, annotated with the ES/GRPO
displacement ratio at the matched step T = 79. Values and interpretation in the text.

Per-parameter effective dimension To characterize which parameters drive the drift, we
fit a no-intercept linear regression

k
1862 ~ 50 -

for each parameter k independently, obtaining a slope s(X) and a goodness of fit R?. Because

the fit has no intercept, R% is not bounded below by zero: a tensor whose drift is poorly
described by any line through the origin will receive a negative value, and several families
below do. Inverting Proposition 1 gives the effective random walk dimension

(k)
eff “2 0—2 4 d(k) 4

where d(¥) is the number of elements in parameter k. A value p®) ~ 1 indicates the parameter
diffuses isotropically through its full space as predicted; p*) < 1 indicates constrained

diffusion; p®) > 1 indicates excess displacement relative to dimension, potentially from a
gradient-like drift component (Prop. 3).
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One tensor is excluded throughout. Qwen’s model.layers.34.input_layernorm.weight has

exactly zero displacement at every recorded step, leaving s(¥), o) and R? undefined; it is
dropped from all statistics and figures (n = 35 rather than 36 for that family).

Large weight matrices The matrix-shaped parameters — embedding, gkv_proj, o_proj,
gate_up_proj, down_proj; 145 tensors in Qwen and 113 in Llama — behave as near-isotropic
random walkers in both models:

Model n  p(mean =+ SD) R? (mean + SD)

Qwen 145 0.968+0.014  0.999888 £ 0.000014
Llama 113 1.0244+0.031  0.999968 + 0.000022

Every such tensor in either model lies within 10% of p = 1 and above R? = 0.9998, directly
confirming the flat-landscape regime of Proposition 1 for the bulk of the parameter count.

The small residual is nonetheless systematic rather than noisy, and it is what distinguishes
the two models: 75% of Llama’s large tensors exceed p = 1, reaching 1.07 for o_proj, whereas
every one of Qwen’s 145 falls below it, with a maximum of 0.999. Llama also fits the law
about four times more precisely (median R? = 0.999975 against 0.999890). We report this as
an observation; the figures do not isolate its cause.

Norm and layer-norm parameters The remaining parameters are RMSNorm gain vectors
(144 tensors in Qwen, 57 in Llama). Both models place one before the attention sublayer
of each block (input_layernorm) and one before the MLP sublayer — the latter named
post_attention_layernorm for its position in the block rather than because it normalizes the
attention output — plus a single output norm before the language-model head. Each is a
per-channel gain of length d,o4.1, with no bias and no centering. Qwen adds QK-norms,
applied within each attention head to queries and keys; their gain is of length dpeoq = 128
and is shared across all heads, so these are the smallest tensors in either model by three to
five orders of magnitude.

These parameters depart from the law substantially, and — unlike the matrices — they
depart differently in the two architectures:

Family Model n p (mean =+ SD) R? (mean + SD)
input_layernorm Qwen 35 1.00 £0.93 —0.38 +£1.31
Llama 28 0.37 +0.15 —2.69 +1.22
post_attention_layernorm Qwen 36 1.55+0.79 —0.98 +1.24
Llama 28 0.34 +0.25 —3.11+1.10
g_norm Qwen 36 246 +0.33 0.81+0.12
k_norm Qwen 36 2.00 £ 0.50 0.70£0.23
model.norm Qwen 1 0.10 0.83
Llama 1 2.99 0.89

Three observations. First, the strongly negative R? values for the per-block LayerNorms
are not scatter around a line but evidence of the wrong functional form: Figure 11 shows
the underlying trajectories, which rise steeply and then saturate. Llama’s pass 90% of their
final displacement by T =~ 130, against T = 450 for a straight line, and end well below the
predicted trajectory. A saturating curve, not a random walk, is the appropriate description
— which is consistent with the theory describing an OU process under quadratic potential
(Eq. 130).

Second, the sign of the deviation is architecture-dependent. Llama’s per-block LayerNorms
diffuse in roughly a third of their nominal dimensions (¢ ~ 0.35), while Qwen’s sit at or

above unity (o = 1.00 and 1.55), with correspondingly less negative R?. The single output
norm flips outright between models, p = 2.99 in Llama against 0.10 in Qwen.
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Third, Qwen’s QK-norms show a consistent excess, p ~ 2.0-2.5 with R? ~ 0.7-0.8. At

d = 128 entries they are also where the concentration underlying a?Td,, / N is weakest. Their
excess drift may reflect a genuinely higher signal-to-noise ratio in these low-dimensional
subspaces, but that caveat should be kept in view.

Per-parameter effective dimension defi/diora and agreement with the random-walk theory: Llama vs Qwen

A Large weight matrices B Norm / LayerNorm parameters
Qwen only
1.06 T 304 .
1.04 < ]
3 - 25 -
1.02 1 (6] i
El 5 2:0 1 5
£ 1,00 from==mmm g e e g
K] " 3
< 0.98 A s 3} @ B i 151
0.96 - ; 1.0 F---g-mm-- O —————————————.
0.94 0.5 -
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0.0 1 m
C D
1.000000 14 g . B i &
® a
0.999975 q ‘ 0
0.999950
_1 -
0.999925 ]
% ; %
0.999900 - @ L ! S =) -2 A
B ]
0.999875 -
_3 -
0.999850 -
_4 -
0.999825
embed  gkv_proj 0_proj gate_up down_proj input_In post_In norm g_norm k_norm
128256x3072 5120x3072  3072x3072 16384x3072  3072x8192 3072 3072 3072 128 128
151936x2560 6144x2560  2560x4096  19456x2560 25609728 2560 2560 2560
faint dots: individual parameter tensors | solid markers: median, IQR | under each name: tensor shape, per model
@ Llama (28 layers) B Qwen (36 layers) —=null: full-space random walk (desr = diotal) perfect fit (R2=1)

Figure 10: Per-parameter effective dimension and agreement with the random-walk
theory, Llama vs Qwen. For every parameter tensor we fit || Af7||> = a?Td.g/N through
the origin over 500 ES steps and report p = deg/doral (A, B) and the R? of that fit (C, D),
for the large weight matrices (left) and the RMSNorm gain vectors (right). Faint dots are
individual tensors — 28 per per-layer family in Llama, 36 in Qwen — and solid markers
give the median with the interquartile range. Two reference levels are drawn, distinguished
by colour: the dashed black line is the null model in which a tensor random-walks through
its full parameter space, p = 1; the dotted grey line is a perfect fit, R”? = 1. Under each name
is the tensor’s shape in each model (blue, Llama; red, Qwen); shading marks the QK-norm
families, present only in Qwen. The fit has no intercept, so R? is free to be negative, as it is
throughout much of D; the axis in C is correspondingly expanded, spanning only the top
2 x 10~* of the R? range. The large matrices cluster tightly at p ~ 1 with R? indistinguishable
from unity at ordinary resolution, while the norm parameters scatter across the full range
of both quantities; the weight-growth curves underlying the latter are shown in Figure 11.
Qwen’s layers.34.input_layernorm is excluded throughout (1 = 35 for that family; see
text).

Summary The random-walk law describes ES weight drift accurately where the theory’s
assumptions are best met and fails in an interpretable way where they are not. At the
whole-model level it predicts total displacement across two architectures to within 4% with
no fitted parameters. At the tensor level it holds to within 10% in p and 2 x 10~* in R? for
every large weight matrix — which is to say, for essentially the entire parameter count. It
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Per-parameter drift || A07||> under ES: where the random-walk law a?7d,/N holds and where it breaks

Training step T

Training step T

Training step T

one line per tensor, shaded light to dark by layer depth; annotations are medians over the who
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Figure 11: Per-parameter weight drift under ES: where the random-walk law holds and
where it breaks. Squared displacement ||Af7||? against ES step T for individual parameter
tensors of Llama (A-D, blue) and Qwen (E-H, red), one parameter family per column.
Dashed lines give the random-walk prediction a>Td,, /N, where d, is the number of entries
in the tensor (¢ = ¢/2, 0 = 0.0015, N = 30); it is common to every curve in a panel, since
all tensors in a family share a shape. Curves are individual tensors shaded light to dark by
layer depth — three evenly spaced layers for gkv_proj, six for input_ln and post_1n, and
the single final norm for norm. Annotations give the median R? and median p = def/ diotal
over the entire family, not only the curves drawn; R? is that of a fit through the origin, as the
law has no intercept, and may therefore be negative. The large weight matrices (A, E) lie
on the predicted line for the whole run, while the RMSNorm gains rise steeply and then
saturate — the departure that the negative R? of a through-origin fit records. Values in the
text.

fails for the RMSNorm gain vectors, which are three to five orders of magnitude smaller,
and the failed fit is due to weight change saturating: those coordinates stop moving, which
is what one expects when a quadratic-like landscape constrains the random walk (Sec. E.5).
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E.2 Testing the Cosine-Similarity Prediction

Remark 9 predicts that the expected cosine similarity between the ES and GRPO update

directions scales as [E[cos Z(0gs — 0y, Ogrro — 00)] ~ O(+/1/d), where r is the task-relevant
(GD-aligned) rank and d is the full parameter dimension. This prediction was previously
verified only indirectly, through its consequences for update norms and mode connectivity.
Here we report the direct empirical measurement.

For each sequential checkpoint, we compute the cosine similarity between the full parameter-
space update vectors ABgs = 0gs — Opase and ABGRPO = OGRPO — Opase, UsIng float64 key-wise
accumulation over the full parameter vector (d ~ 3-4 x 10° for Llama-3.2-3B and Qwen3-4B
respectively). Table 20 reports the results for both model families.

Table 20: Empirical cosine similarity between ES and GRPO update directions at each
sequential checkpoint.

Stage Owen3-4B cos Llama-3.2-3B cos
TO Countdown 1.0x 104 0.8 x 104
T1 Math 1.6 x 1074 1.0 x 10~*
T2 Chemistry 22 %1074 1.0 x 10~*
T3 BoolQ 2.7 x 1074 13x 1074

All measured cosines are ~ 1074, corresponding to almost orthogonal updates. We noticed
that, when plugging a curvature rank estimate r ~ 100 with parameter dimension d ~
3-4 x 10° into Remark 9, the predicted scale of the cosine v/r/d ~ 1.6 x 10~* will match the
scale of the observed cosine values. A more principled way to estimate the rank r of the
curvature of the landscape is left for future work.
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F Detailed derivations of theoretical results

F1 Z-score ES Update Setup

We detail the ES update rule as implemented in LLM fine-tuning. The update at step ¢ is
1 N

~ 2 Zi€i 17)
N i=1

Ori1 =0+

where each €; ~ N (0, I;) is an independent Gaussian perturbation, and Z; = R’;% is the

z-scored return for the i-th sample. Here, R; is the reward, with yr and or denoting the
mean and standard deviation of the R; across the population. With slight abuse of notation
we let R(60; + o¢;) be the true or expected reward at the perturbed location, and R; the
observed reward with certain observation noise. The step size is set to « = ¢/2, and a
population size of N = 30 is typical. Defining the update increment as

1 N
A0 = - N 1; Zi€; (18)
the algorithm iterates as 8,1 = 6; + Af.

F2 Flat Landscape Analysis

Proof of Proposition 1. The key assumption is that Z; is independent of €;, i.e., Z; L €;. Then,
conditioned on a set of Z;,

Var [A | Z;] = (ID\‘; Y z?) I (19)

and the distribution is isotropic Gaussian:
2 N
ANZi~ N[0, Y722 | I (20)

By definition,*

1=
N
N
Il
1
7 N
=
|
A
=
N———
N

i=1 i=1 UR
1 N
== Z(Ri - HR)Z
UR i=1
= N (or N — 1 with unbiased estimator) (21)

Therefore, in general the scaling is:

Var[A9|Zi] = —N Id
2
«
=1 22
N L (22)
Since this is independent of Z;, it follows after marginalizing:

2
A~ N (o, D;\]Id> 23)

“Note that this constraint depends on the implementation of the z-score Z; = &%RVR. In our code,

we compute the standard deviation as 03 = % Z,I'i1 (R; — ug)?. In the unbiased variance estimator

(denominator N — 1), the identity reads Zfi 1 Zi2 =N-1.
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a2
Var[A6] = ﬁld

(24)

On a flat loss, A is independent between steps, so after T steps, the combined weight

change is
T
A1 =01 — 0y = ZAGt
t=1
and the total variance is
Var[AO7] = az—Tl
T] — N d

The expected squared norm of total deviation is

- w?Td
E||A6r|* =
Finally, substituting « = 5 gives
a2 o2
N 4N
and 5
- o-Td
E[|A07|]* = ——
|80 = T

E3 Linear Landscape Analysis

(25

(26)

27)

(28)

(29)
O

Proof of Proposition 2. Consider a linear landscape with i.i.d. observational noise ¢ ~ N'(0,1),

assumed independent of €, i.e., { L €. The linear reward is
R(#)=-v'6
and the observed reward for each sample is
R; = R(6 + 0€;) + 08,
= —v' (60 +0e;) + o7&

= —U'VTGi + 0'561'
Decompose the exploration as
e =€+ el“
where
T
IvI|2
T
pl.— lz
[vli

so that € := Ple;, el“ := Plle;. Then e~ ~ N/ (0,P1), el“ ~ N (0,Pll), and &} L el“.

The reward is

Tl

R; = —o0ov ; +0’§€,’

and thus R; L €.
The update is:

1 N
AGIDC-N;ZI'Q

and can be split as
A9 = PLAg + Plag

33

(30)

(1)

(32)

(33)

(34)

(35)

(36)

(37)



Published as a conference paper at COLM 2026

Off-manifold component

PEAO = a-

1=
N
3
'_
o

I
T
zl= zl=

M=
N
m
=

Il
A

(38)

Conditioned on the observed normalized reward Z;, P Af is a weighted sum of Gaussian
random vectors, thus Gaussian:

2 N
PAB | {Z} Y, ~ N (0, N 21 zzp* (39)
1=
Since {Z;} N are z-scored {R;}} , the sum satisfies the following identity.
2
PLag | {ZAN, ~ N (o, D;\]Pl) (40)

Because of the following equations:

o2 1Y

R = N Z( — ur)* (41)
R — pr
Z; = 42
== 42)
Thus, the conditional distribution is
2

PLAO| {ZY, ~ N (o, I‘@mﬂ) )

Since the conditional distribution P-A# ] {Z; } Y, is independent of the observed reward,
marginalizing over Z; we have

piag~ A (0,5 pt 44
~ /ﬁ ( )

The norm of the off-manifold component is

E|P+Af|? = Tr {“2PL]
(d—1) (45)

On-manifold component

1 N
PIAG = a5 ) ZiPle;
i=1

Lyl
=a Z} Zi€; (46)
i=
The on-manifold variable can be expressed as e“ = n;, with n; ~ N(0,1), thus the

HvH
reward can be written as

Ri=—ov'e H + 0eGi

Vv
= I’Z + Ug(:l

= —UHVIInz + 07 (47)
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Recall the definition of observed reward and z-score,

R. —
7; =~ IR UR” R (48)

To simplify derivation, we use the population expectation and standard deviation here:
pr ~ B[R] =0 (49)
0§ = Var[Ri] = 0?|v|[* + o (50)

Under these simplifications,

plag = = iZe”
= — i€
Ni:l l
_ gﬁ —ollvilni+ogli —pr v
N i=1 OR ZHVH
= S oyl e &1
Nex 5 B
The expectation reads
E[Plag) = 2 iIE [(—0||vn; + os&i)mi] —
Noy = o] g
©E[-clvl| L n o) gl
= —E[—0|v n; + o, Cing|
NUR i=1 ! éi:l o ||V||
« v
=2 (—o|v|N)
e (-elvIN) T
_ o
= o
_ —oav (52)
VORIvIZ + oz
where we used independence, E[¢;n;] = 0, and E[LN n?] = N.
Next, consider the variance. Consider the individual term, X; = —o/||v||n? + 0¢;n;, and its
variance:
Var[X;] = E[(—0]||v|[n} +0zgin)?] — E[~o|[v|nf + oz&in,)?
=E[?|lv|? n} —20|vloz & n} +0F & ni]—(|v]])?
—— RN N
3 0 0 11
=30%||v|* + o — (o]|v]])?
=207 v[]* + 0% (53)
Therefore,
Var[PlAg] = NVar[X«]ﬂ
N2og Cvl?
B a2(2(72\|v||2+(7§)PH
= 2
Nog
20952 1w 12 1 o2
(204 v||“ + 0
@) o

N@[v[2+a?)
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E[||P!A6|?] = Tr [Var[P”A()]] +E[PIAg) TE[PIAG]
P20 |VIP+02)  (oa)?|v|?
N(@?|[v[*+02)  o?|v|?+oF

? 1\ ?||v]?a?
SR PRI A 55
v (e x) AP+ )

Overall distribution of the update Since the off-manifold component P A#@ is indepen-

dent of the rewards and hence of PIIA0, we can combine the on- and off-manifold results to
obtain the full single-step statistics. Writing 0 := o2||v||> + 02,

E[A6] = _(‘;’:V, (56)

2 2.2
Cov|[Af] = % I+ % vl (57)
R

The covariance has the same isotropic baseline ”‘—1\? I; as the flat landscape, plus a rank-1 boost
along the gradient direction. The total expected squared norm is

o2a?||v|? | a2d | a20?|v]?

]EHAGHZ - 2 >
g N Nog

(58)

O

Manifold Alignment of Update Consider the ratio of the on- and off-manifold movement:

2 1 02||v|\20c2
E [|Plag)2] = & (1 ) g vire” 59
M H } NTUTN o2||v|]? + 0% 9)
209
E||PLA0|? = le) (60)

The fraction of on-manifold squared deviation in the total deviation is:

E [||Pla0]?] E [||Plag)?]
Eflla0]7] E[|[Pla6]2] + E| P-ag]?
2 2.2
%+(1+%) o ||v|“a

o2||v|2+0%

o2|v?a

«? 1
v (1) e

N
N+1 _ o?||v|?
N o2|v|2+0?

2P

1 (N aREs
d_|_(N_|_1) a2 v|?

2

2(v|12
o?||v|*+oz

o?|lv|2

where s := 21—,
UZHVHZ-Hfg

This formulation reveals the key scaling relation of on and off manifold movement
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o?||v|?

. Q . e
Signal to noise ratio s : 702HVH2+¢7;2 ,

which range from s € [0, 1]
- When no gradient exists, ||v||? = 0, then independent of number of sample N,
p =1/d. i.e. the norm on one axis among 4 axis is 1/d.

- Similarly, when Ug > 02||v||? i.e. the reward noise variance is much higher

than the variation of signal under exploration range o, then it’s effectively no
gradient and no guidance.

- In the other extreme, when very little reward noise, Ug < o? ||V||2, s ~ 1, then

_ N+2
P = TrNi1°

- Via differentiation, one can show, p monotonically depends on signal to noise
ratio s

¢ Full dimension d. Increase the full space dim d will monotonically decrease the on
manifold fraction p.

* Sample size per generation N. Increase the sample size N will monotonically
increase the on manifold fraction p.
— Note this scaling is almost linear, so to get half of the variance on manifold, one
need (N + 1)s ~ d. In reality, d ~ 10° , which makes this impossible.

— In most realistic regimes N < d, which makes this on manifold ratio per step
nearly negligible.
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F4 Quadratic landscape analysis

Proof of Proposition 3. Consider a quadratic potential centered, i.e. peaked at the origin
g* =0.
1
R(0) = —560"Q0 (62)
At current state 6, the reward at perturbed locations with observation noise are, where
&i ~N(0,1), & ~ N(0, I)
R; = R(90 + 0'6,’) + 0'5(;(1'

1
= *5(90 +0€) " Q8 + o€;) + oz
1T T o 7
= —500 Qb — 70y Qei — —-€; Qei + 06 (63)
Expectation of reward reads, which is the population mean of reward samples
1 o?
E[R;] = —265 Qfo — - TrQ (64)

Center the rewards with population mean, we define

Ri = Ri - IE[RI] (65)

Centered reward has three terms, linear A, quadratic B, and noise C

2
~ (o
Ri= -0 BOTQGi —?(eiTQei — TI'Q) + 0’;6,‘ (66)
—— R
linear A quad B scalar noise C

One can abbreviate v := Q' 6 as the negative gradient.

The weight update reads,

N
o -
=——) Rj¢ 67
- l; i€i (67)
Since perturbations R;e; are i.i.d. sampled
E[A6] = —E[Rie;] (68)
OR
and 2 )
Cov[Af] = N—(T]%COV[RZ-ei] (69)

One observe that both R; and R;e; are polynomial functions of gaussian random variables
€; and ¢; (up to 3rd order), thus we can compute their moment of any order via Wick-Isserlis
theorem (Wick, 1950; Isserlis, 1918), including mean and covariance of them.

Here are the specific calculations:

Reward variance Note that all three terms A, B, C are centered

E[A] =0
E[B] =0
E[C] =0 (70)
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Further A L C, B L C due to independence of noise, and
E[AB] =0

1)

as it only has polynomial of €; of odd order 1 and 3, thus its expectation is 0. Thus, A, B, C

are not correlated with one another. Thus,
Var[R;] = E[RY
= E[A?] + E[B?] + E[C?]
all cross terms vanish due to no correlation.
E[A%] = E[(—c 8y Qe;) - (—o 6y Qe;)]
=003 QQ "6y
= o?[|v||?

E[C?] = (Té

0-2
E(B’] = E[( (¢/ Qei — TrQ))’]
4

= T Ele/ Qei - (e Qe — TrQ) — Q- (¢] Qe — Q)]

= %(E[ef Qe; €] Qei] — (TrQ)?)

(72)

(73)
(74)

75)

The first quintic polynomial of €; can be tackled by Wick-Isserelis theorem. With slight

mis-use of notation, here we let ¢, denote the ath element of ¢; vector.

Then
Elesepeceq] = Iplea + Lnglpe + lacIpa

thus
Ele/ Qei- €/ Qei] = B[ Y QuQea€acreced]
ab,c,d
= 2 QachdIE[eaebeced]
ab,c,d
= Y QuQci(aped + Saclpa + Saabpe)
ab,c,d
= TrQTrQ + Tr[Q T Q] + Tr[QQ]
Thus
4
E[B? = 7 (Ele/ Qe; - ¢ Qe - (TrQ)?)
0’4
= 7 ((rQ)?* +2m(Q% - (rQ)?)
= ‘fTr[Qz]
2

In sum, the population variance of reward reads,
3 22 O 2 2
VarlRi] = 2|V + 2 Tr(Q% + o3

and the population standard deviation is

o = | o2Vl + S {2 + o2
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Expectation of parameter update Next let’s examine expectation of parameter change,
where the key is [E[R;€;], decomposing into three terms

]E[Riel-] = ]E[Aei] + ]E[Be,'} + ]E[Cei] (81)
Second term vanish due to the odd order of Gaussian variable,
E[Be;] =0 (82)
Third term vanish due to independence €; L ¢;
E[Ce;] =0 (83)
First term is easy to calculate

E[Ae;] = E[(—0 6] Qe;)ei]

= —0Ee;(€] v)]
= —0Vv (84)
So in sum, _
lE[Riei] = —0V (85)
X o~
]E[AG} = fIE[RiGi]
OR
_ —aov
= o
—Qov

= (86)
VoIVl + S TeQY + o2

which is on expectation aligned with local gradient direction, but scaled by signal to noise
ratio.

Variance of parameter update Finally, let’s examine variance of parameter change, where
the key is Cov[R;e;],
Cov[Rie;] = E[Rie;(Rie;) '] — E[Rie;]E[Rie;] "
= E[R?¢;e/' | — o?vv ' (87)

Tackling the first term, using the same logic (odd order and independence) to eliminate
terms,

E[R7e;e; |

E[(A+ B +C)%ee]]
E[(A? 4 B? 4 C2 4 2AB 4 2BC + 2AC)e;e; |
E[(A% 4 B? + C?)ese/ | (88)

Tackle C term.
E[C%¢je' ] = E[C*E|eje;' ]

i i

= 0zl (89)
Tackle A term

E[A%e;e]'] = E[(—0 6] Qei)ese/ ]

= ’E[(v'e)%eie; ] (90)
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using the same Wick theorem trick we have each element
IE[(VTGI‘)ZGZ'GIT}C‘{ = ]E[Zvavbeaebeced]
a,b

=Y _vavpE[esepecey]
ab

=Y VaVy(6ap0cd + SacOpq + 0aadcp)
ab

= [|v]|%604 + Vevy + vave
Thus,
E[A%€/ | = 2(|v|*I; +2vv ')

Finally, tackle B term

2
E[B%ie] ] = E[(%(¢] Qei —TrQ))eie/ |
(74

= ZE[((e] Qei)? —2rQ - €] Qe; + (TrQ)? e/ ]

where we encounter 2nd, 4th and 6th order terms.
2nd order term
E[(TrQ)%e;e' ] = (TrQ)?Iy
4th order term
Ele] Qe; - €i€] g = ]E[Zb; QupEa€p€ce]
a,

=Y Qup(6ap0cd + Sacdpa + Saabep)
a,b

=TrQ - bcg + Qug + Qac
Thus
Ele/ Qei-€i¢/ ] =TrQ - I; + Q+ Q"
=TrQ - I; +2Q
6th order term

lE[((ezjl—Qei)z)eiezjl—]ef = IE[ Z Qachdeaehecedeeef]
a,b,c,d

€

92)

(93)

(94)

95)

(%6)

97)

Note this has C2 = 15 pairings, with some diagrammatic reasoning, we can find topologi-

cally we have three types

]E[((eiTQei)2>€i€;r]ef = EJ Z Qachdeaebecedeeef]
ab,c,d

= Z Qachd(‘sabécd‘Sef + 5ac5bd5gf + ...+
ab,c,d —_——— ——
lcase 2case

(Sﬂg(sbffscd + ..+ (Sueécfdbd + )

4case 8case

= ((TrQ)* + 2TrQ?)J,s + 4TrQ - Qef + 8[Q%].s

Thus
E(((e] Qei)?)eie] ] = (TrQ)? +2TrQ?) I, + 4TrQ - Q + 8Q?

41
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Type I: 1 diagram Type III: 4 diagrams
~ Qab ~ ch ~ Qab ~ ch
o e x—x o e X X
a p c 4 e f a p c 4 e
= (TrQ)* by = 4Tr(Q) Qcf
Type II: 2 diagrams Type IV: 8 diagrams
~ Qab ~ ch ~ Qub ~ ch
e e x—X S X
a p e f a p c 4 e

c g
= 2Tr(Q%) b, = 8(Q%).f

Figure 12: Wick contraction classes for E[(e " Qe)? e,€ £], with external loose ends ¢, f shown

as crosses.

In summary

E[B’ee ] = %E[(@ Qei)? —2TrQ - €] Qe; + (TrQ)? ) ese] |

= ? [((TrQ)2 +2TrQ%) Iy + 4TrQ - Q + 8Q?
—2TrQ - (TrQ - I; + 2Q)
+(TrQ)*Ly|

- % [(ZTer)Id + SQZ}

4

=2 Q) 1y 407

Thus

E[R?ese] | = E[(A” + B>+ CY)ese; |

4
(%

= (VP 2w ") + 5 [(0Q) 1y +4QF] + oFly

The covariance term reads

Cov|[R;e;] = E[R?ee] | — o?*vv '

oA
= (VP + v )+ 5 |(TrQ%) - 1y +4Q°) + 021y
Recall that Var[R;] = o2 ||v|*> + ‘774Tr[Q2] + 07

Cov[Rie;] = c*vv' +20*Q* + o214

Thus in summary we have mean and covariance of parameter update, v := Q6

E[A] = 2 E[Re;]
OR

—Xov

OR
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2
Cov[A8] = —Cov|[R;e;]
Nog
2
@ 20T 402 | 2
= ——=(o°vwv +20°Q° +0orly
No% ( )
o @ (T 42
:ﬁzﬁNT]%(g vv +20Q) (105)
The covariance of weight update has three terms

. . . . . 2
* Anisotropic variance term from the Gaussian exploration per se. 5 I

. . . 2,2
¢ A rank-1 term along current gradient direction v, %vvT
R

¢ A term corresponding to landscape curvature, i.e. higher variance along higher
20%2 Q2

curvature directions, >
Nog

O

Order analysis of quadratic landscape Consider the relative magnitudes of the covariance
terms, using the first term as a reference:

¢ The second term (aligned with the gradient direction) is of order Z—; |v||?.
R

¢ The third term (along each direction u) is of order 21%24 u' Q%u.
R

Since in practice 207 is very small (e.g., 4.5 x 10~°), the quadratic term generally acts as a

small perturbation. To determine when the third (quadratic) term becomes comparable to
the second, compare the terms along a specific direction u:

204 o2

—u'QPur —|v|?
R R

207 u" Q*u ~ GOTQZGO

1
T2y ~ T2
u Qu~ 572 8y Q6 (106)
Assume u is an eigenvector of Q with eigenvalue Ay,

1
AR~ 5500 Q%6

k™ 2
2
v
Ay = —— 107
K~ e (107)
2 1 4 2(0T 2
Ak~ 503 LA (60 wi) (108)

This shows that the current gradient norm ||v|| needs to be much smaller (at least ¢ times)
and the eigenvalue / curvature of the probe direction needs to be sharp enough for the 3rd
term to be comparable to the 2nd term. Two scenarios this could happen

¢ For really sharply curved directions Ay this is usually be true.

¢ The current state 6 is close to optimum 6* = 0 or lies in the vast valley of degenerate
solution, i.e. Qfy = 0, 6y in the null space of Q.
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Manifold Alignment of Update Define the projections onto the gradient direction v = Q8
and its orthogonal complement:

VVT

_ W pl.p_pl (109)
[v]2

pll

The on-manifold expected squared norm decomposes as

E||PIAg|12 = | E[P!A6] |2 + Tr[Cov[P! AB)]. (110)
For the first term, since E[A0] = =7* is already along v, we have PIE[AS] = E[Af], so
w20?||v|?
[EiPael|? = [Efa)” = “C I aim
IR
For the second term, we project the covariance (16) onto Pll:
Cov[Pllag] = P!l Cov[ag] PI
2
o
_ % 7l 2 o1 42 2 I
NaI%P ((7 v +204Q% + 02 Id) pl. (112)
Evaluating each term using Plvv " Pll = ||v|2Pll, PIQ2P!l = (%7 Q%) P!l where ¥ := v/| v/,
and Pl 1, Pl = pl:
Cov[PlAg) = L (a2|\v||2+2a4 oTQ2o+az) Pl (113)
No? k)=
Taking the trace (Tr[P!l] = 1) and combining:
22| 1v|12 2
El|Plag)? = 0 IVIE L & 20242040 T @0 4 0B). 114
IP1a0)? = ==+ 1o (PIvIE + 20 0T Q%0 + ) (114)
The total expected squared norm follows analogously using Tr[vv'] = ||v|?, Tr[Q?] =
Tr[Q?], and Tr[l;] = d:
2,2(v|12 2
2 _ o v « 2112 4 2 2
E||A6)12 = o (PIv]? +20* TH{Q?] + d o) (115)

Factoring out a?/(No3) from both expressions — noting that the mean-squared term

2,2 2

% contributes N o ||v||? after extracting the common factor, which combines with the

R

variance contribution to yield (N + 1) ¢||v||> — the on-manifold fraction is
__E|PIAGIZ  (N+1)0?|v|> +20* ¥ T Q%¢ + 0

- . (116)
E|| A6 (N+1)02||v|\2+204Tr[Q2]+d01%

Setting Q*> = 0 and 03 = 2||v|* + (Té recovers the linear-landscape ratio p = (1+ (N +
1)s)/(d + (N +1)s) with s = 02||v||?/ 3.
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E5 Multi-step ES analysis for quadratic landscape

We could write down the ES iteration as

—Xov
61 — 6y =
1— 6o - + 1o
[0
=——0Q0 + 1o (117)
OR
Thus o
@+1::O¥—EEQ)9t+nt (118)
where,
2
_ X 2T 42 2
:ﬁh+li(ﬁgwkp4#Qﬁ (119)
N No2
and

o
R = \/¢72|v||2 + 7Tr[Q2] +07

:¢#@@&+?H@ﬂ+% (120)

Simplified ES-optimization process Consider the simplified ES optimization, where
we assume the oy is held constant. To simplify it even more, assume 7; is Gaussian and

isotropic each step ”‘—]\?Id, i.e. ignore the 2nd and 3rd term I\?‘;Iz{ (UZQQtOtT Q+ 2‘74Q2>

Thus the optimization iteration reads,
2
ao «
— (71— ~ —1 121
Or1 ( - Q) Or 11, e ~ N0, 7 la) (121)

This process is known as vector autoregression VAR(1) or discrete-time OU process.

Proof of Proposition 4. We can write down the generative process of 67 recursively.
0 = HO; 1+ 111
= H(HO—2 + 111—2) + 1711
= H*0 2+ Hij 2+ 11
= H%0 3+ H* 3+ Hij o+ 7711

t .
=H'6g+ Y H 'y (122)
i=1

Note let uy, A be the eigenvector and eigenvalue of Q, then

H=1-—
OR Q
d xo T
=) (1-—=A)wu, (123)
k=1 UR

In this simplification, the distribution comes from the independent Gaussian random vectors
{%;}, thus it’s still Gaussian distributed.
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Thus we can write down the expectation, which only depends on the first term.

E[6:] = H'6o
d
= Y (1= 200 ey 6 (124)
k=1 IR

Asymptotically,
lim E[6;] = lim H'6,

t—ro0 t—o0

d
= tl: ; (1— 7)\k upuy 6 (125)

* For flat dimensions Ay = 0, then lim; 00 (1 — &% ©)! = 1, thus on expectation the
solution won’t move on that direction lim;_, e, E [ukT 0] = ukT o

o If [1 — 52| > 1, this will diverge to infinity. lim; e E[u] 6;] =

— Specifically, when Ay < 0 concave dimensions
— or for £Z A > 2, this will diverge. This could happen for very sharply curved
R

directions where curvature exceeds Ay > 29%. Note for gradient descent this
could also be caused by too high learning rate, but here & = /2.

The covariance depends on the summation Y/_; H'~1%;_;, using the i.i.d. property of the
noise {7;} and the Gaussian distribution of noise,

t .
Cov[6;] = Cov[) H Yy, ]
i=1

t .
Z Cov[H ]

H? (126)

Covluy 6] = —uk ZHZ’
0(2 t—1 ao .
=Y (1— =2 )% 127
N i:O( x k) (127)

Using the formula for finite term sum of geometric series,

1—xt

t—1

Y= Ty x# 1, (128)
k=0 t, x =1

note that for finite terms this identity holds for |x| > 1.
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The key quantity here is 72 := (1 — %/\k)z and its relation to 1. (1 — %)\k)z = 1 entails

Ar=0o0r A, = %Thus, along an eigen direction, the variance reads,

) (O-Ewr
Cov[u,jet]:% (-, Otherwise 129)
t, M € {0, 22}
2 (1272 otherwise

(:ov[u,jet]:"‘N =72 (130)

t, 72 =0,ie Ay € {022}
O

Asymptotic behavior

o In the flat direction, Ay = 0, then Cov[u, 6] = "‘—I\?t, recovering the linear scaling of
random walk. Similarly for Ay = 20%2, it increase linearly.

e In the concave directions, i.e.Ax <0, (1 — g—‘;)xk)2 > 1, then this series will diverge
towards infinity. lim;_, Cov[ukTGt] =

e For A, > 2’%{, convex direction with too high curvature, then |1 — %/\H > 1, then

this series will diverge lim;_,c0 Cov[u,—cr ;] = oo.

e For0 < Ap < %f, then |1 — g—‘;)\k\ < 1, then this series will converge, this is the
desirable case for optimization. Asymptotically,
2
. T lXi 1
fim Covluy 6] = 57— (1— Z )2
2
! 1
= —=— 131
NT—2 (131)

— The convergence speed is inversely proportional to > := (1 — §2A)%. When

72 close to 0, the series 7?' converges faster; when 7% ~ 1, the convergence
time gets longer and longer.

— Convergence timescale can be computed 1 — ¢ = 1/2, then log % = tlogv?,

__log2 log 2 . Pkt b
g2 —  Tog(i- 21, is the characteristic time scale.

— The converged level is also controlled by 2, specifically ’X—]\? 1_17 When 72 close

to 0, converged level is lower; when 42 ~ 1 the converged level grow towards
infinity

— Thus directions where A, ~ & converge the fastest and the variance are the
tightest lim;_,c0 Cov[u,—(r 6] ~ % Showing that these directions are the most

well controlled by the landscape asymptotically. Specifically when Ay = 2&,
then this direction converges in one iteration H6p.
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F6 Gradient ascent on quadratic landscape

For comparison with the ES dynamics of Section F.5, we analyze standard (noiseless)
gradient ascent” on the same quadratic landscape R(6) = — %()TQ().

The negative gradient at 6; is —VR(6;) = Q6; = v;. Gradient ascent with learning rate
updates as

0111 =0+ BVR(6;) =0 — QO = (I — Q) b:. (132)
Define Hgp := I — BQ, with eigendecomposition

d

Hgp = Y (1 - BAp) wewy, (133)
k=1

where A, and uy, are the eigenvalues and eigenvectors of Q. Let ’ykGD := 1 — BAy denote the
contraction factor along eigendirection uy.

Trajectory Since the iteration is deterministic, recursion gives

d

0: = H5p 6o = Y_(78P) (u] 6o) uy. (134)
k=1

Each eigendirection evolves independently:
u 6 = (1— BAy) u) 6. (135)

The squared distance to the optimum 6* = 0 is

d

161 = Y (1 — BAx)* () 6)>. (136)
k=1

Convergence conditions Direction uj converges if and only if |’ykGD| <1,ie,

2
0< A< 3 (137)

The three non-convergent modes mirror those of the ES dynamics:

¢ Flat directions (A, = 0): 'ykGD =1,s0 ukTGt = ukTHO for all ¢, i.e. along flat directions,
the gradient ascent freezes at the initial projection.
This is dramatically different from ES, where along flat directions, the iterate
. . . . 2
undergoes unbounded diffusion with variance growing as %F.
* Concave directions (A; < 0): ')/kGD > 1, causing exponential divergence |u; 6;| —
0.

* Overly sharp convex directions (A, > 2/): |’ykGD| > 1, and the iterate overshoots,
oscillating with growing (or non-decaying) amplitude. This explosion can happen
due to too large learning rate, or due to too high landscape curvature.

Convergence rate Within the stable regime 0 < Ay < 2/, the convergence timescale
along uy is

—log?2 —log?2
GD g g
76D — = ) 138
log(7$P)?  2log |1 — BAl (138)

5Since we are maximizing the reward, it’s gradient ascent, but still we call it GD for simplicity
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The optimal eigenvalue is Ay = 1/, which achieves 'y]S;D = 0 and convergence in a single
iteration (t°P = 0, since u; 6; = 0 exactly). The overall convergence rate is governed by
the slowest direction,
—log?2
GD og (1 39)

Tmax = RO Dlog 1 — P

which for small learning rate fA, < 1 gives T°P ~ Zﬁ%k’ inversely proportional to the

curvature. The condition number x := Amax/Amin (OVer positive eigenvalues) then controls
the ratio of fastest to slowest timescales.

Comparison with ES dynamics The simplified ES iteration (Proposition 4) takes the form
ao
Or1 = Hes6; +nt,  Hes =1——2Q, (140)

with 'y,]fs =1- %Ak. The two iterations are structurally identical, with the correspondence
B < %2, up to the additive noise #; in the ES case. This yields three key differences:

g
OR

1. Effective learning rate. The ES effective learning rate 77 is self-normalized by
the reward standard deviation og, which depends on the current iterate through
|v]|? = ||Q8||? (in the non-simplified version). In contrast, the GD learning rate
B is a fixed hyperparameter. This self-normalization provides ES with a degree of
automatic step-size adaptation absent in vanilla GD.

2. Stability threshold. GD diverges when Ay > 2/8; ES diverges when A, >
20/ (ac). The ES threshold is typically more permissive since og > 0z inflates the
denominator, though this comes at the cost of a smaller effective step size.

3. Asymptotic behavior. GD converges to 6* = 0 exactly along stable directions, with
zero residual error. ES converges only in distribution, with asymptotic variance

2

[4§
N(1-(7%)?)
that cannot be eliminated without increasing N. On flat directions (A, = 0), GD
stays frozen at the initial value, while ES undergoes unbounded diffusion with

. . 2
variance growing as 4.

per direction — a noise floor set by the exploration—exploitation tradeoff

These comparisons are summarized by:

Gradient Descent Evolution Strategy

Eff. learning rate B wo/og

Contraction factor v, 1 — BAk - %)\k

Stability bound A <2/B A < 20R/(a0) (141)
Optimal curvature A =1/PB A = or/ (a0)

Residual error (stable) 0 N(f‘i—zﬁ)

Flat direction (A; = 0) frozen diffusion ~ "‘Wzt

E7 Solution geometry: GD vs. ES on quadratic landscape

We formalize the geometric claims of the main text by comparing the GD and ES solutions
after T steps on the same quadratic landscape R(0) = —%QTQQ, starting from the same
initialization 6y. Let Q = Yx Ayupu, with A > 0.

GD solution From Section F.6, the GD iterate is deterministic:

d
O =07 = Y (1— BAK)T (u] fp) uy. (142)
k=1
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The displacement from initialization is

d

Op — 60 = Y [(1— BAe)" — 1] (u] 6p) uy. (143)
k=1

Crucially, directions with A, = 0 contribute nothing: (1 — 8-0)T — 1 = 0. Thus fgp — 6 lies
entirely within the column space of Q (the “task-relevant” subspace). If Q has rank r < d,
the GD displacement is confined to an r-dimensional subspace, regardless of the number of
steps T.

The squared displacement along each active direction is
2
|u (Bp —60)* = [1— (1= BAQ)"]" (ug 60)%, (144)

and for converged directions (\'y,(;’D\ < 1, large T) this saturates to (u,—(r 60)?, i.e., the iterate
reaches the optimum u] 6* = 0.

ES solution From Section F.5, the simplified ES iterate is

T

Ors := 05 = Hlg00+ Y HE nyr—, (145)
t=1
with Hgs = I — £ Qand 7 ~ N (0, & I)-
The displacement decomposes as
T . 1
s —00= (Hgs— D60 + ) Hig' 1t (146)

signal (deterministic) \_—v—/
noise (stochastic)

The signal term has exactly the same structure as the GD displacement, with § <> xo/og: it
lies within the column space of Q and vanishes on flat directions. The noise term, however,

is isotropic in origin — each #; is drawn from N (0, %Id) — and thus has support in all 4
dimensions.

Along each eigendirection, the mean and variance of the ES displacement are:

Eluy (8es — 60)] = [(7F%)T — 1] u/ 6o, (147)
> [ ES\2
Var[u] (fgs — 60)] = "‘ﬁ T- (B2 (122 #1, (148)
T, ()2 =1.

For flat directions (A = 0, 'y,]fs = 1), the mean displacement is zero but the variance grows
as “ZWT — arandom walk. For active directions (A; > 0, |7,1§S| < 1), the mean displacement

T ; ; a?
converges to —u, t (same target as GD) while the variance saturates to NI= (B

Decomposition of squared displacements The total expected squared displacement of ES
from initialization decomposes as

_ (~ES)2T
Bloes 0012 = ¥ ([1- GF)Tefo02 + & - L))

k: Ap >0 N 11— (%)
a2T
+ ) AZ_O ~ (149)
A=
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The first sum runs over the r active directions and contains both signal and noise; the second
sum runs over the d — r flat directions and is pure noise. For r < d (low-rank task structure),
the flat-direction contribution dominates:

2
a=Td
E||6gs — 6o|* ~ [|6cp — foll* + (150)
\‘/_J \/_/
o) off-manifold diffusion, O(d)
By contrast, GD has ||gp — 6p]|*> = O(r) with no off-manifold contribution.
Geometry of fgs — Ogp  The difference between the two solutions is
T
bes — 6cp = (His — HEp)oo+ ) Hig' -+ (151)
—_— =
signal mismatch t\l—/—-’
ES noise

The signal mismatch term lies within the column space of Q and reflects the difference in
effective learning rates (xo /oy vs. B). For converged directions where both methods have
reached the optimum, this term vanishes: (7£°)T &~ (ySP)T & 0. The noise term is identical

to the ES noise analyzed above.

Thus, in the large-T regime where both methods have converged on the active directions:

E||6gs — 0cpl? ~ Y © + Y w1
ES — VGD ~ ., FEQin~ 7
ka0 N(U= (152 pito N
27(d —
~ % +0(n), (152)

which is dominated by the off-manifold random walk for » < 4.

Summary of geometric structure The three pairwise distances satisfy the approximate
hierarchy (for r <« d, large T):

166D — 60> = O(r),
E||fgs — 60]|* = O(r) + O(d),
E||6gs — cp||? = O(d). (153)

The first displacement is low-dimensional and lies within the column space of Q. The second
is the sum of a comparable on-manifold component and a much larger isotropic off-manifold
diffusion. The third is dominated by the off-manifold component alone, since both methods
converge to the same optimum within the active subspace. This triangle of displacements
accounts for the empirical observation that 0gg achieves similar task performance to Ogp
(shared on-manifold component) while being far from it in parameter space (off-manifold
diffusion).
Remark 10 (Cosine similarity). The cosine similarity between the two displacement vectors is
(s — o) " (9D — 60)
Z(Bgs — 6o, Ogp —bp) = . 154

cos 400k =0 060 =) = e = ol oo — aol sy
Since Ogp — 0y lies within the column space of Q and the ES noise is zero-mean, the expected inner
product picks up only the on-manifold signal of ES:

E[(6gs — 60) " (6D — 60)] = (6p — 60) " (8D — 60), (155)
where O, denotes GD with learning rate ao/ oy instead of B. For large T with both converged on
active directions, this approaches ||6gp — 6o||?> = O(r). Meanwhile, ||8gs — 6o|| = O(V/d), so

E [cos Z(6gs — 8o, Ocp — 00)] ~ (’)(\/r/d) ) (156)

which is small for r < d: the two displacement vectors are nearly orthogonal despite leading to
similar task performance.
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