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Abstract

Recent work has demonstrated the potential of non-transformer language
models, especially linear recurrent neural networks (RNNs) and hybrid
models that mix recurrence and attention. Yet there is no consensus on
whether the potential benefits of these new architectures justify the risk
and effort of scaling them up. To address this, we provide evidence for
the advantages of hybrid models over pure transformers on several fronts.
First, theoretically, we show that hybrid models do not merely inherit the
expressivity of transformers and linear RNNs, but can express tasks beyond
both, such as code execution. Putting this theory to practice, we train
Olmo Hybrid, a 7B-parameter model largely comparable to Olmo 3 7B but
with the sliding window layers replaced by Gated DeltaNet layers. We
show that Olmo Hybrid outperforms Olmo 3 across standard pretraining
and mid-training evaluations, demonstrating the benefit of hybrid models
in a controlled, large-scale setting. We find that the hybrid model scales
significantly more efficiently than the transformer, explaining its higher
performance. However, its unclear why greater expressivity on specific
formal problems should result in better scaling or superior performance on
downstream tasks unrelated to those problems. To explain this apparent
gap, we return to theory and argue why increased expressivity should
translate to better scaling efficiency, completing the loop. Overall, our
results suggest that hybrid models mixing attention and recurrent layers
are a powerful extension to the language modeling paradigm: not merely
to reduce memory during inference, but as a fundamental way to obtain
more expressive models that scale better during pretraining.

1 Introduction

Transformers have become the backbone architecture for language models (Radford &
Narasimhan, 2018), after initially eclipsing recurrent neural networks in machine transla-
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tion (Vaswani et al., 2017). Recently, theoretical and empirical work has characterized the
limitations of transformers (Strobl et al., 2024) and the potential for alternative recurrent
architectures to overcome them (Merrill et al., 2024; Grazzi et al., 2025). Transformers lack
the expressive power to robustly represent state tracking tasks, which require sequential
computation (Merrill & Sabharwal, 2023; Chiang, 2025). While the parallelism of trans-
formers is important for efficient training, a longstanding issue at inference time is their
quadratic scaling with context length. Modern RNNSs strike a better balance: their compute
scales linearly with context length, and, unlike classical RNNs (Elman, 1990; Hochreiter &
Schmidhuber, 1997), they can be parallelized through linear gating (Bradbury et al., 2017;
Katharopoulos et al., 2020; Gu et al., 2022; Gu & Dao, 2024). Moreover, these linear RNNs
can also express state tracking tasks, giving an expressivity advantage over transformers
(Merrill et al., 2024; Grazzi et al., 2025; Peng et al., 2025).

However, switching from transformers to RNNs is not a free lunch, as RNNs (even linear
ones) struggle with copying and recall tasks due to their bounded state (Arora et al., 2024a;
Jelassi et al., 2024). This has led to the exploration of hybrid models that mix attention and
linear RNN layers in order to leverage the benefits of both architectural primitives. Recently,
hybrid models have been trained at scales up to 9B active parameters and 36T tokens (e.g.,
Mamba-2-Hybrid, Waleffe et al., 2024; Samba, Ren et al., 2025; Nemotron-H, NVIDIA, 2025;
Qwen3-Next, Qwen Team, 2025; Kimi Linear, Kimi Team, 2025; and Qwen 3.5, Qwen Team,
2026) with encouraging results. Yet there is not yet consensus on whether the advantages of
hybrid models justify the cost and risk of switching to a fundamentally different architecture,
in part because a controlled comparison between transformer and modern hybrid LMs is
lacking at large scale.

To rectify this gap, we introduce Olmo Hybrid, a family of model artifacts comparable to
Olmo 3 except that the architecture interleaves Gated DeltaNet (GDN, Yang et al., 2025a;
Grazzi et al., 2025) layers with attention layers at a 3:1 ratio in place of the sliding-window-
attention layers used in Olmo 3. We train Olmo Hybrid 7B on up to 6T tokens, finding
large improvements in token efficiency (and thus also compute efficiency): Olmo Hybrid
matches Olmo 3 7B on MMLU (Hendrycks et al., 2021) with 49% fewer training tokens.
After pretraining, this token efficiency translates to improvements on MMLU and other
evaluations, with gains persisting after mid-training; the final Olmo Hybrid base checkpoint
outperforms Olmo 3 across all aggregated domains of OLMOBASEEVAL. Beyond these
standard base model evaluations, Olmo Hybrid shows large gains in long-context ability,
with a 14.1% improvement on RULER 64k over Olmo 3. Because Olmo Hybrid is closely
comparable to Olmo 3 apart from its hybrid architecture, we take these results as strong
evidence in favor of hybrid models over pure transformers.

Beyond large-scale experiments, we also present theoretical results and fully controlled
scaling studies to explain these performance gains. Past theoretical work has shown atten-
tion and recurrence have complementary strengths (Merrill et al., 2024; Grazzi et al., 2025).
Mixing them is, thus, a natural way to reap the benefits of both primitives. We extend this
with novel theory showing that hybrid models are more powerful than the sum of their
parts: there are formal problems related to code evaluation that neither transformers nor
GDN can express on their own, but which hybrid models can represent theoretically and
learn empirically. This greater expressivity does not immediately imply that hybrid models
should be better LMs. We therefore run controlled scaling studies comparing hybrid models
to transformers and show that they indeed attain better token efficiency, consistent with our
observations from the Olmo Hybrid pretraining run. It is not clear prima facie why greater
expressivity on specific formal problems should improve scaling efficiency on benchmarks
like MMLU. To fill this gap, we develop a formal explanation of how increasing an archi-
tecture’s expressivity can improve data and compute efficiency for loss and downstream
tasks—even on tasks unrelated to new problems expressible by the model.

Taken together, our results suggest that hybrid models dominate transformers both theoreti-
cally, in their balance of expressivity and parallelism, and empirically, in terms of benchmark
performance and long-context abilities. We believe these findings position hybrid models for
wider adoption and call on the research community to pursue further architecture research.
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2 Olmo Hybrid: Architecture and Performance

Olmo Hybrid matches Olmo 3 7B in architecture (Olmo Team, 2025) except that 75% of
layers, alternating 3:1, use GDN heads in place of attention. These heads use GDN (Schlag
et al., 2021; Yang et al., 2024c; 2025a) extended with negative eigenvalues (Grazzi et al., 2025).
For each token t, we are given q;, k; € RY, v; € R, and ay, Bt € (0,1), with ||k¢|| = 1. The
initial state Sy is the 0 matrix. The state S; € R??*4 and head outputy; € R4 are

St = Si_1a(I—2Bkek; ) + vik/, yt = Stqt. 1)

GDN extends the earlier DeltaNet (Schlag et al., 2021; Yang et al., 2024c) by adding the decay
factor a; € (0,1) on the state update. The negative eigenvalue extension replaces f; from the
original GDN with 28;. Despite its simplicity, this change has important consequences for
the expressive power of GDN (Grazzi et al., 2025, cf. §3), namely, being able to express state
tracking, and we therefore adopt it—in contrast to the positive-eigenvalue GDN architecture
used by Qwen-3-Next (Qwen Team, 2025), Kimi Linear (Kimi Team, 2025), and Qwen 3.5
(Qwen Team, 2026). In GDN, the value vector is typically twice the length of that in a
transformer, and B requires a few extra parameters to compute. Thus, we slightly adjust the
shape of the model to match Olmo 3 in parameter count and training throughput (see §D).

Pretraining. Olmo Hybrid aims to use the same hyperparameters and training configuration
as Olmo 3 to maximize comparability, with a few small changes where warranted. In partic-
ular, since GDN has more parameters than a transformer with the same hyperparameters,
it uses slightly fewer heads and reduced key, query, and value dimensions compared to
Olmo 3. This yielded an Olmo Hybrid 7B model with 7.0B parameters (compared to 6.8B for
Olmo 3) that closely matched—in fact, slightly outperformed—OIlmo 3 7B in early training
throughput benchmarks. We will refer to this model as Olmo Hybrid 7B. Olmo Hybrid
7B also slightly departs from Olmo 3 7B in a few other ways: the learning rate schedule
has a simpler shape later in training, and a very small amount of data from the Olmo 3
pretraining mix was removed from our pretraining run (see §D.1 for more details). We view
these other differences in the 7B pretraining run as minor. As a confirmation, we also make
sure that our smaller-scale experiments (§4) are fully controlled.

Mid-training (§D.2) largely follows the open Olmo 3 recipe (Olmo Team, 2025): adaptation
on the mid-training data used for Olmo 3 32B followed by long-context extension. For
long-context extension, we experimented with the YaRN methodology (Peng et al., 2024)
used for Olmo 3, as well as dropping RoPE entirely (DroPE; Gelberg et al., 2025). DroPE
removes RoPE after mid-training, eliminating the extrapolation bottleneck imposed by
rotation frequencies learned at shorter context lengths. We hypothesize that DroPE is well
suited to hybrid architectures because the GDN layers already provide implicit positional
encoding through their recurrent structure, reducing the model’s reliance on RoPE. As a
proof of concept, we apply Olmo 3-style post-training to Olmo Hybrid (§C.3).

21 Olmo Hybrid Results

To evaluate the performance of hybrid models against transformers, we focus on the com-
parison between Olmo Hybrid and the Olmo 3 baseline at a large scale of 7B parameters
and 6T tokens. Later, in §4, we complement this with extensive fully controlled experiments
between transformers and hybrid models at smaller scale, and, in §C.2, comparisons with
other (not perfectly comparable) transformers, linear RNNs, and hybrid models.

Pretraining Efficiency. As shown in Figure 1, Olmo Hybrid is more compute- and data-
efficient than Olmo 3, reaching the same Common Crawl loss and MMLU accuracy as
Olmo 3 7B with many fewer training tokens. By the end of the 6T-token training run, this
increased efficiency of Olmo Hybrid translates to gains on both metrics compared to Olmo
3. This pretraining efficiency is a compelling advantage of hybrid models over transformers.
Appendix Figure 19 shows similar curves across other benchmarks.

Performance on Standard Benchmarks. Table 1 compares Olmo Hybrid and Olmo 3 7B
across different stages of pretraining and mid-training on domain-specific and held-out
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Base Aggregate Scores Held-out Scores

Stage Model |Math Code MCstem MCnon-stem GenQA |LBPP BBH MMLUp,, DM Math
Pretrain Olmo 3 7B 23.3 19.6 64.0 71.9 68.5 6.3 48.6 31.2 15.7
Olmo Hybrid 7B | 27.0 17.1 67.4 75.5 66.8 29 522 35.7 13.2
Midtrain Olmo 3 7B 59.8 32.1 67.3 78.2 713 17.8 65.9 36.6 23.8
Olmo Hybrid 7B | 61.2 32.9 70.9 81.3 73.6 17.7 68.6 43.1 23.7
L Context Olmo 3 7B 546 309 66.2 78.2 72.5 17.7 64.0 37.2 23.6
ong L-onteXt Olmo Hybrid 7B | 55.1 324  70.0 80.4 729 | 168 652 417 23.4

Table 1: Base model evaluations across the training pipeline for Olmo Hybrid vs. Olmo 3
baseline. After mid-training, Olmo Hybrid outperforms Olmo 3 7B across every evaluation
domain. On evaluations held out from Olmo 3 development (right), Olmo Hybrid outper-
forms Olmo 3 on MMLU Pro and BBH but loses slightly on LBPP and DM Math. Overall,
the results suggest Olmo Hybrid 7B generally outperforms Olmo 3 7B.
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Figure 1: Olmo Hybrid 7B is more efficient than OLMo 3 7B during pretraining, reaching
the same Common Crawl loss in 35% fewer tokens and the same MMLU accuracy using
49% fewer tokens (and thus also 35% and 49% fewer FLOPs, respectively).

evaluation splits from OLMOBASEEVAL. The final pretrained Olmo Hybrid checkpoint
outperforms Olmo 3 7B on math (+4.3%), STEM MC (+3.4%), and non-STEM MC (+4.4%),
with smaller degradations in code (-2.5%) and general QA (-2.3%). However, after mid-
training, Olmo Hybrid outperforms Olmo 3 7B across every evaluation domain, and these
performance gains persist after long-context extension. Additionally, we compare Olmo 3
and Olmo Hybrid on OLMOBASEEVAL held-out evaluations. On these held-out evaluations,
we find gains on MMLU Pro (Wang et al., 2024) (+4.5%) and BBH (Suzgun et al., 2022)
(+1.2%) but degradations on LBPP (Matton et al., 2024) (-1.1%) and DM Math (Saxton et al.,
2019) (-0.2%). These domain-specific and held-out evaluations point to strong performance
of the Olmo Hybrid 7B base model relative to Olmo 3 7B.

Long-Context Capabilities. Additionally, after long-context extension (Olmo Team, 2025),
we find that Olmo Hybrid shows substantial gains on RULER (Hsieh et al., 2024), a standard
long-context benchmark, over Olmo 3. We adapt Olmo Hybrid for long context using
both the YaRN methodology (Peng et al., 2024) from Olmo 3 (Olmo Team, 2025) and the
more recent DroPE method (Gelberg et al., 2025). As shown in Table 2, Olmo Hybrid 7B
outperforms Olmo 3 7B at long RULER lengths with both YaRN and DroPE. The comparison
of Olmo Hybrid and Olmo 3 with YaRN suggests adding linear RNN layers can improve
long-context abilities, in line with existing claims in the literature (Yang et al., 2025b; Ren
et al., 2025). Moreover, the comparison of Olmo Hybrid with and without DRoPE suggests
dropping position embeddings can improve long-context performance in hybrid models.

Comparison to Open-Weight Models. Beyond the controlled comparison between Olmo
Hybrid and Olmo 3, we also benchmark Olmo Hybrid against other open-weight models of
similar size. As shown in Figure 2, Olmo Hybrid is on the Pareto frontier for performance
on OLMOBASEEVAL as a function of training compute among open-weight dense models.
We detail baseline architectures and full results in §C.2.
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Preliminary Post-Training Results. §C.3 presents a preliminary investigation into post-
training Olmo Hybrid using supervised finetuning and direct preference optimization
(Rafailov et al., 2024). Olmo Hybrid roughly matches or outperform Olmo 3 on some
post-training benchmarks, but we also find degradation on others, in particular several
involving math. The cause of these degradations is unclear, though we expect it could reflect
numerical issues or the need to re-optimize post-training data for hybrid models.

3 Hybrid Models Are More Expressive

This section considers the benefits of
hybrid models over transformers in
terms of their expressive power, i.e., the
class of computational tasks that each
architecture can represent. We take ex- ‘

pressivity as a guiding principle for Transformers ‘ (Negative Bigenvaltes)
architecture design: we assert that a S ® Recall | eStateTracking
deep learning architecture should be made A
as expressive as possible—that is, able to
represent as many naturalistic problems
as possible theoretically—while remaining
trainable and scalable for pretraining (cf. Figure 3: Expressive power of transformers, GDN,
Merrill, 2025, §5.1). This view favors a and hybrid models relative to circuit complexity
flexible hypothesis class that contains classes. Dashed lines represent unproven but con-
as many subtasks as could plausibly jectured separations. Transformers can express re-
arise in naturalistic data, while trust- call, DeltaNet (or GDN) with negative eigenvalues
ing the optimizer to find the right fit, can express state tracking, but neither can express
in line with the Bitter Lesson (Sutton, state-based recall, which only hybrid models can.
2019). This perspective contrasts with

the classical bias-variance tradeoff between expressivity and inductive bias, recalling recent
arguments that deep learning methods have a general implicit bias toward simple solutions
(Wilson, 2025). Rather, an architecture must just satisfy basic trainability constraints, i.e.,
differentiability stable signal propagation across layers (Yang et al., 2024a; Dey et al., 2025).
Beyond trainability, the other major constraint competing with expressivity is scalability,
especially parallelism over long sequences. In general, there is a fundamental tradeoff be-
tween expressive power and the degree to which a model can process data efficiently during
training. For example, if we wanted a model to exactly express NP-complete problems,
it could not process text efficiently unless P = NP. Even if we only required the model
to express all tasks in P, it still could not be effectively parallelized over long sequences
assuming NC # P (Greenlaw et al., 1991). Thus, our goal in architecture design is not
to maximize expressivity at any cost, but to increase it while preserving parallelism. A
good architecture pushes the frontier of the expressivity-parallelism tradeoff (Merrill &
Sabharwal, 2023; Liu et al., 2026) as far as possible within these complexity-theoretic limits.
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a, b, c, d, e = range(5) bits = [0, 1, @, @, ...1 # m bits
a, c =c, e # n lines a = 36

assert a == _ # 0 to 4 assert bits[al == _ # 0 or 1

bits = [0, 1, @, 0, ...]1 # m bits

a, b, ¢, d, e = 36, 23, 12, 2, 56 # 0 to m - 1

a, ¢c =c, e # n lines

assert bits[a]l == _ # 0 or 1

Figure 4: Code-evaluation settings for state tracking (top left), recall (top right), and state-
based recall (bottom). Only hybrid models can represent all three tasks.

Existing work suggests transformers do not sit on this frontier. Linear RNNs and transform-
ers have complementary strengths: linear RNNs such as GDN can express state tracking
problems beyond the capabilities of transformers, while transformers are stronger at recall.
Each architecture is parallelizable but has its own expressivity limitations. This motivates
hybrid models, which can inherit the strengths of both while preserving much of the scalabil-
ity that makes each architecture attractive in practice. Moreover, we prove the new result
that hybrid models can express problems beyond both pure transformers and pure linear
RNNSs. Our core results are summarized in Figure 3.

Transformers are Limited at State Tracking. Fixed-depth transformers used as next-token
predictors can express only highly parallelizable computations: formally, problems in TC?
(Merrill & Sabharwal, 2023; Chiang, 2025; Strobl et al., 2024). They therefore cannot express
inherently sequential problems over arbitrary sequence lengths. A notable problem of this
form is state tracking: given an initial state x € X and a sequence of associative actions
81,...,0n € A, predict the result of applying them in order, (6, o - - - 0 61)(x). State tracking
includes tasks such as composing swaps in the “shell game” or tracking board updates

in chess. Hard instances of state tracking are NC!-complete, so fixed-depth transformers
cannot express them unless TC? = NC! (Liu et al., 2023a; Merrill et al., 2024).

Linear RNNs Can Track State, but Are Limited by Recall. RNNs have the opposite profile.
Because they update a hidden state one token at a time, nonlinear RNNSs naturally express
state tracking (Merrill, 2019). S4 and Mamba are limited to TC? due to their restricted
parameterization (Merrill et al., 2024), but linear RNNs with non-diagonal, time-dependent
transitions—including DeltaNet, GDN, RWKV-7, and PD-SSM—are more expressive, capa-
ble of representing NC!-complete state tracking (Yang et al., 2024c; Grazzi et al., 2025; Peng
et al., 2025; Terzic et al., 2025). For GDN, the negative eigenvalue extension (cf. Equation (1))
is important to enable transitions with swap-like dynamics useful for hard state tracking
(see Figure 17 in §E; Grazzi et al., 2025). On the other hand, linear RNNs are limited on recall
and copying tasks due to their fixed state tasks (Jelassi et al., 2024; Arora et al., 2024b). In
particular, recall appears to explain much of the gap between pure RNNs and transformers
on language modeling (Olsson et al., 2022; Arora et al., 2024a; Akydiirek et al., 2024). This
motivates hybrid models, which can naturally express both state tracking and recall.

Hybrid Models are More Than the Sum of Their Parts. Mixing attention and GDN
already gives a natural union of capabilities (Mohri, 2026). We prove that hybrid models
can express tasks that neither pure transformers nor pure GDN models can express on
their own. Consider state-based recall, a minimal task that composes state tracking with
recall. The input is a string x, p, r, where x € {0,1}" is a bitstring, p1,...,ps € [1,1]
are “pointers” into the bitstring, and 7y, .. ., 7, are transpositions (swaps) over [1,5]. Let
g = (mpomy_10...07m)(p). State-based recall can be naturally embedded within code
evaluation, as shown in the bottom of Figure 4. We use state-based recall to prove the superior
expressivity of hybrid models, assuming log-precision arithmetic (details and proof in §E):

Theorem 1 (Expressivity). There exists a hybrid model (GDN with neg. eigenvalues + averaging-
hard attention) that solves state-based recall, with just one alternation between layer types, in either

order. In contrast, no transformer (assuming TC? # NC!) or RNN can express this problem.

Thus, alternating layers in either order unlocks additional expressivity for hybrid models,
relative to full attention or full GDN. It remains open whether multiple alternations between
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Figure 5: Synthetic task results. (a) State tracking accuracy vs. number of updates n. (b)
Recall accuracy vs. bit-array size m. (c) State-based recall accuracy vs. n (= m).

layer types buy more expressivity than just one alternation. We provide a more general
characterization of the expressive power of hybrid models with padding tokens in §B. In
particular, padded hybrid models can express the problem of formula evaluation, which is

beyond both transformers (assuming TC? # NC!) and RNNs, even with padding.

Synthetic Evaluations. To test whether these expressivity differences appear in practice, we
train matched causal LMs (transformers, GDN, and hybrid models) on the three code-like
tasks in Figure 4. The models share the same width and depth and differ only in their
sequence-mixing layers; full details in §F. As shown in Figure 5, on state tracking, the pure

GDN model and the hybrid remain near-perfect while the transformer fails as the number
of updates grows. On recall, the transformer and hybrid remain strong while the pure
GDN model degrades as memory size increases. On state-based recall, only the hybrid
remains robust across difficulty. Ablations without negative eigenvalues preserve recall but
substantially weaken state tracking and the composed task. Overall, the synthetic results
mirror the theory: hybrid models do not just inherit the ability to solve both state tracking
and recall, but also can solve state-based recall, unlike either attention or GDN in isolation.

4 Hybrid Models Show Improved Scaling Behavior

Having established superior theoretical expressivity, we now turn to evaluating hybrid LMs
in practice, assessing how well they scale with parameter count and data. By fitting scaling
laws in a carefully controlled setting, we establish that hybrid models achieve better scaling
efficiency than transformers on loss-based pretraining metrics—particularly in scaling with
data quantity—consistent with our findings from the Olmo Hybrid pretraining run.

We fit Chinchilla-style scaling laws (Hoffmann et al., 2022) to transformers, pure GDN
models, and hybrid GDN-transformer models. We use this framework as it provides an
established methodology for comparing scaling efficiency across architectures. We believe
the analysis provides useful insights, while acknowledging that it remains an imperfect
proxy for behavior at modern training scales as fitted coefficients depend on the assumed
functional form and the training recipe, especially when extrapolating far beyond the scales
using for fitting. We therefore read the projections in this section as suggestive rather
than definitive; see §G.4 for a more detailed discussion. Figure 6 shows the fitted scaling
laws plotted against compute, parameter count, and token budget; the hybrid and pure
GDN curves lie consistently below the transformer curve across all panels. The fits achieve
R? > 0.998 (see §G.2 for fit diagnostics). Table 21 in §G.2 validates the scaling laws against
larger held-out models (Olmo Hybrid 7B, Olmo 3 7B, Olmo 3 32B) and finds prediction
errors of 0.28-1.69%, suggesting that each architecture’s own loss level extrapolates well.

Improved Token Efficiency. To quantify the better scaling efficiency of hybrid
models, we compare the fitted scaling law parameters across architectures in Fig-
ure 7 (see Table 18 for details). While the unconstrained fit allows all five pa-
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(a) Loss vs Compute (b) Loss vs Parameters (c) Loss vs Data Budget

K 10K 100K ™ 100M 1B B 108 1008
PetaFLOPs Parameters Training Tokens

[— Transformer == Hybrid PureGDN]

Figure 6: Fitted Chinchilla scaling laws L(N, D) = E + A/N* + B/DF for all three archi-
tectures (R2 > 0.998; full coefficients in Table 18). (a) Loss vs. compute; bold curve shows
the compute-optimal frontier. (b) Loss vs. parameter count; curve evaluated at the largest
Chinchilla multiple. (c) Loss vs. data budget; curve evaluated at the largest model size. In
all panels, point opacity encodes model size or data multiple; loss axes are log-scaled.

rameters (the irreducible loss E, the parameter A and data B efficiency coefficients,
and the scaling exponents a and f; see §G.2 for more details) to vary and is thus
most flexible, the resulting Cls are wide, yielding no statistically robust conclusions.
We therefore turn to the fixed-exponent fit: we fix a« and B across architectures

to the mean of the unconstrained E A B
estimates (0.22) and fit only E, A, 165 20 105 s
and B. While parameter efficiency  mmvesore] 160 N .. 95

. . . W Hybrid
coefficient and scaling exponents PuecoN_| 155 60 1 85 L

remain statistically indistinguish-
able across architectures, the hy-

brid’s B = 83.7 (CI [80.2,87.1]) is . ] ) .. . o
significantly lower than the trans- Figure 7: Scaling law coefficients E, A, B with 95% ClIs

efficiency coefficient B shows a robust advantage for
Hybrid GDN over the transformer (marked *), while
differences in E and A are not statistically conclusive.

1.50 55 75

Thus, this analysis suggests the the
hybrid is significantly more token-
efficient than the transformer.

Token and Compute Savings Grow Steadily with Model Size. Table 20 shows the projected
parameter and data savings across model sizes, where the projections are derived by
inverting the fitted scaling law (see §G.3 for details). The parameter savings factor reveals
that transformers are more parameter-efficient at larger token budgets due to the larger
scaling factor a. In contrast, the token savings factor grows steadily with model size; to match
a transformer trained at a given scale, one can train a hybrid model of the same size on ~1.3
(1B size)-1.9x (70B size) fewer tokens. The pure GDN model shows no savings at 1B scale
(0.82x) but catches up to ~1.7x at 70B. Token savings translate directly to compute savings;
full results across compute budgets from 10" to 1023 FLOPs are in Table 19 (§G). These
projections come with uncertainty: the savings factor’s 95% confidence interval includes
1x (no savings) at every scale except 3B, and the 1B-70B range lies one to two orders of
magnitude above our 60M-1B fitting range.

5 Theory: Do More Expressive Models Scale Better?

At first glance, it is unclear why the improved pretraining efficiency observed in §4 should be
related to the greater expressivity of hybrid models (§3): our expressivity guarantees imply
a binary difference in abilities on synthetic tasks, whereas scaling laws concern smooth
improvements on modeling natural language. We now formalize a plausible explanation,
building upon recent work explaining scaling laws. It is well established that language
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modeling loss decreases smoothly with model size and token budget despite the fact that
many properties of language are discrete (Kaplan et al., 2020; Hoffmann et al., 2022). One
explanation is that language modeling is fundamentally a multi-task problem: LMs acquire
individual tasks discretely, leading to a smooth reduction of aggregate loss (Hutter, 2021;
Arora & Goyal, 2023; Nam et al., 2024, inter alia). In particular, this intuition has recently
been formalized in the quantization model (Michaud et al., 2023), a minimal framework for
deriving LM scaling laws via the following assumptions (cf. §I for details). First, language
modeling consists of a large number of discrete tasks (originally called “quanta”), each of
which is either unlearned or learned. Second, tasks are distributed in the data according

to power law: the probability of a token leveraging task k is py o k~(**1), Finally, task k
becomes learnable once at least Ty tokens leveraging it have been observed during training.
Learning it uses Cy parameters and reduces the loss by A. Under these assumptions, the loss
L depends on the number of tasks learned, which is controlled by the budget for parameters
N or training tokens D. Michaud et al. (2023) show that loss will follow a smooth power law
as a function of tasks, parameters, or tokens, resulting from learning many discrete tasks
one by one, with each successive task having smoothly decaying probability in the data.

We equip the tasks in quantization model with a notion of expressivity (cf. Michaud, 2026)
to study how expressivity impacts scaling (full definitions and discussion in §I):

1. For a given architecture, each task is either expressible (with probability 1 — €) or
expressible (with probability €). Expressibility is independent across tasks.

2. Unlearned, expressible, and inexpressible tasks incur loss Ly, Ly — A, and Ly — A/,
respectively, with 0 < A’ < A.

3. Expressible tasks are representable with C parameters and learnable with T relevant
tokens. Inexpressible tasks require C’ > C parameters and T’ > T relevant tokens.

We show that, under these assumptions, increasing expressivity makes leads to more
parameter- and data-efficient scaling and can also improve the irreducible loss achievable
with infinite parameters and data. Let L(N) and L(D) be the loss incurred under the
quantization model as a function of the number of parameters N and token budget D.
Theorem 2 (Expressivity-Aware Scaling Laws). Consider the quantization model augmented by
Assumptions 1 to 3. Then, as a function of parameters N, the loss L(N) ~ L(N) where

L(N) - L, xAe-N7%  and Ac = (Lo — LS,) - (C+e(C' - C))".
Similarly, as a function of the token budget D, the loss L(D) = L(D) where
L(D) — L, & Be - D%/t and B, = (1 — ) AT (#+1) 4 ep’ T/ (1),
Finally, the irreducible loss in both power laws is LS, = Ly — (1 — €)A — eA.

See 8l for a proof. Theorem 2 can be interpreted as follows. If we can express all tasks
(e = 0), we recover the standard irreducible loss L), = Ly — A and scaling coefficients

Ap = AC* and By = AT*/(“+1) from the quantization model (Michaud et al., 2023). On
the other hand, if there are some tasks we cannot express (¢ > 0), the scaling coefficients
A¢ and Be (and potentially irreducible loss L,) will change. In particular, as illustrated in
Figure 8, decreasing € improves loss towards the € = 0 case. Formally, under any non-trivial
instantiation of Assumptions 1 to 3, increasing expressivity shifts the loss curve down:

Corollary 2.1 (Expressivity Always Improves Scaling). Fix a nontrivial instantiation of As-
sumptions 1 to 3, i.e., where either A' < A, or C' > Cand T' > T. Then, both L(N) and L(D)
strictly decrease as € decreases, elementwise for all N, D.

See §1.4 for justification. Corollary 2.1 predicts more expressive architectures will scale
better. Conceptually, there are two separate benefits, coming from Assumptions 2 and 3
respectively. The first is that irreducible loss Lg, strictly decreases as € decreases if and only
if A’ < A, i.e., inexpressible tasks attain lower loss reduction. As visualized in the top row of
Figure 8, this leads to a clear difference in loss for large N and D, when the irreducible loss
dominates. In contrast, if Assumptions 2 and 3 are instantiated so that inexpressible tasks
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Figure 8: Impact of expressivity on loss under three quantization model variants; both axes
are log-scaled.

can be fully learned (A" = A) but require more parameters and tokens (C' > C, T' > T), we
see a loss gap for small values of N and D based on € that diminishes for large N and D
(middle row of Figure 8). Combining both assumptions leads to a gap across all values of N
and D (last row).

Theorem 2 provides a conceptual explanation for why more expressive architectures might
scale better. In line with our empirical findings (§4), greater expressivity can improve loss
across the scaling curve but cannot affect the exponents. In particular, a quantization model
with T > T but C’ = C and A’ = A appears most consistent with our empirical scaling
laws for hybrid models and transformers, though better scaling law estimates (e.g., for
irreducible loss) could change this conclusion. Interestingly and perhaps counterintuitively,
even tasks that were already expressible can be learned faster by increasing expressivity
due to Assumption 3. We emphasize that these theoretical results were obtained under the
idealized quantization model (Michaud et al., 2023) rather than by analyzing the actual
learning dynamics of LMs. Thus, we caution against reading too much into the precise
quantitative predictions (cf. Michaud, 2026). In §C.1, we find that GDN scales better than
Mamba, in line with the idea that expressivity improves scaling. However, we also find
similar scaling trends for GDN with and without negative eigenvalues up to 1B scale,
despite a difference in state tracking expressivity. Thus, factors beyond expressivity may
also contribute to the strengths of GDN, such as increased training stability (cf. §D.1).

6 Conclusion

While there have been many releases of strong hybrid models mixing recurrence with atten-
tion, our results provide evidence for the benefit of hybrid architectures over transformers
in a controlled, large-scale setting. Compared to Olmo 3, Olmo Hybrid achieves better
pretraining efficiency, which translates to improvements on downstream tasks, including
long-context abilities. Beyond these headline results, we present theoretical analysis and
fully controlled scaling studies that further substantiate these advantages. In particular,
we show that hybrid models are more expressive than the sum of their parts: they can
represent synthetic tasks that neither transformers nor RNNs in isolation can. We also
explore the theoretical link between expressivity and language model scaling, showing
that standard conceptual explanations for scaling laws can be extended to predict that
increasing expressivity should benefit training efficiency, consistent with our empirical
findings. Overall, Olmo Hybrid provides evidence for hybrid models’ superiority over
transformers and a conceptual explanation for observed gains. This work motivates further
research on post-training hybrid models, optimizing RNN architecture details, and more
deeply understanding how an architecture’s expressive power affects its scaling behavior.
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A Author Contributions

e William Merrill led the project, contributing to early experiments, pretraining,
theory, and writing.

* Yanhong Li conducted early proof-of-concept experiments, implemented the Hug-
gingFace and vLLM versions of Olmo Hybrid, ran evaluations, and owned the
synthetic experiments and their writeup.

¢ Tyler Romero ran pretraining, mid-training, and long-context extension. He also
optimized training throughput, implemented Ulysses-style context parallelism,
improved the throughput and numerical correctness of Olmo Hybrid’s vLLM
implementation, and helped with writing.

* Anej Svete ran early proof-of-concept experiments alongside WM, ran the experi-
ments for the empirical scaling laws and architecture ablation sections, and wrote
up those sections.

¢ Caia Costello led the collaboration from Lambda’s side, including project scoping,
data management, preliminary research on Olmo Hybrid training across B200 and
H100 hardware, and real-time support for pretraining.

¢ Pradeep Dasigi generated tool use data for Olmo Hybrid Think SFT and helped
with artifact release logistics.

¢ Dirk Groeneveld helped plan the Olmo Hybrid pretraining run and analyze the
training stability of Olmo Hybrid.

* David Heineman ran generative evaluations for Olmo Hybrid and open-weight
models and wrote up these results.

¢ Bailey Kuehl handled technical aspects of preparing Olmo Hybrid artifacts and
documentation for release.

¢ Nathan Lambert led post-training for Olmo Hybrid and wrote up post-training
results.

¢ Chuan Li provided high-level supervision on the Lambda side of the project.

* Kyle Lo contributed to pre-training evaluations, writing, and presentation.

* Saumya Malik contributed to post-training methodology (tokenization and chat
templates) and evaluation.

¢ DJ Matusz helped validate the compatibility of Olmo Hybrid pretraining with B200
hardware.

¢ Benjamin Minixhofer implemented FLA in OLMo-core to support the initial exper-
iments for Olmo Hybrid and also benchmarked inference throughput.

¢ Jacob Morrison contributed to post-training, focusing on SFT.

* Luca Soldaini helped plan initial experiments and pretraining, and contributed to
vLLM implementation and post-training debugging.

¢ Finbarr Timbers contributed to post-training Olmo Hybrid, implementing the
hybrid model in open-instruct.

¢ Pete Walsh worked on training code, built the Slurm launch system for pretraining
on Lambda’s cluster, and helped run pretraining.

* Noah Smith provided high-level guidance on many aspects of the project.

¢ Hannaneh Hajishirzi provided high-level guidance on many aspects of the project.

¢ Ashish Sabharwal provided guidance on the initial experiments and made core
technical contributions to the theoretical aspects of the project.

B Expressive Power of Padded Hybrid Models

The interaction between attention and GDN layers naturally allows hybrid models to
solve state-based recall, providing a minimal example of an expressivity gain over pure
transformers and linear RNNs (under standard conjectures). Moreover, we now show that
it also provides more general expressivity benefits for hybrid models: in the presence of

padding tokens, hybrid models can express every problem in NC!, which includes many
NC!-complete problems that are beyond the capabilities of padded transformers (which
remain in TC). In particular, our results imply that, unlike padded transformers, padded
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hybrid models can evaluate boolean formulas, even though, at first glance, it is non-obvious
why the interaction of attention and recurrence should enable this.

Before presenting our results, we briefly introduce padding tokens and their relevance to
theoretical analysis of expressivity. Padding tokens (Goyal et al., 2024; Pfau et al., 2024)
are simply blank tokens ([J) appended to a model’s input context: i.e., a model with n°¢

padding takes as input wOl®l” € £* rather than just w € ¥*. Padding tokens are interesting
for theoretical analysis because adding padding tokens leads architectures to subsume (or
exactly correspond to) natural complexity classes in expressivity. Without padding tokens,
showing that an entire circuit complexity class neatly lower bounds an architecture is not
always possible, in large part because circuit complexity classes like TC? and NC! allow
arbitrary polynomial size computation, whereas models leverage a computation graph of
size O(n°) for some fixed c¢. Adding padding tokens can close the gap between poly-size
circuit classes and neural sequence models by allowing them to expand the size of the
model’s computation without adding new parameters (Li et al., 2024; Merrill & Sabharwal,
2025; London & Kanade, 2025).

It is already established that, with padding tokens, the exact class of problems expressible
by transformers has a natural characterization. In particular, while averaging-hard-attention

transformers without padding tokens are bounded within TC® (Merrill & Sabharwal, 2023),
with polynomial padding, the languages expressible by such transformers are exactly TC°
(Merrill & Sabharwal, 2025):

Theorem 3 (Padded Transformers (Merrill & Sabharwal, 2025)). With polynomial padding
tokens, fixed-depth transformers with averaging-hard attention recognize exactly FO-uniform TCP.

We give a comparable result for hybrid models with polynomial padding, showing they
capture all of NC!, a complexity class thought to be larger than TC’:

Theorem 4 (Padded Hybrid Models). With polynomial padding tokens, fixed-depth hybrid
models (averaging-hard attention + GDN with negative eigenvalues) can recognize any language in
FO-uniform NC'.

Proof Sketch. We use the surprising classical result that any problem in NC! can be reduced
via a first-order (FO) formula to composing transpositions over 5 elements (Barrington, 1986).
Padded attention layers can express an arbitrary FO reduction, and GDN can implement

transposition composition. Thus, this decomposition allows solving any problem in NC
with a padded hybrid model. Full proof in §E. O

In contrast to Theorem 1, which establishes an expressivity advantage for hybrid models on
a specific problem, Theorem 4 establishes that padded hybrid models subsume an entire

complexity class (NC') that, under standard complexity conjectures, is more powerful than
the class padded transformers correspond to (TC’). Under the conjecture that TC? # NC!,
any NC!-complete problem can be expressed by a padded hybrid model but not by a padded
transformer. One interesting problem in this regime is boolean formula evaluation. Let ¢ be
a boolean formula over ({0,1},V, A). The evaluation problem takes as input ¢ serialized in

Polish notation, and the output is the value of ¢. Since formula evaluation is NC!-complete
(Buss, 1987), we obtain:

Corollary 4.1 (Boolean Formula Evaluation Separation). For some c, there exists a hybrid model
(averaging-hard attention + GDN with negative eigenvalues) that solves boolean formula evaluation

with n® padding tokens. On the other hand, assuming TC® # NC!, no transformer or RNN can
solve boolean formula evaluation even with n° padding tokens, for any c.

In contrast to state-based recall, it is not obvious at first glance that boolean formula
evaluation should be expressible via the interaction of attention and recurrence. However,
Corollary 4.1 shows that it can be, at least for padded models, and moreover that, under
standard complexity conjectures, it could not be solved with just one of these primitives.
Corollary 4.1 can be restated to fold the padding into the problem definition itself: unpadded
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Figure 9: Architecture configurations evaluated in our ablation study. We compare pure
architectures (Transformer, GDN, Mamba?2) against hybrid variants with different linear-
to-attention ratios (1:1, 3:1, 7:1), RNN backbones (GDN vs. Mamba?2 at 3:1), and placement
strategies (interleaved vs. middle). The highlighted configuration (3:1 interleaved with
GDN) was selected for the final Olmo Hybrid.

hybrid models can solve padded formula evaluation, but neither transformers nor linear
RNNSs can. Finally, the only property of boolean formula evaluation leveraged to obtain
Corollary 4.1 is that it is NC!-complete. Thus, a similar result follows for any NC!-complete
problem. It is an open question whether a similar boolean formula evaluation result might
be obtained for unpadded hybrid models.

C Other Research Questions

C.1 RNN and Hybridization Architecture Choices

To decide on the final hybrid architecture for Olmo Hybrid, we ran a series of ablation
experiments evaluating the performance of different sequence mixers and hybridization
strategies. In particular, we were interested in three key design questions:

1. RNN Architecture: Which popular linear RNN architecture (GDN vs. Mamba?2)
results in the best hybrid model?

2. Layer Placement: How should hybridization be performed—should attention
layers be interleaved uniformly throughout the model, or concentrated in specific

regions?!

3. Attention Ratio: What is the optimal ratio of attention-to-RNN layers?

To inform the final model choice and provide guidelines for future work on hybrid models,
we evaluated a comprehensive suite of pure and hybrid architectures at multiple scales,
illustrated in Figure 9.

Experimental Setup. All ablation experiments follow the same setup as §4 and use identi-
cal training data, optimizer settings, and evaluation protocols, varying only the architecture.
We train models at the same seven scales: 60M, 100M, 190M, 370M, 600M, 760M, and
1B parameters, and each model is trained on 8 x Chinchilla-optimal tokens using a WSD-
S learning rate schedule. Table 22 lists the detailed configurations for each model size.
All hybrid models were implemented with the Flash Linear Attention library, where the

'We only consider inter-layer hybridization and did not test intra-layer hybridization strategies
such as those explored in Ren et al. (2025).
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Table 3: Architecture ablation results — averages. Average OLMOBASEEVAL BPB (across
Math, Code, QA) for pure and hybrid architectures at 7 representative scales. Bold indicates
best; underline second best; T best within section. % marks our selected architecture. Note
that per-size comparisons should be interpreted with care, as architectures at the same
nominal scale differ in actual parameter count (see Table 22).

Architecture Attn% 60M  100M 190M 370M 600M  760M 1B
Pure Architectures
Transformer 100% 1.155 1.037 0.950 0.839 0.781 0.747 0.682
GDN 0% 1.080t 0990t 0.895t 0795 0761t 0722t 0.677
Mamba2 0% 1.146  1.036 0941 0843 0787 0.750 0.718
Hybrid: Interleaved Attention
GDN (1:1) 50% 1.093 0992 0.89% 0804 0787 0.724 0.674
GDN (3:1)* 25% 1.077 098" 0.891 0799t 0754 0717 0.669"
GDN (7:1) 125%  1.082 0988 0.892 0.803 0748 0.721  0.675
Mamba2 (3:1) 25% 1130 1.012 0921 0.828 0.772 0.732  0.698
Hybrid GDN (3:1): Middle Placement
Interleaved® 25%  1.077t 0986" 0.891 0799t 0754 0717t 0.669"
Middle 25% 1.087 0988 0.899 0.800 0.754" 0721 0.672

Hybrid GDN (3:1): Gate/Eigenvalue Ablations
Neg EV, gateX 25%  1.077Y 0986 0.891" 0799 0754 0717  0.669
Neg EV, no gate 25% 1.081 0.976 0894 0801 0.752F 0.721 0.666
Pos EV, gate 25% 1.086 0981 0.897 0.828 0.757 0.714  0.667
Pos EV, no gate 25% 1.082 0988 0901 0795 0754 0717  0.670

Pure GDN: Gate/Eigenvalue Ablations
Neg EV, gate 0% 1.080 0990 0895 0795 0761 0722  0.677
Pos EV, gate 0% 1.070 0982" 0.893" 0798 0751 0.720" 0.674F
Neg EV,nogate 0% 1.087 0999 0904 0809 0761 0731  0.680
Pos EV, no gate 0% 1.092 1.002 0901 0806 0765 0727 0.678

only difference between the architectures is the implementation of the sequence mixing
component.

As in §4, we measure performance as the average validation loss, computed as the average
cross-entropy across 11 held-out evaluation domains: C4, Dolma Books, Dolma Common
Crawl, Dolma pes2o, Dolma Reddit, Dolma Stack, Dolma Wiki, ICE, M2D2 S20RC, Pile,
and WikiText-103. Additionally, we evaluate the models on the OLMOBASEEVAL Easy suite
in bits per byte (BPB), reporting the average score across Math, Code, and general reasoning
tasks. We again compute scaling law coefficients; in Figure 10, the curves represent the
projected loss at each FLOP value at the optimal parameter and token counts, computed by
fitting scaling laws analogously to §4. See also §G.3 for more details.

Figure 10 visually shows the performance of the tested architectures and Table 3 presents the
average performance on the OLMOBASEEVAL Easy suite. The rest of the section interprets
these results to justify the final Olmo Hybrid architecture.

RNN Architecture: GDN vs. Mamba2. We compare the two linear RNN architectures
in both pure and hybrid (3:1 interleaved) settings against the transformer baseline. Pure
Mamba?2 performed worse than both the transformer and GDN at most scales—particularly
larger ones—with average BPB of 0.72 for Mamba?2 at the 1B scale compared to 0.68 for the
transformer (Table 3). The hybrid Mamba2 configuration (Mamba2 + 3:1 Attn) improved
over pure Mamba2 and outperformed the transformer at most scales, but fell behind at 1B

2Thus, the position-wise MLPs were identical between the architectures. This aligns well with the
GDN architecture but is slightly non-standard for Mamba2, which, as a Gated Linear Unit, contains
non-linear activations in the gating mechanism. However, we found Mamba2 models without
additional MLPs to perform worse, which is why we included them in the implementations used in
this section.

25



Published as a conference paper at COLM 2026

(0.698 vs. 0.682). In contrast, pure GDN outperformed the transformer at all scales (e.g., 0.722
vs. 0.747 at 760M; 0.677 vs. 0.682 at 1B), and the hybrid GDN 3:1 configuration improved
further, achieving the best overall results (0.717 at 760M; 0.669 at 1B). While hybrid Mamba2
is competitive with the transformer, GDN-based models consistently outperform it across
Math, Code, and QA domains (Table 4), confirming GDN as the right choice for the linear
component of Olmo Hybrid.

Layer Placement: Interleaved vs. Middle. We compare two hybridization strategies that
use the same 3:1 linear-to-attention ratio but place the attention layers differently:

¢ Interleaved: Attention layers placed at regular intervals (every 4th layer).

e Middle: Attention layers concentrated in the middle of the network, with an
additional attention layer at the final position.

Despite having very similar parameter counts (948M vs. 932M at 760M; Table 22), the
interleaved configuration consistently outperforms the middle placement, with the gap
growing at larger scales. Both configurations outperform the transformer baseline, confirm-
ing that the benefit of hybridization is robust to placement strategy, though interleaving
appears preferable. One interpretation of the advantage of interleaved placement is that
uniformly distributing attention layers allows every part of the network to access global
context, whereas concentrating attention in the middle creates a bottleneck through which
all “attention-relevant information” must pass. Additionally, connecting to our theoretical
results in §3, interleaving maximizes the number of alternations between layer types, which
may unlock additional expressive power: for example, stacked compositions of tasks like
state-based recall (Theorem 1) could benefit from multiple rounds of alternation between
state tracking and recall. While Theorem 4 shows that a single alternation suffices with
padding tokens, in practice, multiple alternations without padding may be more effective.

Linear-to-Attention Ratio: 1:1 vs. 3:1 vs. 7:1. We vary the fraction of attention layers from
50% down to 12.5%, using interleaved placement with GDN throughout. At the smallest
scales (60M—190M parameters), the 7:1 ratio tends to perform best or on par with 3:1,
suggesting that fewer attention layers can suffice when models are small. At larger scales
(600M-1B), however, the 3:1 ratio consistently achieves the best or second-best performance
across all domains (Table 4), while the 7:1 ratio falls slightly behind despite having more
parameters. The 1:1 ratio performs comparably to 3:1 at small scales but underperforms at
larger scales, suggesting that the higher computational cost of more attention layers does
not pay off relative to the GDN layers. Overall, the 3:1 ratio offers the best trade-off across
scales and domains, and we select it for Olmo Hybrid. Notably, all three interleaved hybrid
configurations substantially outperform the transformer at large scales, so the exact ratio is
less critical than the decision to hybridize at all.

GDN Architecture: Gate and Eigenvalue Sign. We additionally ablate two internal GDN
design choices—the use of the output gate and the sign of the recurrence eigenvalues—
across both pure and hybrid (3:1 interleaved) configurations. In the GDN, the output gate
multiplies the RNN output by a learned sigmoid-gated projection, while the eigenvalue sign
determines whether the recurrence allows oscillatory dynamics (negative EVs) or monotone
decay only (positive EVs). Results are reported in the bottom two sections of Tables 3 to 4.

For pure GDN, removing the gate consistently hurts performance across all scales and
domains: both no-gate variants (Neg EV, no gate and Pos EV, no gate) underperform their
gated counterparts, confirming the gate is a useful component in a pure-RNN setting.
Interestingly, positive EVs with a gate (Pos EV, gate) perform comparably to or slightly
better than negative EVs with a gate at several scales, though the differences are small and
inconsistent.

For hybrid GDN (3:1), the picture changes: the selected architecture (Neg EV, gate) remains
the most consistent performer, but the no-gate variants are more competitive in the hybrid
setting than in the pure setting, and occasionally outperform the gated variants at individual
scales. This suggests that, in the hybrid setting, attention layers may partially compensate
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for the removed gate, reducing its marginal value. Overall, the differences among the
four hybrid variants are small (within ~0.01 BPB at most scales), and we retain the gated
negative-EV configuration as the default based on its slight edge in consistency.

Scaling Trends of All Tested Architectures. Figure 10 plots the scaling of the OLMOBASEE-
VAL average score against training FLOPs for all architectures. Notably, the 7:1 configuration
also shows very favorable scaling behavior, likely owing to the lower FLOP counts from
having fewer transformer layers. The per-domain breakdown (Figure 10(c)-(e)) shows
that the advantage of hybrid models is present across Math, Code, and QA. Fine-grained
scaling plots broken down by ablation group are provided in Figures 11 to 15, showing the
average and the per-cluster BPB (Math, Code, QA) as a function of training FLOPs for each
configuration.
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Figure 10: Evaluation metrics vs. training FLOPs. (a) Average validation cross-entropy
loss across 11 held-out corpora (C4, Dolma Books/CC/pes20/Reddit/Stack/Wiki, ICE,
M2D2 S20RC, Pile, Wikitext-103; lower is better); this is the same loss used to fit the
Chinchilla scaling laws. (b) Base Easy Suite average BPB (lower is better). (c)-(e) Per-cluster
Base Easy BPB for Math, Code, and QA respectively. The thick line is the fitted compute-
optimal frontier.

Per-domain Breakdown. Table 4 extends Table 3 and provides the per-domain BPB break-
down for all ablation configurations evaluated in §C.1. These verify that the aggregate loss
improvements are consistent across domains.

Summary of Findings. The ablation study allows us to answer the three design questions
posed at the beginning of this section. First, GDN is preferred over Mamba2 as the linear
RNN component: the Mamba2-based models performed worse at every scale in both pure
and hybrid configurations, while GDN matched or outperformed the transformer even
as a pure architecture. Second, interleaved placement outperforms middle placement:
distributing attention layers uniformly throughout the network consistently yields better
results than concentrating them, likely because it allows every part of the network to access
global context and maximizes the number of layer-type alternations. Third, the 3:1 linear-to-
attention ratio is a good default overall choice: while the 7:1 ratio is competitive at small
scales, the 3:1 ratio provides the most consistent gains at large scales, and the 1:1 ratio does
not justify the additional attention cost.
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Figure 11: Evaluation metrics vs. training FLOPs for pure architectures (Transformer, pure
GDN, pure Mamba2). Panels follow the same layout as Figure 10: (a) average validation
cross-entropy loss, (b) Base Easy Suite average BPB, and (c)—(e) per-cluster BPB for Math,
Code, and QA. The thick line is the fitted compute-optimal frontier.
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Figure 12: Evaluation metrics vs. training FLOPs for hybrid architectures (GDN hybrid with
interleaved and middle placement, Mamba2 hybrid). Panels follow the same layout as
Figure 10: (a) average validation cross-entropy loss, (b) Base Easy Suite average BPB, and
(c)—(e) per-cluster BPB for Math, Code, and QA. The thick line is the fitted compute-optimal
frontier.
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Figure 13: Evaluation metrics vs. training FLOPs for GDN hybrid models with varying
linear-to-attention ratios (1:1, 3:1, 7:1). Panels follow the same layout as Figure 10: (a)
average validation cross-entropy loss, (b) Base Easy Suite average BPB, and (c)—(e) per-
cluster BPB for Math, Code, and QA. The thick line is the fitted compute-optimal frontier.
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Figure 14: Evaluation metrics vs. training FLOPs for GDN ablations (e.g., GDN with and
without negative eigenvalues). Panels follow the same layout as Figure 10: (a) average
validation cross-entropy loss, (b) Base Easy Suite average BPB, and (c)—(e) per-cluster BPB
for Math, Code, and QA. The thick line is the fitted compute-optimal frontier.
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Figure 15: Evaluation metrics vs. training FLOPs for GDN hybrid ablations (e.g., hybrid
GDN with and without negative eigenvalues). Panels follow the same layout as Figure 10:
(a) average validation cross-entropy loss, (b) Base Easy Suite average BPB, and (c)—(e) per-
cluster BPB for Math, Code, and QA. The thick line is the fitted compute-optimal frontier.

C.2 Olmo Hybrid vs. Other Open Models

Setup. We organize our baseline open-weight models into four groups, distinguishing
dense vs. MoE MLP layers and RNN-only vs. Hybrid vs. Attention-only architectures. We
emphasize that baselines were trained with different datasets and token budgets, making
direct comparisons between them less meaningful for evaluating architecture choices.

The closest group to Olmo Hybrid are other hybrid models with dense MLP layers:
Nemotron-H (NVIDIA, 2025), Falcon H1 (Zuo et al., 2025), and RecurrentGemma (Botev
et al., 2024). Falcon H1 is a parallel hybrid mixer (also referred to as “intra-layer hy-
bridization”): it uses Mamba-2 SSM and attention blocks on 100% of layers and performs a
channel-wise concatenation prior to the MLP layer. Nemotron-H is the closest architecture
to ours, with 8% of layers using self-attention (GQA; Ainslie et al., 2023) and all other layers
using Mamba-2 SSM blocks. RecurrentGemma applies local self-attention (with a 2K context
window) and an SSM using the Griffin architecture (De et al., 2024) on 100% of layers and
takes a gated sum.

We also compare to open-weight pure RNN models: Falcon Mamba (Zuo et al., 2024) and
xLSTM (Beck et al., 2025). Falcon Mamba uses the Mamba 1 architecture on 100% of layers.
xLSTM uses mLSTM (Beck et al., 2026) (a gated linear RNN with a memory state) on 100%
of layers, and is the only model running in FP32.

Finally, we report performance for hybrid models using MoE for MLP layers: Nemotron 3
Nano (NVIDIA Team, 2025b), which alternates between Mamba-2 SSM on 85% of layers and
self-attention (GQA) on 15% of layers; and Kimi Linear (Kimi Team, 2025), which uses Kimi
DeltaNet on 75% of layers and self-attention (MLA; DeepSeek-Al, 2024) on 25% of layers.

Evaluation Details. Not all models apply long-context extension to the same window size,
so for our base model results on RULER we evaluate up to the maximum supported context
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Table 4: Architecture ablation results — per-domain breakdown. Per-domain OLMOBASEE-
VAL BPB for pure and hybrid architectures. Bold indicates best; underline second best; T
best within section. % marks our selected architecture. Note that per-size comparisons
should be interpreted with care, as architectures at the same nominal scale differ in actual

parameter count (see Table 22).

Small scales (60M—-370M parameters):

60M 100M 190M 370M
Architecture Attn % Math  Code QA Math  Code QA Math  Code QA Math  Code QA
Pure Architectures
Transformer 100%  1.102 0931 1433 0981 0804 1326 0887 0707 1257 0782 0616 1119
GDN 0% 1.040t 0837 1363" 0949t o0752" 1270t 0.839" 06717 1.176' 0.746" 0573  1.066
Mamba2 0% 1110 0917 1411 099 0798 1316 089 0711 1215 0790 0616 1.122
Hybrid: Interleaved Attention
GDN (1:1) 50% 1044 0861 1374 0936 0765 1273 0839 0673 1178 0744 0585  1.083
GDN (3:1)* 25% 1.034 0.849" 1349 0934 0752 1271 0835 0663 1177 07417 0588 1.069°
GDN (7:1) 125% 1.032" 0850 1.365 0932" 0764 12697 0840 0668 1169 0745 05847 1.080
Mamba2 (3:1) 25% 1080 0905 1404 0957 0786 1292 0.863 0.698 1202 0770 0.603  1.110
Hybrid GDN (3:1): Middle Placement
Interleaved* 25%  1.034" 0849t 1349 0934t 0752t 1271 0835 0663 1.177F 0741t 0588  1.069F
Middle 25% 1041 0868 1353 0934 0754 1275 0842 0671 1183 0743 0576" 1.081
Hybrid GDN (3:1): Gate/Eigenvalue Ablations
Neg EV, gate* 25%  1.034 0849 1349" 0934 0752 1271 0835" 0663" 1177 0741 0588  1.069
NegEV,nogate  25%  1.026 0.838" 1378 0930 0733 1264 0837 0673 1171 0739 0595 1.070
Pos EV, gate 25%  1.033 0.849 1376 0928 0746 1267 0839 0675 1176 0764 0598  1.122
PosEV,nogate  25%  1.037 0843 1366 0929 0757 1278 0839 0681 1183 0738 05797 1.067"
Pure GDN: Gate/Eigenvalue Ablations
Neg EV, gate 0% 1.040 0.837 1363 0949 0752 1270" 0839t 0671 1176 0746 0573  1.066
Pos EV, gate 0% 1.026 0834 1352" 0936t 0740 1271 0848 06647 1167 07457 0577  1.073
NegEV,nogate 0% 1.056 0.846 1360 0958 0762 1276 0.857 0678 1176 0757 0599  1.071
Pos EV, no gate 0% 1.052 0.856 1369 0963 0751 1292 0851 068 1170 0758 0585  1.075
Large scales (600M—1B parameters):
600M 760M 1B
Architecture Attn % Math  Code QA Math  Code QA Math  Code QA
Pure Architectures
Transformer 100% 0724 0564 1055 0.68 0538 1015 0.622t 0492 0933
GDN 0% 0.705t 0.551%  1.026t 06737 0522t 0970' 0.624 0485t 0.921F
Mamba?2 0% 0736 0577 1.047 0.699 0547 1.005 0.662 0524  0.969
Hybrid: Interleaved Attention
GDN (1:1) 50% 0.725 0571 1.065 0.663 0527 0983 0.610 0484t 0928
GDN (3:1)* 25% 0.694 0546 1.022 0.658° 0523t 0969 0.604 0488 0.914F
GDN (7:1) 12.5% 0.693 0.543 1.009 0.660 0.524 0.978 0.612 0.486 0.927
Mamba2 (3:1) 25% 0714  0.561 1.042 0.673  0.531 0992 0.638 0.509 0.946
Hybrid GDN (3:1): Middle Placement
Interleaved* 25%  0.694' 0546" 1022 0658t 0523 0969 0.604 0488 0.914t
Middle 25% 0.698 0547 10157 0661 0521t 0982 0.608 0487 0922
Hybrid GDN (3:1): Gate/Eigenvalue Ablations
NegEV, gate* 25% 0.694 0546 1.022 0658 0523 0969" 0604t 0488 0914
Neg EV, no gate 25% 0.696 0548 1.012F 0.654 0526 0983 0.610 0.483  0.904
Pos EV, gate 25% 0695 0546 1.030 0.659 0.514 0970 0.605 0484 0912
Pos EV, no gate 25% 0.694 0545t  1.021 0656 0518 0977 0.605 0486 0918
Pure GDN: Gate/Eigenvalue Ablations
Neg EV, gate 0% 0.705  0.551 1.026  0.673 0522 0970F 0624 0485t 0921
Pos EV, gate 0% 07057 0542  1.004 0669t 0516 0975 06147 0492 0917
Neg EV, no gate 0% 0710 0546 1.026 0679 0527 098  0.623 0489  0.929
Pos EV, no gate 0% 0.712 0.559 1.024 0.677 0.526 0.977 0.626 0.488 0.919

window at the end of pretraining. We use the most recent vLLM (Kwon et al., 2023) and

transformers versions across all models, except for the pure RNN baselines®.

3We observed slight differences in scores from those reported in the Olmo 3 paper (<0.25%
absolute difference for all tasks for Olmo 3) when using the most recent transformers==5.0.0. As
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Hybrid Dense Pure RNN Dense Hybrid MoE Dense Baselines
Olmo Falcon Recurr. Falcon Nemo. 3 Kimi
Hybrid Nemo.-H H1 Gemma | Mamba *LSTM Nano Linear | Olme3  Qwen3

# Parameters 7B 8B 7B 9B 7B 7B 30B A3B  48B A3B 7B 8B
# Train Tokens 6T 15T 12T 2T 6T 2T 25T 6T 6T 36T
Train Compute (102 FLOPs) 2.6 7.2 55 1.0 25 0.9 54 1.0 26 17.3
OLMOBASEEVAL Math 55.1 54.6 65.7 321 33.7 18.3 532 68.5 54.6 67.2
GSM8k 74.3 76.8 80.9 49.6 57.1 32.8 86.3 84.9 75.2 84.2
GSM Symbolic 492 55.4 64.8 2583) 25.8 10.8 68.6 66.7 484 65.4
MATHy 41.8 31.7 514 213 18.2 11.3 4.6 54.0 40.1 52.0
OLMOBASEEVAL Code 324 37.1 453 23.7 14.6 3l 473 30.3 30.9 46.2
BigCodeBench 35.1 403 40.5 20.2 0.2 4.0 45.7 44.5 34.8 43.1
HumanEval 49.0 60.1 61.0 345 0.1 13.3 77.1 724 49.0 712
DeepSeek LeetCode 2.2 4.1 3.5 0.6 0.1 0.0 10.1 1.1 15 8.8
DS 1000 21.1 24.7 29.0 19.1 16.3 23] 33.3 343 20.6 13383)
MBPP 50.3 58.0 63.5 33.7 375 13 66.4 58.3 43.6 65.8
MultiPL HumanEval 29.4 32%3) 59.7 21.6 15.7 0.2 483 1.1 28.8 525
MultiPL MBPPP 39.5 40.2 59.8 36.4 321 0.3 50.0 0.6 383 485
OLMOBASEEVAL MC stpm 70.0 724 75.7 61.6 64.2 36.9 78.6 7743 66.2 787
ARC MC 90.8 93.3 94.2 82.6 85.7 46.7 94.8 94.3 89.2 95.4
MMLU STEM 64.6 64.2 73.8 49.6 52.0 343 73.8 67.8 59.7 76.7
MedMCQA MC 52.1 56.2 59.9 473 489 314 64.2 64.6 48.0 63.5
MedQA MC 48.7 545 55.9 39.4 425 232 64.9 66.6 41.6 62.0
SciQ MC 93.9 94.1 94.7 88.9 91.9 48.8 95.0 94.0 92.8 96.0
OLMOBASEEVAL MC non.sTEM 80.4 80.7 84.1 71.1 742 39.9 83.9 76.2 782 84.9
MMLU Humanities 71.6 76.8 78.7 62.1 65.8 37.6 80.5 79.0 69.2 78.6
MMLU Social Sci. 79.7 80.5 84.4 68.4 70.8 39.5 85.1 73.4 75.2 84.9
MMLU Other 71.0 732 76.3 63.9 64.1 38.7 78.0 78.2 66.8 76.7
CSQA MC 78.4 75.9 78.1 67.8 73.0 325 75.3 52.8 75.2 84.1
PiQA MC 82.7 85.9 87.8 76.4 83.5 515 90.0 82.8 80.2 89.9
SociallQA MC 81.1 78.6 81.5 75.5 775 341 80.7 78.8 80.3 83.3
CoQA Gen2MC MC 93.9 91.6 94.4 83.3 86.5 33.6 92.2 91.2 92.5 93.6
DROP Gen2MC MC 68.1 60.9 81.3 48.7 51.4 33.9 70.0 71.9 67.4 78.4
Jeopardy Gen2MC MC 89.3 92.5 91.8 83.9 90.2 46.7 94.9 54.1 86.9 92.1
NaturalQs Gen2MC MC 71.0 76.0 73.3 64.2 67.7 343 79.1 78.1 69.5 74.6
SQuAD Gen2MC MC 97.0 95.8 97.5 87.6 85.4 56.2 97.3 97.3 97.0 974
OLMOBASEEVAL GenQA 728 71.2 7117 68.5 68.5 34.8 78.1 757 7243 71.1
HellaSwag RC 79.0 84.3 80.9 81.3 81.9 61.1 86.0 85.0 77.7 80.6
Winogrande RC 86.2 89.6 87.9 86.3 88.3 62.1 88.7 88.2 85.6 86.4
Lambada 70.2 76.0 73.0 722 80.9 19.7 75.9 77.2 68.8 72.8
Basic Skills 89.7 90.2 93.3 83.0 86.1 60.9 92.5 93.1 89.5 93.4

ROP 729 65.7 69.4 44.0 416 244 75.0 72.2 71.5 57.2
Jeopardy 64.0 69.7 61.1 66.4 67.1 9.3 77.2 77.1 60.3 65.1
NaturalQs 34.8 37.7 274 30.6 35.1 1.8 45.7 25.9 325 33.8
SQuAD 92.1 87.9 91.4 85.9 75.9 33.9 94.0 91.8 93.6 89.0
CoQA 67.4 39.9 60.7 66.6 59.7 40.4 67.7 70.3 72.8 61.8
OLMOBASEEVAL HeldOut
LBPP 16.8 26.8 30.2 5.8 Sy 0.6 33.7 31.1 17.7 26.2
BBH 65.2 69.9 75.5 5383) 428 24.6 782 68.6 64.0 76.5
MMLU Pro MC 41.7 444 50.0 27.6 245 11.4 535 50.7 372 50.1
Deepmind Math 234 26.1 343 17.3 15.5 7.5 32.8 40.8 23.6 47.6
Long-context Eval
RULER 4K 92.7 84.1 92.0 449 68.2 28.6 96.2 88.5 94.9 95.5
RULER 8K 91.4 82.0 92.0 - 49.0 20.0 95.2 89.4 91.2 94.1
RULER 16K 90.0 = 89.7 = 23.8 12.4 93.8 94.0 84.1 93.5
RULER 32K 86.4 - 83.0 - 4.7 - 90.3 90.2 78.3 90.1
RULER 64K 85.0 = 77.2 = 0.0 = 85.9 90.5 67.8 =

Table 5: Base model performance on OLMOBASEEVAL compared to open-weight baselines
using the OLMOBASEEVAL suite. Olmo Hybrid outperforms the dense Olmo 3 on all
OLMOBASEEVAL multi-task averages, and both Pure RNN baselines (Falcon Mamba and
xLSTM). Olmo Hybrid is also competitive with other open-weight hybrid dense models, like
Nemotron-H and Falcon H1, despite being trained on half or fewer tokens. Olmo Hybrid
was not evaluated on held-out benchmarks prior to release. RULER was evaluated up to
the max context window for each model.

Findings. As shown in Table 5, we report base model performance on OLMOBASEEVAL,
including reported parameter and token counts. For each baseline, we estimate training com-
pute using the FLOPs = 6 ND heuristic from Kaplan et al. (2020) and FLOPs = 6Nyctive D
for MoE models following Fedus et al. (2022); Clark et al. (2022). While all dense baselines
have a similar number of parameters (7-9B), they were trained across a wide range of token
budgets, presenting a clear compute-performance tradeoff.

Olmo Hybrid substantially outperforms both pure RNN baselines, including Falcon Mamba
(which is closely matched on tokens and parameters), across all task averages in OL-
MOBASEEVAL. Olmo Hybrid also outperforms the older open-weight model xLSTM, trained
on roughly 2T tokens.

Across OLMOBASEEVAL task averages, Olmo Hybrid 7B shows competitive performance
against both Nemotron-H 8B (trained for 15T tokens, 2.5x more than Olmo Hybrid) and
Falcon H1 (trained for 12T tokens, 2 x as many as Olmo Hybrid).

transformers==5.0.0 breaks both pure RNN baselines (RecurrentGemma and xXLSTM), we use older
versions for those baselines.
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Knowledge & Reasoning Math

Code Chat & IF
MATH O AIME25 AIME’24| HE+ MBPP+ LCB

Model MMLU PopQA BBH GPQA Zebra IFE IFB AE3
Olmo 3 Think SFT 749 208 841 458 579 | 944 378 576 69.6 |882 632 67.8[779 30.0 43.9
Olmo Hybrid

Think SFT 80.5 251 846 470 551 | 938 351 552 662 |863 63.7 655|804 31.6 49.0
Olmo 3 Instruct SFT| 67.1 165 51.0 30.0 180 | 65.1 144 72 6.7 |69.8 565 20.0|81.7 27.4 21.8
Olmo Hybrid

Instruct SFT 719 168 473 368 17.0| 66.7 160 88 6.7 |69.2 553 21.3|81.529.0 25.6

Olmo 3 DPO 69.1 207 693 379 284 | 796 228 204 235 |729 559 18.8]82.0 29.3 433
Olmo Hybrid DPO | 73.6 21.0 573 38.0 29.1| 729 195 10.2 10.1 |751 569 22.0/80.5 33.3 56.3

Hybrid — Dense (A)

A Think SFT +5.6 +43 +05 +12 -28| —-06 —27 -24 —-34 |-19 +05 -23]+25 +1.6 +5.1
A Instruct SFT +48 +03 -37 +68 —1.0| +1.6 +16 +1.6 —00 |07 —-12 +13|-03+1.6 +3.8
A DPO +45 +03 =120 +01 +0.7| —6.7 —33 -102 =134 |+22 +1.0 +3.2|-1.5+4.0+13.0

Table 6: Post-training evaluation comparison between Olmo 3 (dense) and Olmo Hybrid
(hybrid) across three training stages: Think SFT, Instruct SFT, and DPO. () = Omega Full.
HE+ = HumanEvalPlus. IFE = IFEval. IFB = IFBench. AE3 = AlpacaEval 3.

Among hybrid dense models, there is a large discrepancy in token budgets. Olmo Hybrid
outperforms RecurrentGemma, which was trained on 3x fewer tokens. It also appears
generally strong for the amount of data it was trained on, matching or outperforming
Nemotron-H and Falcon H1 (which have 2 larger token budgets) on some tasks, while
performing worse on others (e.g., Olmo Hybrid only outperforms Falcon H1 on GenQA
tasks).

Finally, we provide details relevant for the construction of Figure 2. Training compute was
estimated using the C = 6 ND heuristic from Kaplan et al. (2020), with reported token and
parameter counts. Per-benchmark results are reported in Table 5. While theoretical compute
for MoE-based linear RNNSs is low, effective training efficiency can be roughly 50-80%
of a dense model (Rajbhandari et al., 2022), so we draw our frontier over dense models
only. For this plot, we show only models obtaining at least 50% average performance on
OLMOBASEEVAL.

C.3 Post-Training Olmo Hybrid

As a preliminary investigation of hybrid models’ capabilities after post-training, we apply
a portion of the Olmo 3 post-training pipeline to create a preliminary Instruct version of
Olmo Hybrid. Following Olmo Team (2025), this involves three stages: thinking SFT on
long reasoning traces, then an instruction-tuning phase without the model first thinking,
and finally direct preference optimization (DPO; Rafailov et al., 2024). In this section, we
compare Olmo Hybrid and Olmo 3 7B at each stage and discuss details and challenges we
encountered when adapting our post-training recipe to the hybrid architecture.

Data Changes. Relative to Olmo 3, there is one minor change to the Think SFT stage: the
addition of function-calling data for tool use. We use the same prompts from the Olmo
3 Instruct SFT models with thinking traces from DR Tiilu (Shao et al., 2025) for the Web
Search QA prompts and generating reasoning traces with GPT-4.1 for the remaining data,
upsampling each data point 3 x to increase token coverage. The Instruct SFT and DPO data
are identical to the Olmo 3 7B and 32B Instruct SFT and DPO variants.

Decoding Settings. Finding a stable configuration for Olmo Hybrid required careful
attention to vLLM flag settings and implementation details, particularly for evaluation.
Correct generation and throughput were both sensitive to careful choice of these settings,
although this will likely change as hybrid models are more widely adopted and open-
source tooling improves. The two key flags needed to get maximum performance with
the post-trained models were --disable-cascade-attn, which disables cascade attention
(an optimization for shared prompt prefixes), and --enforce-eager, which disables torch
compilation. Scores drop precipitously without these two flags. We hypothesize that

33



Published as a conference paper at COLM 2026

Model Metric 1K 4K 8K 16K 32K
Tokens/sec/node 2909 2,164 1510 1,690 1,247

Inference GPUs (RL batch 1K) 32 48 56 64 96

Olmo 378 (MHA) G eration wall time (h) 105 567 1625 2837 7686
GPU-hours (x1K) 0.3 2.7 9.1 18.2 73.8

Tokens/sec/node 3,039 3,077 2,736 1,876 1,422

. Inference GPUs (RL batch 1K) 8 16 24 40 64

Olmo Hybrid 7B = o ration wall time (h) 101 399 89.6 2615 689.9
GPU-hours (x 1K) 0.1 0.6 2.2 10.5 442

Tokens/sec/node 1,410 1565 1,592 1,495 1,066

Olmo Hybrid 7B Inference GPUs (RL batch 1K) 8 16 24 40 64
(enforce eager) Generation wall time (h) 21.7 784 1541 328.1 9204
GPU-hours (x 1K) 0.2 1.3 3.7 13.1 58.9

Table 7: Inference-bound scaling for async RL generation across context lengths. In async
RL, each training step requires generating a full batch of rollouts before the policy update;
generation throughput is the bottleneck. We measure the minimum GPU allocation needed
to serve an RL batch of 1,024 rollouts concurrently and project generation wall time and
total GPU-hours over 1,725,440 episodes (1,684 steps).

--enforce-eager matters more for Olmo Hybrid than for a dense transformer because torch
compilation can introduce subtle numerical differences that compound across recurrent
GDN state updates in a way that standard attention layers do not experience. Consistent
with this interpretation, re-enabling compilation while storing the GDN cache in FP32 via
--mamba_ssm_cache_dtype float32 (NVIDIA Team, 2025a) recovers similar scores, suggest-
ing that repeated low-precision downcasting across recurrent steps is part of the issue.

Inference Throughput. We conducted early investigations into completing our recipe with
reinforcement learning with verifiable rewards (RLVR; Lambert et al., 2025). To quantify ba-
sic inference throughput— the bottleneck in our synchronous RL setup —we benchmarked
Olmo Hybrid on a single 8 x A100 node with a 2,048-token prompt, 2 degrees of tensor
parallelism, and a batch size of 16 prompts, each prompt sampled 4 x. The details are shown
in Table 6. Without --enforce-eager, Olmo Hybrid is competitive with or faster than the
dense Olmo 3 7B (4K: 3,023 vs. 2,164, 8K: 2,247 vs. 1,510, 16K: 1,486 vs. 1,690, and 32K:
1,499 vs. 1,247 tokens/sec/node), largely because the GDN layers reduce KV cache memory
pressure compared to attention.

Another important advantage of Olmo Hybrid’s GDN layers over Olmo 3’s SWA layers is
the reduced per-layer inference state size, as shown in Table 8.

Table 8: Per-layer inference state size comparison under the Olmo 3 configuration stored in
fplé.

Layer Type Elements FP16 Size vs. GDN
Multi-Head Attention (32K seq, 32 KV heads, d;,=128) 268.4M 512 MiB 485 x
Grouped-Query Attention (32K seq, 8 KV heads, d;,=128) 67.1M 128 MiB 121
Grouped-Query SWA (4096 window, 8 KV heads, d;,=128) 8.39M 16.0 MiB 15.2x
Olmo Hybrid GDN (30 heads, d;=96, d,=192) 0.55M  1.05 MiB —

Post-Training Performance. Table 6 shows the performance of the Think SFT, Instruct
SFT, and DPO checkpoints for Olmo Hybrid compared to Olmo 3. Overall, the stronger
pretraining performance translates to persistent gains on knowledge tasks, but the model
still lags behind Olmo 3 on extended reasoning tasks such as AIME and Omega (Sun et al.,
2025). We anticipate that adapting the post-training data for the hybrid model could improve
performance on these benchmarks. Beyond the data, early post-training results were also
sensitive to decoding kernels and related settings, so improvements there could further
close the gap. Other work has shown that the strongest teacher model does not always
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improve the downstream student proportionally (Guha et al., 2025; OpenThoughts-Agent
Team, 2025), which could be base-model-specific, further highlighting the need to iterate on
the post-training data beyond what was used for Olmo 3 and other open models.* At the
level of both engineering and research, post-training hybrid models is in its infancy; we will
continue to work on these recipes beyond Olmo Hybrid and share our findings with the
community.

One limitation of our current investigation into post-training is that we have not considered
the implications of switching to a hybrid architecture for safety. In future work, it would be
interesting to assess whether Olmo Hybrid exhibits different behavior on safety evaluations
compared to transformers.

D Training Olmo Hybrid

We elaborate on experiments and implementation details in the development of Olmo
Hybrid.

D.1 Pretraining

Each Olmo Hybrid GDN head is sized proportionately to an Olmo 3 attention head. In line
with standard mappings from attention to GDN® this means that the size of the query and
key becomes d = 3/4 - 128 = 96. Similarly, the size of the value becomes 24 = 192.

We used the Flash Linear Attention (Yang & Zhang, 2024) implementation of Gated DeltaNet.
In particular, we used the default parameter implemented when instantiating single layer
directly (as opposed to the model-level initialization).

Beyond the individual GDN heads, the overall architecture is roughly the same Olmo 3 7B
(Olmo Team, 2025) with a few small tweaks to the architecture, learning rate schedule and
training data:

* We removed two heads from the model to make Olmo 3 and Olmo Hybrid more
comparable in parameter count and training throughput (see below).

¢ Rather than using the ad-hoc piecewise learning rate schedule from Olmo 3 7B
(Olmo Team, 2025), we use a standard cosine decay to 10% of the maximum learning
rate. However, the learning rate schedules still match closely for the majority of
training, especially towards the beginning.

¢ For data, we use the improved data mix from Olmo 3 32B rather than the data mix
from Olmo 3 7B—in preliminary experiments, we ran with the Olmo 3 7B data mix
and saw similar trends in pretraining evaluation metrics toward the beginning of
training.

The GDN architecture and 3:1 hybridization ratio were chosen based on early experiments
at the scale of 1B parameters and 100B tokens. We replicate those early experiments as
carefully controlled architecture ablations in §C.1.

The model was trained on 512 GPUs. At the beginning of training, these were H100s, but
roughly halfway through pretraining we migrated to 512 B200s.

Training Throughput. We calibrated training throughput to be comparable to that of
Olmo 3 in initial experiments by removing individual heads until it closely matched the
transformer. Concretely, we benchmarked model size and throughput for several training
configurations running on 128 H100s. As shown in Table 9, the hybrid model with 2
heads removed closely matches the Olmo 3 transformer in terms of parameters and slightly

4The long-context recipe used for Olmo Hybrid also differs slightly from Olmo 3 7B, which could
contribute to differences in post-training behavior.

5https://github.com/fla—org/flash—linear—attention/blob/f24317a6a4f513748cd7eb®58185
34ce66029957/fla/layers/gated_deltanet.py#L40
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Table 9: Rough training throughput measurements run before launching the Olmo Hybrid
pretraining run.

Model #Heads dpode1 #Parameters Training Throughput (TPS)
Olmo 3 32 4096 6.8B 8.0K
Olmo Hybrid 32 4096 7.7B 7.7K

31 3968 7.4B 7.7K

30 3840 7.0B 8.2K
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Figure 16: SpikeScore grows throughout training for Olmo 3, but it stays more stable when
training Olmo Hybrid.

outperforms it in terms of training throughput. We therefore selected a hybrid architecture
with 30 heads for the Olmo Hybrid 7B training run.

Training Stability. To estimate the stability of Olmo training runs, we compute a spike
score as an objective measure. Concretely, we define the spike score as the percentage of
values in a time series that are at least six standard deviations away from a rolling average
of the last 128 values. We use spike score on the L2 norm of the gradient. This is a slight
modification from the method used in Olmo Team (2024), leading to slightly higher scores.

Figure 16 shows that Olmo 3 exhibits a high and growing number of spikes in the gradient
norm, while Olmo Hybrid shows a lower, flat trajectory. We take this as preliminary
evidence that the Olmo Hybrid architecture may be more stable (i.e., more tolerant of large
learning rates and noisy data) compared to Olmo 3.

D.2 Mid-Training and Long Context Extension

Mid-Training. We adapt the mid-training procedure from Olmo 3 (Olmo Team, 2025),
using the Olmo 3 32B mid-training data (the Olmo 3 7B mid-training data mixture with
additional light filtering applied). One notable change is a doubled batch size, motivated
by recent insights into the relationship between learning rate and batch size (Merrill et al.,
2025). Following the Olmo 3 32B recipe, we perform two independent mid-training runs on
separate 100B token subsets of Dolma 3 Dolmino Mix and merge the resulting checkpoints.

Long Context Extension. After mid-training, we extend context length by continuing
training on 100B tokens of Dolma 3 Longmino Mix. We compare two positional encoding
strategies for this stage. The first is YaRN (Peng et al., 2024), which was also used for Olmo
3 (Olmo Team, 2025). YaRN modifies the RoPE frequency basis by partitioning dimensions
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according to frequency: low-frequency components (encoding longer-range position) are
interpolated to cover the target context length, while high-frequency components (encoding
local position) are left unchanged. An attention temperature factor corrects for the shift in
attention logit magnitudes introduced by the interpolation. The second is DroPE (Gelberg
et al., 2025), which removes RoPE entirely during long-context extension. The model then
relies on the causal attention mask and any positional signal already captured in its weights.
The motivation is that RoPE’s rotation frequencies, fit to shorter contexts during pretraining,
can limit extrapolation to longer sequences; dropping them removes this constraint.

Both strategies produce strong long-context results for Olmo Hybrid (Table 2), but DroPE
shows a clear advantage at the longest evaluation lengths (e.g., 85.0 vs. 76.9 on RULER 64k).
We attribute this in part to the hybrid architecture: the GDN layers carry implicit positional
information through their recurrent structure, so the attention layers are less dependent on
explicit positional encodings like RoPE. We therefore adopt DroPE for the released Olmo
Hybrid checkpoint.

To train at these longer sequence lengths, we implemented Ulysses-style context parallelism
(Jacobs et al., 2023) through both the attention and GDN layers. Ulysses distributes the
sequence across devices and uses all-to-all communication to transpose from a sequence-
parallel layout to a head-parallel layout before each layer. After the all-to-all, each device
holds the full sequence for a subset of heads, which suffices for both attention (where each
head attends independently) and GDN (where the recurrent state update in Equation (1) is
also per-head). The short depthwise convolutions (kernel size 4) applied to the g, k, and v
streams in GDN layers operate per-channel along the sequence dimension; since channels
are partitioned across heads, the convolution weights must be sharded consistently with the
head assignment on each device.

D.3 Post-Training

Table 10: Training hyperparameters for Olmo Hybrid 7B. Total tokens includes masked
tokens (e.g. prompts). Think SFT total tokens is computed from the Olmo 3 baseline (45.4B)
plus the 3x tool-use upscale: 45.4B x (1 + 2 x 2.47%) = 47.6B.

7B Think SFT 7B Instruct SFT 7B Instruct DPO

Instances 2,932,239 2,153,716 259,922
Total Tokens 47.6B 3.4B N/A

Batch Size 1M tokens 1M tokens N/A
Learning Rate 25x107° 25x107° 1x10°°
Num. GPUs 64 64 32

Max Sequence Length 32K 32K 16K
Epochs 2 2 1

Loss — — DPO Norm (8=5)

Table 11: Differences between Olmo 3 and Olmo Hybrid SFT training configurations.

Olmo 3 Olmo Hybrid
Data Parallel HSDP (shard within node) FSDP (full sharding)
Context Parallel Ring (degree = 8) Ulysses (degree = 2)

Activation Checkpointing  Selected modules (feed_forward) Budget-based (0.1)

Table 10 summarizes the hyperparameters used for the Olmo Hybrid 7B model variants.
Table 11 highlights the key configuration differences between the Olmo 3 and Olmo Hybrid
SFT training setups, primarily involving changes to the parallelism strategy and activation
checkpointing. The SFT models were trained with OLMo-core, and the DPO model was
trained with Open-Instruct.
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D.4 Evaluation Details

We evaluate Olmo Hybrid using the same evaluation suite as OLMo 3 (Olmo Team, 2025).
Table 12 describes the base evaluation configuration and Table 13 describes the post-training
evaluation configuration.

Task ICL  Format Metric Temp Top-p Maxtoks P@k (n) #sub
Base Main Suite
~  GSMB8K*(2021) 8¢ CoT EM pass@k 0.6 0.6 512 1,4(8)
T GSM Symbolic* (2024) 8¢ CoT EM pass@k 0.6 0.6 512 1,4(8) 3
= MATH 500 (2022; 2023) 4% CoT EM pass@k 0.6 0.6 1024 1,16 (32) -
HumanEval* (2021) 8 Code Exec  pass@k 0.6 0.6 512 1,16 (32) -
MBPP* (2021) & Code Exec  pass@k 0.6 0.6 512 1,16 (32) -
.  BigCodeBench* (2024) 3 Code Exec  pass@k 0.6 0.6 1280 1(5) >
= DS 1000* (2022) & Code Exec  pass@k 0.6 0.6 1024 1(5) -
© Deepseek LeetCode* (2024) 0 Code Exec  pass@k 0.6 0.6 512 1,16 (32) -
MultiPL-E HumanEval* (2022) 0 Code Exec  pass@k 0.6 0.6 1024 1,16(32) 6
MultiPL-E MBPP* (2022) 0 Code Exec  pass@k 0.6 0.6 1024 1,16 (32) 6
~ ARC(2018) 5 MC Acc = = = = 2
< MMLU STEM (2021) 5 MC Acc - - - 19
S MedMCQA* (2022) 5 MC Acc - - - -
H MedQA* (2021) 5 MC Acc = - =
O SciQ* (2017) 5 MC Acc - - - -
MMLU Humanities (2021) 5 MC Acc - - - 13
MMLU Social Sci. (2021) 5 MC Acc - - - 12
MMLU Other (2021) 5 MC Acc - - - 14
< CSQA (2019) 5 MC Acc = a a =
< PiQA (2020) 5 MC Acc - - - -
E SocialIQA (2019) 5 MC Acc - - - -
g DROP Gen2MC* (introduced in Olmo Team (2025); 2019) 5 MC Acc - - - -
< Jeopardy Gen2MC* (introduced in Olmo Team (2025); 2024) 5 MC Acc - - - -
2 NaturalQs Gen2MC* (introduced in Olmo Team (2025); 2019) 5 MC Acc = = = =
SQuAD Gen2MC* (introduced in Olmo Team (2025); 2016) 5 MC Acc - - - -
CoQA Gen2MC* (introduced in Olmo Team (2025); 2019) ot MC Acc - - - -
Basic Skills* (introduced in Olmo Team (2025)) 5, MC Acc - - - 6
HellaSwag (2019) 5] RCper-char Acc - - - -
WinoGrande (2020) 5 RCrone Acc - - - -
Lambada (2016) 0 RCper-char Acc - - - -
< Basic Skills* (introduced in Olmo Team (2025)) 5 RCper-token Acc - - - 6
< DROP (2019) 5 GenQA F1 0 1 100 -
& Jeopardy (2024) 5 GenQA F1 0 1 50
NaturalQs (2019) 5 GenQA F1 0 1 50
SQuAD (2016) 5 GenQA F1 0 1 50
CoQA (2019) ot GenQA F1 0 1 50
Base Held-out Suite
MMLU Pro (2024) B MC Acc - - - - 13
LBPP* (2024) 0 Code Exec  pass@k 0.6 0.6 4096 1(32) -
Deepmind Math* (2019) 5 CoT EM pass@k 0.6 0.6 2048 1(1) =
BigBench Hard (2022) 3 CoT EM Acc 0.6 0.6 512 1(1) 55

Table 12: Details of the base evaluation suite, as used in OLMo 3 (Olmo Team, 2025).
Tasks were formatted as multiple-choice (MC), rank choice (RC), short-form generative
(GenQA), chain-of-thought with exact-match scoring (CoT EM), or code execution (Code
Exec). We use * to indicate additions to the OLMo 2 (Olmo Team, 2024) base suite, t for
tasks with few-shot examples already specified within each instance, and * for tasks with
human-written few-shot examples.

E Proofs: Expressive Power of Hybrid Models

Throughout this section, we assume by default that complexity classes (e.g., TC") refer to

their FO-uniform variants (i.e., FO-uniform TCY). We formalize bounded precision to mean
logarithmic precision, i.e., on input sequences of length n, we compute our model with
clog n bits of precision, for some c.

Theoretical analysis of transformers makes various assumptions about the types of attention
allowed (Hao et al., 2022; Strobl et al., 2024). In our results, we will consider two types.
First, we will consider unique-hard-attention transformers (UHATSs), where attention can
only attend to one unique position. Additionally, we will consider averaging-hard-attention
transformers (AHATs), where attention weight is uniformly distributed over all positions
that maximize the attention score. Our AHAT definition also allows masked pre-norm as in
Merrill & Sabharwal (2025, Section 2.1). Our constructions for UHATs also work for AHATS,
but we state them for UHATs for more generality.

We first establish the negative side of the main theorems (Theorem 1 and corollary 4.1)
via core lemmas in §E.1. We then complete the proofs by giving explicit constructions
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Task Format Metric Temp Top-p  Ans. Extract MaxToks N  #Sub
Chat Suite

IF Eval (2023) CoT Custom 0.6 0.95 Custom 32768 1 -
IFBench (2025) CoT Custom 0.6 0.95 Custom 32768 1 -
MATH 500 (2022; 2023) CoT EM EMFlex 0.6 0.95 Minerva 32768 1 -
AIME 2024* CoT EM EMFlex 0.6 0.95 Minerva 32768 32 -
AIME 2025* CoT EM EMFlex 0.6 0.95 Minerva 32768 32 -
Omega Math (2025) CoT EM EMFlex 0.6 0.95 Custom Regexes 32768 1 55
HumanEval+ (2023b) CoT Code  pass@1 0.6 0.95 Spliton ¢ ‘¢ 32768 10 -
MBPP+* (2023b) CoT Code  pass@1 0.6 0.95 Spliton “*¢ 32768 10 -
LiveCodeBench v3* (2024)  CoT Code pass@1 0.6 0.95 Spliton “** 32768 10 -
ZebraLogic* (2025) CoTJSON  Custom 0.6 0.95 Custom JSON 32768 1 -
BigBench-Hard (2022) CoT EM EMFlex 0.6 0.95 Custom Regex 32768 1 23
GPQA* (2024) CoT MC Acc 0.6 0.95 Custom Regex 32768 1 -
MMLU (2021) CoT MC Acc 0.6 0.95 Custom Regex 32768 1 57
PopQA (2022) CoT MC Acc 0.6 0.95 EM Recall 32768 1 =
Alpaca Eval v2 (2024) CoT Winrate 0.6 0.95 - 32768 1 -

Table 13: Details of the post-training evaluation suite, as used in OLMo 3 (Olmo
Team, 2025). We mark tasks with * to indicate new additions compared to the OLMo
2 suite (Olmo Team, 2024). All evaluation generations have thinking traces (text between
<think>...</think>) stripped before passing to the answer scorer. We use zero-shot setting
for all metrics.

for hybrid models solving these problems. Finally, we turn to giving a complete padded
characterization.

E.1 Limitations of Transformers and RNNs

We will now formalize the limitations of transformers and RNNs on several problems of
interest via two core lemmas. The same problems are inexpressible for these architectures
for different reasons. In the case of transformers, it is because these problems are inherently
sequential, which we formalize via circuit complexity. In the case of RNNs, it is because
they require remembering a significant amount of information from the prefix of the string,
which we formalize using communication complexity.

We first establish the inability of fixed-depth transformers (both AHAT and UHAT) to
express the key problems mentioned in Theorem 1 and Corollary 4.1:

Lemma 1. Assuming TC? # NC, fixed-depth transformers cannot solve problems that are NC'-
hard under FO reductions, which includes the As word problem, state-based recall over 5 variables,
and formula evaluation. This holds even with polynomial padding.

Proof. This follows from the fact that fixed-depth AHATs, UHATSs, and softmax transformers
(even with padding) are in TCO (Merrill & Sabharwal, 2023; Chiang, 2025). If transformers
could solve a problem hard for NC! under FO reductions, then any NC! problem could be
solved in TC? by composing an AC? circuit for the FO reduction with the TC? circuit for the
complete problem. This would imply TC? = NC!, which contradicts the given premise.

We now justify that each of the mentioned problems is NC!-hard:

e The NC! completeness of the A5 word problem is a fundamental result (Barrington,
1986). This holds even for the variant where the input string is a sequence of
transpositions over 5 elements and the output is the number that 1 gets mapped to
(Merrill et al., 2024, Section 3).

e To show state-based recall is NC!-complete, we construct an FO reduction from
the transposition variant of the A5 word problem as follows. Given a sequence of
transpositions w, instantiate a fixed-length list where the first entry is 1 and others
are 0. Then simply copy over the list of transpositions from the As instance. By
construction, the output reconstructs the number that w maps 1 to.
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e The NC!-hardness of formula evaluation over booleans or integers is straightfor-
ward. Moreover, evaluating boolean formulas is also NC!-complete (Buss, 1987),
whereas evaluating integer formulas is PNC!-complete (Caussinus et al., 1998). [J

Next we formalize the memory limitations of RNNs (linear or nonlinear) using standard
techniques from communication complexity:

Lemma 2. Log-precision RNNS (including DeltaNet) cannot solve problems with Q)(n) communi-
cation complexity, which includes recall, state-based recall, and formula evaluation in Polish notation.
This result holds even with polynomial padding.

Proof. It is natural that the bounded state size of RNNSs restricts their expressive power
(Jelassi et al., 2024). Log-precision RNNs have a hidden state of size O(log ), and thus any
problem that requires passing (}(n) bits from prefix to suffix will not be expressible.

We next show that each of the listed problems have ()(1) communication complexity, i.e.,
require passing this many bits from prefix to suffix when processing via streaming:

e It is natural that recall problems (e.g., recognizing ww) have Q}(n) communication
complexity.

¢ State-based recall can be reduced to recall by a string homomorphism that sim-
ply deletes the state tracking tokens. Thus, it also requires )(7) communication
complexity.

¢ Finally, evaluating formulas in Polish notation has a communication complexity of
Q(n) (Merrill, 2021, Theorem 6).

With polynomial padding tokens, precision remains logarithmic in the input sequence
length:
O(log(n°)) = O(clogn) = O(logn).

Thus, we are still restricted to remembering at most O(log 1) bits of an input prefix. O

Thus, assuming both TC? # NC! and log precision, both transformers and linear RNNs
cannot solve state-based recall, the permuted A5 word problem, or formula evaluation. As a
side note, the same communication complexity argument also shows that RNNs cannot even
recognize recall languages like ww and wwR, which have communication complexity Q(n).

These simple languages are, however, in uniform AC’ and can also be easily recognized by
fixed-depth AHATs (Strobl et al., 2024).

E.2 Power of Hybrid Models

We now turn to proving the main results that hybrid models can solve problems beyond
the capabilities of both transformers and RNNs. In this section, we consider a hybrid
model where the transformer component is an AHAT, though the construction also goes
through with UHAT blocks as long as there is at least one linear RNN layer prior to it.
The inexpressibility part of the result applies to both UHAT and AHAT. Assume the initial
pointer values py, ..., ps are encoded in unary (binary encoding is discussed after the
following result and its proof) for the state-based recall problem.

Theorem 1 (Expressivity). There exists a hybrid model (GDN with neg. eigenvalues + averaging-
hard attention) that solves state-based recall, with just one alternation between layer types, in either
order. In contrast, no transformer (assuming TC? # NC!) or RNN can express this problem.

Proof. Lemma 1 shows transformers cannot solve state-based recall assuming TC? # NC.
Similarly, Lemma 2 shows log-precision RNNs cannot express state-based recall uncon-
ditionally. We now describe how hybrid models with a single alternation can express
pointer-based recall, considering each order separately.
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(GDN + Attention) First, we use GDN to read the pointers py, ..., p5 into a residual stream
cell, which can be done for either unary- or binary-encoded pointers. As mentioned in the
main text, the hybrid model can capture state-based recall by first composing permutations
over the pointers with a GDN block and then using attention to retrieve the value at p;.
Since each transposition can be expressed as an identity + rank 1 matrix, it can directly be
implemented by GDN (Grazzi et al., 2025). In the attention layer that implements recall, we
first use layer-norm to project the final value of p; onto the unit sphere, which we denote
¢(p1). At each input bit x;, we also compute the projection ¢(i) using standard tricks with
NoPE (Merrill & Sabharwal, 2024; 2025). We then implement the recall by attending with
query ¢(p1) over keys ¢ (i) and values x;. Since attention is maximized exactly when p; = i,
we will retrieve the correct bit x,,. Thus, we have constructed a hybrid model of DeltaNet
layers followed by attention layers that solves state-based recall.

(Attention + GDN) The order of layers is reversed, but the overall idea remains similar.
We first use an AHAT block to compute, for each pointer k, quantities ¢(pi/i) and ¢(1/1),
from which ¢(py) can be computed. This is possible with averaging-hard attention (hence
reliance on AHAT) because py is encoded in unary. Next, we use another layer of 5 attention
heads to retrieve each value x,, from each pointer py using query ¢(py), key ¢(i), and value
x;. Finally, we use GDN to implement transposition composition over the values xp,, ..., xp,
rather than over the pointers. Thus, in either order, one alternation allows a hybrid model
to express state-based recall. O

If GDN precedes attention, then this construction works for binary-encoded pointers in
addition to unary-encoded pointers, as well as for UHAT blocks. It follows that, with
more than one alternation, hybrid models (regardless of UHAT or AHAT) can also handle
binary-encoded pointers, since this setting subsumes the one where GDN precedes attention.

E.3 Padded Hybrid Models

First, we describe padding in a little more detail. Given a function t : IN — IN, a model
is run with t(n) padding as follows. For any input w, we append t(n) padding tokens
(0) to get a padded input w*(I*]), We then interpret the prediction at the final token of
this padded input as the prediction for w. We say that a language L can be recognized by
a transformer with polynomial padding if there exists ¢ and a transformer T such that T
recognizes L with n¢ padding.

We show that polynomially-padded hybrid models (with averaging-hard attention) can
capture all of NC!:

Theorem 4 (Padded Hybrid Models). With polynomial padding tokens, fixed-depth hybrid
models (averaging-hard attention + GDN with negative eigenvalues) can recognize any language in
FO-uniform NC',

Proof. Let L € NC!. Recognizing L can be decomposed to implementing an FO reduction to
an NC!-complete problem L'. Let L’ be the transposition variant of the S5 word problem

described by Merrill et al. (2024, Section 3.1). We use the fact that every language L € NC
is FO-reducible to L. That is, any w € X" can be mapped via an FO reduction to a new

sequence u of length n¥ such that H?il u; = 1if and only if w € L. We use a block of

transformer layers to implement the FO reduction from w to u. At this point, we have n*
padding tokens where token i encodes u;. Next, we can construct a fixed-depth GDN with
negative eigenvalues that recognizes L' (Grazzi et al., 2025), which is possible because each
element in the transition monoid can be written as an identity + rank 1 operator. Thus, by
composition, following Lemma 3 of Merrill & Sabharwal (2025), this hybrid model will
accept iff u € L. By construction, u € L' iff w € L. Thus, given an arbitrary language
L € NC!, we have constructed a hybrid model that recognizes L with n¢ padding, where c is
fixed for each L. O
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Based on recent work, Theorem 4 can be naturally extended to give the stronger lower bound
of FO-uniform PNC! using the fact that GDN with negative eigenvalues can represent PNC-
complete problems (Caussinus et al., 1998; Merrill et al., 2026). This implies padded hybrid
models can solve some additional problems not known to be in NC!, such as simulated
weighted automata or evaluating formulas over integers. Moreover, nonuniform PNC!
holds as an upper bound for hybrid models (Merrill et al., 2026). Thus, modulo details

about uniformity, PNC! represents an exact expressivity characterization for padded hybrid
models.

Moreover, recent related work has studied hybrid models that mix transformers with
weighted transducers, approaching such models from the perspective of expressive power
and learning theory (Mohri, 2026). Combined with the link between linear RNNs and
weighted automata (Merrill et al., 2026), there is a close connection between these models
and hybrid models that mix transformers and linear RNNs, with both architectures falling

in PNC! and capable of expressing PNC!-complete problems.

E.4 Role of Negative Eigenvalues

Finally, we provide Figure 17 illustrating the value of the negative eigenvalue extension
proposed by Grazzi et al. (2025).

1/1 -1 1/1 1 1 -1 01
T - - T
I —k¢k, —I—2(_1 1>—2(1 1) I —2k/k, —I—<_l 1>—(1 0)

(a) Without the negative eigenvalue extension  (b) With the extension, GDN implements a
(cf. Equation (1)), the eigenvalues are A € {0,1}.  “swap” operator with eigenvalues A € {£1}.

Figure 17: Let k' = (1, —1)/+/2; crucially, | k| = 1. Multiplying the low-rank term in
GDN by 2 allows transitions with a negative eigenvalue, enabling dynamics that alternate
between states (Grazzi et al., 2025). This is useful for state tracking tasks like parity and As.

F Additional Details: Synthetic Evaluations

This appendix documents the experimental setup used for the synthetic evaluation curves
in 85, including model architectures, the hyperparameter search protocol, curricula, and the
exact numbers plotted.

E1 Tasks and Evaluation Protocol

All tasks are generated online (no fixed dataset) by sampling code-like strings and training
models as next-token predictors.

Recall. A bitarray of size m is instantiated, followed by a query of the form assert bits[i]
== _. The model must output the correct bit. We evaluate across m € {4,8,16,32,64,128}.

State Tracking. Variables are initialized and updated by n swaps/assignments, followed
by a query assert v == _. We evaluate across n € {4,8,16,32,64,128}.

State-Based Recall. A bit array of size m is instantiated; variables are initialized to indices
in [0, m—1] and then updated by n swaps. Finally, the model must answer assert bits[v]
== _for a queried variable v. In the default state-based recall setting used in the synthetic
evaluations in §5, we set m = n and evaluate across n € {4,8,16,32,64,128}.

Metric. We report next-token accuracy on the final answer token (the token immediately
following the last ==). Each reported accuracy is computed over 256 freshly generated
evaluation samples at the specified difficulty.
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E2 Model Architectures

To address potential confounds from over-parameterization on shorter sequences, we use
a compact, standardized architecture across all three models. They share the same base
width and depth, differing only in their sequence-mixing layers (full attention vs. GDN vs.
hybrid). Table 14 summarizes the shared hyperparameters and the model-specific settings.

Table 14: Architecture hyperparameters used for synthetic evaluations.

Shared hyperparameters  Value

Layers (L) 4

Model width (dmoder) 256

FEN intermediate size (dg) 1024

Attention heads (H) 4

Head dimension (dpead) 64

Max positions 1024 (Recall) / 4096 (State Tracking, State-based Recall)

Transformer full softmax attention in all layers

Linear RNN (neg. eig.) GatedDeltaNet with allow_neg_eigval=True

Linear RNN (pos. eig.) GatedDeltaNet with allow_neg_eigval=False

Hybrid (neg. eig.) first 3 layers are GDN with allow_neg_eigval=True; last layer is
full attention

Hybrid (pos. eig.) first 3 layers are GDN with allow_neg_eigval=False; last layer is

full attention

E3 Training Details

We train with bf16 using the HuggingFace Trainer (AdamW). To ensure robust comparisons,
we standardize fundamental training parameters across all tasks: a batch size of 32, gradient

accumulation of 1, and a warmup period of 250 steps. Each experiment is conducted on a
single H100 GPU.

Because model performance on these synthetic algorithmic tasks is highly sensitive to the
learning rate, scheduler, and weight initialization, we conduct a systematic hyperparameter
sweep rather than relying on arbitrary fixed values.

Recall and State Tracking Sweep. For the Recall and State Tracking tasks, we randomly
sample 10 configurations from a grid of common learning rates (10~4,3 - 1074,1073) and
schedulers (cosine, constant). Models are trained for 50,000 steps (Recall) and 20,000 steps
(State Tracking).

State-Based Recall Sweep. State-based recall is a harder compositional task and exhibits
high sensitivity to initialization. Initial trials indicated that a learning rate of 10~3 was
unstable, causing all architectures to fail to learn. We therefore refined our search space

to learning rates of {1074,3-107*} and schedulers € {cosine, constant}. For each of the 4
combinations, we run 5 different random seeds across all three model types, totaling 120
runs. Models on this task are trained for up to 200,000 steps.

Curricula. To facilitate learning on these complex tasks, we employ task-specific cur-
riculum strategies. For State Tracking, we use a deterministic, time-based step schedule,
advancing the difficulty n through {8, 16,32, 64} at fixed cumulative step milestones (500,
1,500, 3,500, and 7,500 steps, respectively). For Recall, the task does not require a curriculum
and is trained directly on a fixed bit-array size of m = 128. For State-Based Recall, we
use a hybrid threshold-and-budget curriculum. The model starts at difficulty n = 8 and
advances through n € {8,16,32,64} if it achieves a 0.95 accuracy threshold (evaluated every
100 steps over a hold-out batch of 256 samples). To prevent stalling, the curriculum also
forces an advancement if a step budget is exhausted (10,000 steps for n = 8; 30,000 steps for
subsequent levels).
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Data Generation. All tasks are framed as next-token prediction over Python-like execution
traces. For State Tracking, we follow the method in Siems et al. (2026), where the generator
inserts intermediate assert statements to explicitly reveal parts of the evolving program
state across 5 variables. These reveals occur at fixed, difficulty-dependent intervals. For
Recall, the sequence simply consists of a bit-array definition followed by a direct query,
without any intermediate state updates. For State-Based Recall, which composes state
tracking and retrieval, we use intermediate assert statements but further strengthen the
supervision and discourage pattern-matching through two techniques: first, we randomize
the spacing between assert statements across examples (sampling uniformly from powers
of 2 up to n); second, we mix in a fraction of strict examples (20%) that omit intermediate
assert statements entirely, forcing the model to answer the final query.

No-Negative-Eigenvalue Ablation. In addition to the main three-model comparison,
we evaluate ablated linear-RNN and hybrid variants in which the GDN blocks disallow
negative eigenvalues by setting allow_neg_eigval=False. These ablations use the same task
definitions, metrics, and curricula as the main experiments.

Run Selection Criteria. To report the final numbers for synthetic evals in §5, we select
the best run for each model and task using a strict, standardized criterion: we identify
the run that achieves the maximum accuracy on the hardest difficulty setting (maximum
sequence length / max steps) at the final evaluation step. In the event of a tie, we break the
tie by looking at the accuracy of the next longest length, continuing until a clear best run is
isolated.

The exact numbers plotted in Figure 5 are detailed in Tables 15-17.

Table 15: State tracking accuracy (varying number of updates 7).

n  Transformer Linear RNN (neg. eig.) Linear RNN (pos. eig.) Hybrid (neg. eig.) Hybrid (pos. eig.)

4 0.51172 1.00000 1.00000 1.00000 1.00000
8 0.27734 1.00000 1.00000 1.00000 1.00000
16 0.17188 1.00000 0.97266 1.00000 1.00000
32 0.23047 1.00000 0.64453 1.00000 1.00000
64 0.19922 1.00000 0.21484 1.00000 0.96094
128 0.23047 1.00000 0.22266 1.00000 0.36328

Table 16: Recall accuracy (varying bit-array size m).

m  Transformer Linear RNN (neg. eig.) Linear RNN (pos. eig.) Hybrid (neg. eig.) Hybrid (pos. eig.)

4 1.00000 1.00000 1.00000 1.00000 1.00000
8 1.00000 1.00000 1.00000 1.00000 1.00000
16 1.00000 1.00000 1.00000 1.00000 1.00000
32 1.00000 1.00000 1.00000 1.00000 1.00000
64 1.00000 0.83203 0.80078 1.00000 1.00000
128 0.96484 0.67578 0.67188 1.00000 1.00000

Table 17: State-based recall accuracy (varying number of swaps n, with m = n).

n  Transformer Linear RNN (neg. eig.) Linear RNN (pos. eig.) Hybrid (neg. eig.) Hybrid (pos. eig.)

4 0.82031 1.00000 0.76953 1.00000 0.85938
8 0.75000 1.00000 0.99219 1.00000 0.99219
16 0.73828 1.00000 0.85547 1.00000 0.93750
32 0.73828 1.00000 0.64453 1.00000 0.68750
64 0.62891 0.78125 0.59766 1.00000 0.61328
128 0.54297 0.63672 0.57422 1.00000 0.57031

44



Published as a conference paper at COLM 2026

G Scaling Laws: Details and Additional Results

G.1 Scaling Laws: Formulation

Scaling Laws Formulation.  Scaling laws describe the behavior of the language modeling
loss as a smooth power law with model size and data budget (Kaplan et al., 2020). Hoffmann
et al. (2022) investigate scaling laws with the parametric form

A B
N Dp’
where the number of parameters N and number of training tokens D are the independent
variables. The quantity E is the irreducible loss, i.e., the loss that would be attained with
infinite resources. The other fit parameters govern how efficiently loss is reduced when
N, D are scaled. The coefficients A and B capture fixed-factor improvements in the resources
required to reach a target loss: reducing either by a factor k with fixed E implies that the
same target loss can be reached with a k-fold reduction in resources. Finally, the exponents «
and B govern the rate at which loss improves with scale, though generally these exponents
are not changed much by architecture choices. Comparing these parameters between two
architectures provides a principled way to quantify which is fundamentally more compute-
or data-efficient.

L(N,D) =E+ @)

We now fit scaling laws to evaluate how efficiently hybrid models scale relative to other
architectures. We evaluate three architectures—a pure transformer, a pure GDN, and a hy-
brid GDN architecture with every fourth layer being a full transformer block—across scales
from 60M to 760M parameters, fitting scaling laws to estimate their coefficients and project
performance at larger compute budgets. We follow an isoparams data collection strategy
(Hoffmann et al., 2022): for each model size N € {60M, 100M, 190M, 370M, 600M, 760M, 1B},
we train a model at 0.5x%,1x,2x,4x, and 8 x Chinchilla-optimal tokens (20 tokens per pa-
rameter). Naively, this would require launching five separate runs per architecture and
parameter budget. We avoid this by using a WSD-5 (warmup-stable-decay with periodic
resets) learning rate schedule (Hu et al., 2024; Wen et al., 2025), which is token-agnostic:
the learning rate at step ¢ does not depend on the total number of tokens T. This allows us
to reuse intermediate checkpoints from a single long run to collect loss measurements at
different data budgets D. More precisely, we decay the learning rate for 5% of the training
tokens to 0 at each of the five Chinchilla factors to obtain the trained checkpoint for that
Chinchilla factor. Decaying the learning rate at each of the five Chinchilla factors and
evaluating the resulting checkpoints yields five (N, D, L) triples from a single training run
per architecture and parameter count.

We run this procedure for three models:

1. The transformer baseline based on the Olmo 3 model,
2. A fully linear RNN (GDN), and

3. A hybrid model with a 3 : 1 GDN-to-transformer layer ratio—the architecture that
forms the basis of Olmo Hybrid.

We train all architectures under matched conditions: identical training data (Olmo 3 32B
mix), optimizer settings, batch size scaling, and evaluation. The only difference between
runs is the architecture itself.

Model Specification. Rather than matching parameter counts exactly, we match the archi-
tectural blueprint—the number of layers, heads, and the hidden dimension—of each model
to that of Olmo 3 at each scale. This results in models with different numbers of parameters.
We account for these differences by focusing on performance as a function of the training
FLOPs and fit the scaling laws with respect to the exact number of parameters. The detailed
configurations are presented in Table 22.

Fitting and Using Scaling Laws. Given the collected (N, D, L) data triples (35 per archi-
tecture; 5 for each of the 7 scales), we fit parametric scaling laws following Approach 3 of
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Hoffmann et al. (2022): we directly fit L(N,D) = E + A/N* + B/DP by minimizing the
Huber loss of log L between predictions and data. We model the validation loss, computed
as the average cross-entropy across 11 held-out evaluation domains: C4 (Raffel et al., 2019),
Dolma Books, Dolma Common Crawl, Dolma pes2o, Dolma Reddit, Dolma Stack, Dolma
Wiki (Soldaini et al., 2024), ICE (Greenbaum & Nelson, 1996), M2D2 S20RC (Reid et al.,
2022; Lo et al., 2020), Pile (Gao et al., 2020), and WikiText-103 (Merity et al., 2016). Averaging
across domains provides a less noisy and more representative signal than any single valida-
tion set. Following Hoffmann et al. (2022), we use Huber loss to reduce sensitivity to outliers
from training instabilities. The fit is performed jointly over all (N, D, L) triples for each
architecture separately. To assess uncertainty in our scaling law estimates, we additionally
compute 95% confidence intervals via bootstrap resampling (1,000 iterations).

Free and Fixed-Exponent Fits. We fit scaling laws in two ways. In the unconstrained fit,
all five parameters (E, A, «, B, B) are free; this provides the most flexible fit that explains
the scaling laws but yields wide bootstrap confidence intervals, making per-coefficient
comparisons unreliable. We therefore also present a fixed-exponent fit in which we fix «
and p across all architectures and fit only E, A, and B. Fixing the exponents concentrates
the remaining variance onto the efficiency coefficients, enabling more statistically robust
comparisons between architectures. Full details on the data used for fitting, the optimization
procedure, and the construction of all figures and tables in this section are provided in §G.3.

G.2 Additional Results

This section supplements §4 with the full scaling law coefficient table with confidence
intervals (Table 18), compute-optimal loss predictions across all three architectures and
compute budgets (Table 19), projected token savings by scale (Table 20), and scaling law
residual diagnostics (Figure 18).

Scaling Coefficients. Table 18 reports the full Chinchilla scaling law coefficients for all
three architectures under both the unconstrained fit (all five parameters free) and the
fixed-exponent fit (x = B = 0.22 shared; only E, A, B refit), together with 95% bootstrap
confidence intervals. The unconstrained fit yields wide Cls due to high joint uncertainty
when exponents are free; the fixed-exponent fit tightens the CIs considerably. The clearest
signal is in B (data efficiency): the hybrid’s B = 83.7 (CI [80.2, 87.1]) is robustly lower than
the transformer’s 94.9 (CI [88.7, 102.0]), with non-overlapping CIs. The parameter coefficient
A slightly favors the hybrid (70.1 vs. 71.8) but the Cls overlap. In the fixed-exponent fit the
ordering of the irreducible loss E reverses relative to the unconstrained fit: the transformer
achieves a lower E (1.569, CI [1.54,1.60]) than the hybrid (1.597, CI [1.58,1.61]), suggesting
the apparent advantage in E for the hybrid in the unconstrained fit was a fitting artifact.
The scaling exponents a and f are statistically indistinguishable across architectures—the
ClIs broadly overlap in the unconstrained fit—consistent with the theoretical prediction that
expressivity shifts efficiency constants without altering exponents (§5).

Table 19 reports compute-optimal model sizes, dataset sizes, and predicted losses for all
three architectures across compute budgets from 10'® to 102> FLOPs. The pure GDN achieves
modest point-estimate loss improvements (A ~ —0.02 to —0.05) across scales, though these
are smaller than those of the hybrid model, reflecting its weaker data efficiency B despite
lower parameter coefficient A. Every pure-GDN A interval includes zero, however, so the
results do not suggest a statistically significant advantage. The hybrid’s A interval excludes
zero at 10'8-10%° FLOPs and includes zero at 10?! and above, roughly corresponding to
where the compute-optimal N* leaves the 60M-1B fitting range. The compute-optimal
allocation for each architecture is derived from the fitted scaling laws as described in §G.3.

Table 20 reports the projected token requirements and savings factors at a discrete set of
model scales. The savings factors are estimates obtained by inverting the fit, and their
bootstrap intervals include 1%, so at some scales the data are compatible with no token
savings at all.
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Arch. E A o B B dopt bopt R?

Free fit (all five parameters fit independently)
1.65 108.83 0.25 83.45 0.21 0.46 0.54

Transf. | 11 212,4487]  [014.034] [296,4950] [05,030] [033,068] (032,067 0208

Hvbrid 1.60 71.14 0.23 81.72 0.22 0.49 0.51 0.999
y [1.25,172] [248,1453] [0.15,027] [37.4,2196] [0.18,027] [041,064] [0.36,059] -

GDN 1.46 36.24 0.18 102.72 0.23 0.55 0.45 0.999

[1.16,1.75]  [19.0,113.3]  [0.14,0.26]  [52.1,214.8] [0.19,0.26]  [0.45,0.65]  [0.35,0.55]
Fixed-exponent fit (v = B = 0.22 shared; only E, A, B refit)
1.55 66.63 94.85

Transf. (152,158 [619,69.4] 0.22 (893, 101.4] 0.22 0.50 0.50 0.998
. 1.58 65.09 83.65

Hybrid (156,159  [628,67.3] 0.22 799, 87.0] 0.22 0.50 0.50 0.999
1.61 62.38 90.80

GDN (159,162]  [605, 64.8] 0.22 (87.4,93.3] 0.22 0.50 0.50 0.999

Table 18: Fit Chinchilla scaling law parameters for L(N,D) = E + A/N* + B/DF. 95%
bootstrap CI shown below each estimate. Top: unconstrained fit where all five parameters
are fit independently per architecture. Bottom: fixed-exponent fit where « = g = 0.22
(in gray cells) (approximately the mean of the unconstrained estimates) are shared across
architectures; only E, A, B are refit. Equal exponents imply aopt = bopt = 0.5.

Table 19: Compute-optimal model size (N*, billions), dataset size (D*, billions of tokens),
and predicted loss for all three architectures. Each architecture’s fitted aopt, bopt determine
its compute-optimal allocation (C = 6 ND). For each loss entry: [loss C1] on the second line; [a
c1] on the third line (loss reduction relative to the transformer). All ClIs are 95% bootstrap
intervals. These are projections and should be read with car as many A interval include
zero (no difference). The compute-optimal N* are extrapolations of one to two orders of
magnitude. See §G.4.

Transformer Hybrid GDN Pure GDN

FLOPs N* D* Loss N* D* Loss N* D* Loss

357 3.46 3.53

1018 0.2 0.8 [%m'“wﬂl 0.2 0.7 [3.42, 3.49] 0.2 1.0 [3.50, 3.55]
R [~0.19, —0.05] [—0.10, +0.01]

312 3.04 3.10

10 06 29 ot 07 23 [3.02,305] 06 29  [309310]
I [—0.11, —0.05] [—0.05, 4+-0.00]

278 2.71 2.76

1020 16 102 [27;”9] 2.2 74 [269,2.72] 2.0 82  [274,277
ot [~0.10, —0.04] [-0.04, +0.01]

251 2.46 2.49

102! 47 355 BpE. 70 240 (241,248 73 229  [246252]
i [~0.11, +0.01] [~0.07, +-0.04]

231 2.27 2.27

102 135 1236 Do ase) 216 772 [2.18,2.30] 260 641  [223,233]
Sl eb [—0.14, +0.06] [—0.10, +0.08]

215 2.12 2.10

108 387 430.2 o025 67.0 248.7  [2.00,2.16] 93.0 179.2  [2.03,2.18]
S e [—0.17, +0.11] [—0.14, +0.12]

Fit Quality. The R? values from Table 18 (0.998 for Olmo 3, 0.999 for the hybrid model,
and 0.999 for the linear RNN) indicate that the power-law form fits the observed data
well. Figure 18 provides additional diagnostics for the quality of the fits. Panel (a) shows
(signed) relative prediction errors ((L — L.)/L) x 100% as a function of predicted loss L,
for all data points across all model sizes. Residuals are small (within +1%) and scattered
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Table 20: Projected token requirements across model scales (target loss = 2.474, selected as
the minimum of all observed training losses). Savings > 1x means fewer tokens needed
than the transformer. 95% bootstrap CI shown below each estimate. These are estimates
from a fit over 60M-1B models, and the savings interval includes 1x (no savings); they
should be read as projections consistent with the fit rather than as resolved effects. See §G.4.

Transformer Hybrid Pure GDN

N D D Savings D Savings

1B 77658 5871B 192X gg9ep 082X

[0.67, 4.02] [0.45, 2.50]

3B 9008 572B 17X g9sg 113X
[1.11,2.50] [0.77, 1.63]

1.68x 1.30%

7B 351B 2098 70 27.0B

13B 2158 123B 172X q5pp 141X
[0.84, 4.12] [0.65, 2.75]

30B 131B 728 182X g4p 10X
[0.77, 4.98] [0.61, 3.44]

1.89% 1.70x

70B 90B 488 U 538 7

around zero, confirming that the Chinchilla parametric form is an adequate model for all
three architectures. Panel (b) reports the mean absolute relative error grouped by model size,
showing that fit quality is consistent across the full range of scales (60M-1B parameters).

Scaling law fit diagnostics — Transformer R? = 0.9976, Hybrid R? = 0.9993, Pure GDNR? = 0.9994

(a) Fit Residuals (b) Error by Scale
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Figure 18: Scaling law fit diagnostics. (a) Residuals are small and unbiased for all archi-
tectures. (b) Mean absolute relative error stays below 1% across all observed model sizes.

Overall: Olmo 3 R? = 0.9976; Hybrid R? = 0.9993; Pure GDN R? = 0.9994.

Prediction Validation. Table 21 validates the fitted scaling laws against held-out large-
scale models not used during fitting: Olmo 3 7B, Olmo 3 32B, and Olmo Hybrid 7B. Despite
extrapolating well beyond the fitting range (60M-1B parameters), the predicted losses match
the observed values within 0.28-1.69%, indicating that each architecture’s loss extrapolates
well to larger scale.
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Figure 19: Extended downstream eval training curves comparing Olmo Hybrid 7B and
Olmo 3 7B across 6 benchmarks, sorted by token efficiency (see Figure 1 for CE loss and
MMLU training curves). Olmo Hybrid reaches Olmo 3’s final performance using 19-58%
fewer tokens depending on the benchmark.

Architecture  Model N D Observed Predicted Error (%)
Transformer  Olmo 3 7B 59T 2.17 2.16 0.28
Transformer  Olmo 3 32B 5.5T 2.02 2.05 1.69
Hybrid GDN  Olmo Hybrid 7B 55T 2.14 2.14 0.28

Table 21: Scaling law prediction validation against final models. Prediction errors remain
below 2% for these three held-out models despite differences between the scaling studies
and large-scale training runs.

G.3 Details on the Scaling Law Fits

Data Used for Fitting. Each architecture’s scaling ladder consists of models trained at
seven sizes and five Chinchilla multiples per size (D/N € {10,20,40,80,160}), using post-
decay checkpoints only (i.e., checkpoints after the learning-rate decay completes). The
loss signal is the average of 11 held-out validation cross-entropy losses spanning diverse
domains (C4, books, Common Crawl, Pes20, Reddit, Stack, Wikipedia, ICE, S20RC, Pile,
and Wikitext-103); this averaging reduces noise from any single domain. Non-embedding
parameter counts are used throughout (embedding and language-model head parameters
are excluded), and architecture-specific FLOPs are computed analytically using the parallel
(chunkwise) formulations described in §H.2.

Scaling Law Fitting. We fit the Chinchilla parametric form L(N,D) = E + A/N* + B/DF
by minimizing a Huber loss over the log-residuals, using a multi-start grid optimization
(with six slices of the parameter space) to avoid local minima. Bootstrap confidence intervals
(95%, n = 1,000 resamples) are computed by resampling data points with replacement and
re-fitting.
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Construction of Figure 6. In each panel, thin curves connect the five post-decay check-
points (one per Chinchilla multiple) for a given model size, and a bold curve shows the
fitted scaling law L(N, D) evaluated at the compute-optimal frontier: for each C, N and D are
allocated optimally and the predicted loss is computed. Whereas we normally compute the
FLOPs as C = 3 x Fgyq % D, where Fp,q is the architecture-specific forward-pass FLOPs per
token (see §H.2), in Figure 6(a) we use the simplification C = 6 ND for all architectures. In
panel (b), thin curves connect checkpoints of different model sizes at the same Chinchilla
multiple, and in panel (c), they connect checkpoints of the same size at different Chin-
chilla factors. In both cases, the bold curve is evaluated at the largest Chinchilla multiple
(D/N = 160).

Construction of Table 19. Here, we again use the simplification C = 6 ND. For each
compute budget C = 6ND, the compute-optimal allocation is derived from the first-order

condition «A/N* = BB/DF, which gives

C \ "ot C
N* = (= D =
() " P e

where G = (BB/aA)'/P and aope = B/ (a + ) is each architecture’s fitted compute-optimal
exponent. The predicted loss L(N*, D*) and the difference A relative to the transformer are
reported with 95% bootstrap confidence intervals.

G.4 Limitations of the Scaling-Law Analysis

We adopt the Chinchilla framework because it is the best established methodology for
comparing scaling efficiency across architectures. However, it is an imperfect proxy for
behavior at large scales. Here, we list some caveats so that our results are read as suggestive
rather than definitive.

Extrapolation Beyond the Fitted Regime. We fit on models of 60M-1B non-embedding pa-
rameters trained at 0.5x-8x Chinchilla-optimal tokens. Table 20 projects to 70B parameters
and Table 19 to 102 FLOPs, one to two orders of magnitude beyond that range. Power-law
fits are noisy under extrapolation of this size, and small differences in the fitted coefficients
compound as the projection horizon grows: this is visible in the widening intervals down
the columns of both tables.

Hyperparameter Sensitivity. All three architectures share the Olmo 3 optimizer settings,
batch-size scaling, and learning-rate schedule; only the architecture varies. This isolates
the architecture as the sole variable, but it also means the hyperparameters were selected
for a transformer and were not re-tuned per architecture at each scale. Fitted scaling-law
coefficients are known to be sensitive to such choices, so the estimates are conditional on
this recipe.

Choice of Target Loss. Table 20 fixes a single target loss (2.474, the minimum training loss
observed anywhere in our ladder). Savings factors depend on this choice, and near the edge
of the achievable loss range small changes in the fit produce large changes in the required
token count. This is why the 1B row carries by far the widest interval.

H Scaling Laws and Ablation Studies: Architectural and Computational
Details

H.1 Architectural Details

All models in our scaling ladder and ablation experiments share the same base Olmo 3
hyperparameters at each size (see Table 22): model dimension d, number of attention heads &,
number of layers I/, and vocabulary size V = 100,352 (the Dolma 2 tokenizer, padded for
efficient embedding lookups). We provide some additional details on the architecture below.

50



Published as a conference paper at COLM 2026

Olmo 3 (Transformer Baseline). Each Olmo 3 layer consists of a multi-head self-attention
sub-layer followed by a SwiGLU MLP (Shazeer, 2020), with RMSNorm (Zhang & Sennrich,
2019) applied before each sub-layer (pre-norm). Attention uses rotary position embeddings
(RoPE; Su et al., 2024) and QK-norm. No grouped-query attention is used: the number
of key—value heads equals the number of query heads. The MLP hidden dimension is

L% . %] 256, where [-]256 rounds up to the nearest multiple of 256. The embedding and
language-model head matrices are untied.

Hybrid (GDN-Transformer). Hybrid GDN models use the same d, h, and [ as Olmo 3 but
replace a fraction of the attention sub-layers with GDN sub-layers (Yang et al., 2025a). In
our default configuration, every r-th layer is an attention layer and the remaining layers are
GDN layers, where 7 is the transformer ratio (default r=4, i.e., a 3:1 linear layer to attention
ratio). We additionally enforce the final layer be an attention layer; if it is not already
selected by the every-rth rule, it is added.

Each GDN sub-layer computes query, key, and value projections with head dimension
hgpn = [0.75 - d/h]128, yielding a key dimension of k = h - hgpn and value dimension
v = h-2hgpn (i-e., the value dimension is expanded by a factor of 2). The GDN sub-
layer further includes two scalar per-head parameters (Ajog and dty;as), short depthwise
convolutions (kernel size 4) over the g, k, and v streams, a gate projection, and an output
projection. Each GDN layer retains the same SwiGLU MLP and two RMSNorms as in the
Olmo 3 block.

Pure GDN. Pure GDN models replace all attention layers with GDN layers (i.e., r=0) and
do not force a final attention layer. All other hyperparameters are identical to the hybrid
variant.

Hybrid Mamba2 (Mamba2-Transformer). Hybrid Mamba2 models follow the same layer
interleaving scheme as Hybrid GDN (r=4 by default with a forced final attention layer), but
substitute Mamba2 (Dao & Gu, 2024) for the non-attention layers. The Mamba2 sub-layer
uses an expansion factor of 2 (intermediate size = 2d), state size n = 128, ngroups = 1,
and a depthwise convolution with kernel size 4. In our hybrid Mamba2 configuration, the
Mamba?2 layers retain the full MLP from the attention blocks.

H.2 Parameter Count and FLOP Computations

We report total (non-embedding) parameter counts and forward-pass floating-point opera-
tions (FLOPs) per token for each model. Both quantities are computed analytically from the
architecture specification; the formulas are detailed below.

Parameter Counting. The total parameter count is the sum of embedding, language-model
head, per-layer, and final layer-norm parameters:

1

14
Now = Vod+ Vod + Y N+ d_ ©
embed LMhead (=1 final norm
where Nl(f;er depends on the layer type. Non-embedding parameters are Nyon.emp =
Niotal — V - d.

For an attention layer, the sub-layer parameter count is:

Nattn = 4d* 2d 3d-d 2d 4
attn + + MLP + , (4)
QXK,V,O projections  QK-norm  gwiGLUMLP 2 RMSNorms

where dyrp = (% . %] 256 is the MLP hidden size.
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Table 22: Architecture configurations and non-embedding parameter counts (millions). d:
model dimension, #: number of attention heads, I: number of layers. Architectures at the
same nominal scale can differ substantially in parameter count due to differences in layer
composition.

Architecture Attn % 60M 100M 190M 370M 600M 760M 1B
d 384 512 768 1024 1280 1536 2048
h 8 8 12 16 16 16 16
I 8 12 12 16 16 16 16
Pure Architectures
Transformer 100% 57 102 190 371 548 758 1279
GDN 0% 78 140 276 574 780 1011 1549
Mamba?2 0% 61 110 207 410 606 841 1423
Hybrid: Interleaved Attention
GDN (1:1) 50% 68 121 233 472 664 885 1414
GDN (3:1)* 25% 73 130 254 523 722 948 1482
GDN (7:1) 12.5% 75 133 262 548 751 980 1516
Mamba2 (3:1) 25% 60 108 203 400 592 820 1387
Hybrid GDN (3:1): Middle Placement
Interleaved (reference)* 25% 73 130 254 523 722 948 1482
Middle 25% 70 127 247 510 707 932 1465
Hybrid GDN (3:1): Gate/Eigenvalue Ablations
Neg EV, gate* 25% 73 130 254 523 722 948 1482
Neg EV, no gate 25% 73 130 254 523 722 948 1482
Pos EV, gate 25% 73 130 254 523 722 948 1482
Pos EV, no gate 25% 73 130 254 523 722 948 1482
Pure GDN: Gate/Eigenvalue Ablations
Neg EV, gate 0% 78 140 276 574 780 1011 1549
Pos EV, gate 0% 78 140 276 574 780 1011 1549
Neg EV, no gate 0% 78 140 276 574 780 1011 1549
Pos EV, no gate 0% 78 140 276 574 780 1011 1549

For a GDN layer, letting k = I - hgpn and v = 2k denote the total key and value dimensions:

NcpnN = d(Zk +0v+ Zh) + 2h + (Zk + Z)) . é + do (5a)
qkyvab Alogs dtbias  short convolutions gate
projections projection
+ v + vd + & dMLIj + 2d . (5b)
norm output MLP norms
projection

For a Mambaz2 layer, letting e = 2d (intermediate size), ¢ = e + 2ngroups - 7 (convolution
dimension), and p = e + ¢ + h (projection size):

Nmamba? = p+p+c-4+ 3 + e + e-d+d + 3d-dyp + 24 . (6)

d.
——
in projection ~ convld  dtAD  norm - out projection  SwiGLUMLP  layer norms

H.2.1 FLOP Counting

We estimate forward-pass FLOPs per token using the standard convention FLOPs = 2 x
MACs (multiply-accumulate operations). The total FLOPs per token are:

_ (6)
F=2| d.V +) M|, @)
LMhead =1
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(€)
where Mlayer

as they involve no arithmetic. For attention layers, the MACs per token include both the
projections and the sequence-length-dependent attention computation. For causal attention,
we use the average context length sq¢ = 5/2:

is the per-token MAC count for layer ¢. Embedding lookups are excluded

d d 5
Matin = 4d>, + h- o Seft T e Ses o s+ 3d - daip (8a)
QKVO S~>—m——— N—— —— MLP
scores (QKT)  output (attn-V) softmax
= 4d* +ds + 3d - dypp, (8b)

where s is the sequence length. The factor % in front of the softmax contribution accounts
for the 5s.¢ FLOPs usually attributed to softmax normalization (Beck et al., 2026) divided
by 2 since the expression computes MACs.

For the linear recurrent layers (GDN and Mamba2), we first present per-token MACs in the
recurrent formulation, and then describe the chunkwise parallel formulation used during
training.

Recurrent Formulation. For GDN layers, the per-token MACs include projections, con-
volutions, the recurrence, and the MLP. The delta rule requires three state interactions
(retention projection, state update, output projection):

Mcpn =d(2k+v+2h) + 4(2k+v) + dv, + ovd (9a)
—_—— ——— ~~ ~
linear projs depthwise convs ~ 8at€ proj  out proj
3 hepn - 2hapy +3d - dyirp - (9b)
a/—/
recurrence MLP
(Sk,uv™,Sq)

For Mamba2 layers, the recurrence involves two state interactions (state update and output
projection):

e

M =d-p+ 4 +ed +2-h-—-n +3d-d . 10
mamba?2 p \ , . 2 h MLP ( )
in proj convld out proj SN——— MLP
SSM recurrence
(vkT,Sq)

Parallel (Chunkwise) Formulation. While the recurrent formulation above describes
inference-time FLOPs, training utilizes hardware-efficient chunkwise parallel algorithms.
For Gated DeltaNet, we utilize the Extended WY Representation algorithm (Yang et al.,
2025a), which folds the data-dependent decay terms directly into the update matrices,
avoiding the need for log-space computations or sub-tiling required by previous gated
linear attention methods (Yang et al., 2024b). Training FLOPs account for the overhead of
intra-chunk local attention and inter-chunk state passing.

For GDN layers, the Extended WY algorithm introduces overheads proportional to the
chunk size L,k (set to 256) for constructing the kernel, update matrices (W, U), and
computing local attention.

kv
MGDN,train = Mproj,conv,MLP + Lchunk(3k + 20) + 3 n ’ (11)
LA ——_———— _

sequence-independent  intra-chunk overhead

(Kermel, /U Attn) S

where Mo convMLP Tepresents the cost of projections, convolutions, and MLPs (identical to
the recurrent formulation). The intra-chunk coefficient (3k + 2v) accounts for the construc-
tion of KK, W, U, QK ', and the final output computation. The inter-chunk cost (3kv/h)
represents the three matrix multiplications required to propagate the hidden state (QS,
UTK, Wsh).
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For Mamba?2 layers, utilizing the sequential chunkwise algorithm (instead of parallel scan)
reduces the state-passing overhead to simple unidirectional updates:

M = Mpor +2-L et 2-e-n 12
mamba2,train prOJ,COHV,MLI: chunk * © Tk’ (12)
g i - inter-chun
sequence-independent gggncll&iglg state passing

where e is the intermediate size and # is the state size. The inter-chunk cost accounts for the
unidirectional state passing (state update S + VK and output computation QS ") required
by the sequential algorithm.

For the scaling law fits, we use the analytically computed training FLOPs per token F (using
the parallel formulation) to obtain the compute estimate C = 3FD (accounting for forward
and backward passes).

I Proofs: Do More Expressive Models Scale Better?

In the main text, we have theoretically explained how increasing an architecture’s expressiv-
ity can lead to better scaling on a language modeling objective, working in the idealized
setup of the quantization model for neural scaling laws. We now clarify details of the
quantization model and provide deferred proofs.

Michaud et al. (2023) introduce the quantization model of neural scaling laws, which we
will augment to take into account expressivity limitations of different architectures. First,
we fully define the quantization model, starting with the assumptions it makes and the
notion of a learnable task:

1. Language modeling consists of a large number of discrete tasks (originally called
“quanta”), each of which is either unlearned or learned.

2. The distribution of tasks in the data follows a power law, like the Zipfian distribution
of word types in natural language. Each token leverages exactly one task, and the
probability of a (training or test) token leveraging task k is py o k~(*+1) for & > 0.

3. Task k is learnable once a critical threshold Tj of relevant tokens leveraging it have
been observed in the training data. An LM learner acquires learnable tasks in order

of their rank k, spending parameters Cy on each one (formalized in Definition 2 in
§I). Learning a task reduces loss on tokens leveraging it.

Definition 1 (Learnable Task). Task k is learnable with D tokens if D > iTk’ i.e., we can
expect to observe enough relevant tokens leveraging task k within the D tokens.

In the quantization model, an idealized LM learner proceeds by allocating parameters to
learn learnable tasks, ordered by their frequency:

Definition 2 (Quantization Model). The learner is given N parameters and D samples. It
proceeds by ranking all tasks k learnable with D samples by their frequency py in the data,
greedily spending Cj samples to learn task k in this order until the parameter budget N is
exceeded.

Let Xy be a random variable representing the loss achieved on task k. We will analyze L, the
expected loss across all tasks, which can be defined as

L=E

Y Xepr
k=1

We first stipulate that each of these tasks is expressible or inexpressible by our LM, indepen-
dent of its frequency in the data:

Assumption 1 (Only Some Tasks Are Expressible). For a given architecture, each task is
either expressible or inexpressible, modeled as an iid boolean random variable where the
probability that any individual task is expressible is 1 — €.
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Increasing expressive power (e.g., going from a transformer to a hybrid model) corresponds
to decreasing €. We will analyze the expected loss under Assumption 1. Conceptually,
increasing a model’s expressivity (1 — €) could improve scaling efficiency because it increases
the proportion of tasks that a model can learn efficiently, which is the mechanism by which
loss decreases. There are two plausible mechanisms: first, the model might fail to learn
inexpressible tasks entirely, or, second, the model might approximate them but require more
parameters and data because the architecture does not admit a compact subnetwork for
solving the task. We formalize a unified expressivity-aware extension to the quantization
model that allows for either (or both) of these effects of expressivity. First, we formalize the
fact that the loss achieved on a task after it has been learned may depend on whether the
task is expressible:

Assumption 2 (Expressible Tasks Can Be Learned to Lower Loss). Tokens leveraging
unlearned tasks incur loss Ly. If a task k has been learned, the loss incurred by the learner
on a token leveraging k is reduced to Ly — A if k is expressible by that learner and to Ly — A’
if k is inexpressible, for some A, A’ > 0and A’ < A.

We will refer to A and A’ as loss reductions for expressible and inexpressible tasks, respectively.
When A’ =0, inexpressible tasks cannot be learned at all (as briefly explored by Michaud,
2026), and when A" = A, they can be fully learned, though they might require more resources
(parameters and data) to learn.

We now formalize the resource requirements of different tasks. In the original quantization
model (Michaud et al., 2023), all tasks require the same number of parameters C to represent
and have the same sample complexity T. In contrast, we now imagine that the number of
parameters and tokens needed per task can change based on whether the task is expressible:

Assumption 3 (Expressible Tasks Can Be Learned with Fewer Parameters and Tokens).
Each expressible task is representable with C parameters and learnable with T relevant
tokens. An inexpressible task requires C' > C parameters to represent approximately and is
learnable with T’ > T relevant tokens.

Assumption 3 can be motivated as follows. If a task is fully expressible, a small subnetwork
exists that solves the task across all inputs, requiring a reasonable number of samples to learn.
If the task is inexpressible, no such small subnetwork exists, but the model can still learn
a large lookup table that approximates the function over common inputs, requiring more
samples to cover every case. This connection between expressiveness and succinctness of
representation recalls philosophical arguments in theoretical computer science for analyzing
computation in terms of infinite formal languages (Savitch, 1993). It is natural to imagine
that expressibility leads to an exponential reduction in required resources (i.e., C' = 2°),
though we do not need to commit to this. The case where C' = C recovers the case where
inexpressible tasks do not require more parameters.

It follows from these assumptions that, for an unlearned task, Xy = b, but, for a learned
task,

/

x, — @ wp.l—e€
K7\ otherwise.

In contrast, for any task k, we have the following sample complexity and parameter require-
ments:

T’ otherwise.

Ck:{C wp.1—¢€

Tk:{T wp.1—€

C" otherwise.

We will assume T” > T, that is, inexpressible tasks require at least as many samples to
approximate as expressible tasks. It is natural to imagine C’ > C, though we may also
consider the case where C’ = 0 and A’ = 0, i.e., inexpressible tasks are completely ignored
by the learner.
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I.1 Scaling Law with Tasks Learned

We first slightly generalize the original scaling law from Michaud et al. (2023) in the follow-
ing way:

Lemma 3. For every learned task k, let Xy be an independent random variable with mean a.
Similarly, for every unlearned task k, let X be an independent random variable with mean b. Then
the expected loss L, after learning n tasks is

. b—a &
n=at 220y g,
T e A
Further, the following Ly closely approximates Ly:
b—a
L, = —n "
n=at+ al(a+1) e

in the sense that L, .1 < L, < Ly, and the true loss L, rapidly converges to the power law Ly, with
relative error O(1/n).

Proof. The expression for the first part, L,, is a straightforward extension to the original
derivation from Michaud et al. (2023). For the approximation, we observe that the terms in

the summation y° ; n~(@+1) represent a step function, which is naturally lower and upper
bounded by the corresponding continuous “envelopes” of the step function as follows:

/OO k—(a-l—l) dk < i k—(lx—H) < /oo k—((x-‘rl) dk
nt+l B k=n+1 ~Jn
which simplifies to

<) —&
S Z k—(lX-‘rl) S L
k=n+1 a
It follows that L, is sandwiched between L, and L,, and rapidly approaches L, as
evidenced by the low relative error:

(n+1)*

Ly — Ly :ﬂ_1<i_1
Ln Ly _Ln+1
a —a

a2 (n+1)

al(a+1)
n*lx

< -1
~ (n+1)«

(n4+1)* —n®
=

an®1 4 0‘(0‘2‘*1) n*=2 4 - .
= - by Taylor series expansion
=0(1/n)

Thus, the relative error (L, — L,)/Ly is only O(1/n). O

In the upcoming results, we will follow Michaud et al. (2023) in using the approximation
Ly from Lemma 3. Having established a general result about analyzing the quantization
model, we consider its instantiation in the expressivity-aware case:

Corollary 3.1. Adopt Assumptions 1 and 2, i.e., tasks are expressible w.p. 1 — €, achieving loss
Lo — A when learned, or inexpressible w.p. €, achieving loss Lo — A’ when learned. Then the expected
loss LE after learning n tasks is closely approximated by L€ where:
Lo — L _
1€ = L€ ©_
AT P
and LS, = Lo — (1 —€)A —eA.
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The irreducible loss term L§, will be the same in this scaling law as in the upcoming scaling
laws for parameters and tokens. Quite naturally, it interpolates between the reduced loss of
expressible and inexpressible tasks. Assuming A’ < A, then, for any € > ¢, we will have
L, > L&,. Furthermore, the following shows that this reduction in irreducible loss translates
to a reduction in loss everywhere along the loss curve:

Lemma 4. Fix f, f' : N — (0,1) with f'(n) > f(n) for all n. Define
Lp=a+ (b—a)f(n)
Ly=d+{®-d)f(n).

Then, if a' > a, it holds that L), > Ly, for all n.

Proof. Define AL, = L;, — L,. We show that, if a’ > g, it holds that AL, > 0 for all n. By
definition,

Aly=da —a+{b—a)f'(n)—(b—a)f(n)
>d —a+(b—a)f(n)—(b—a)f(n)
(a"—a) (1= f(n)).

Since f(n) € (0,1), we have AL, > 0 aslong as a’ > a. O

Combining Corollary 3.1 and Lemma 4, the fact that we have L&, > LS, implies that L§ > L€
for any n.

1.2 Parameter Scaling Law

Define L(N) = E[Ly,], where ny is the expected number of tasks we can learn with N
parameters.

Lemma 5. Adopt the assumptions of Lemma 3. Further, assume the parameter cost of task k is
a random variable Cy, independent across k with mean c. Then, as a function of the number of
parameters N, the loss L(N) in the quantization model is closely approximated by a power law, i.e.,
L(N) =~ L(N) where:

b—a
L(N)=a+c"-——— N *“
(N) al(a+1)

Proof. The expected number of tasks 7y we can learn with N parameters satisfies

nN
N>)Y G=ny-c
k=1

which implies nyy = |[N/c| ~ N/c. Plugging this into the expression for L, from Lemma 3
yields the following approximation for the expected loss:

b—a
al(a+1)
b—a
af(at1)

L(N)=a+ (N/c)™

=g+ " N« O

We now consider the form of L(N) under the assumptions about expressivity awareness. By

Assumptions 1 and 3, we have C, = C with probability 1 — € and C,, = C’ with probability

€. Thus, we obtain:

Corollary 5.1. Adopt Assumptions 1 to 3, i.e., tasks are expressible w.p. 1 — €, requiring C

parameters or inexpressible w.p. €, requiring C' parameters. Then, as a function of the number of

parameters N, the loss L(N) in the quantization model is closely approximated by a power law, i.e.,

L(N) =~ L(N) where:

Lo — Lg _

L(N)=L§, +Ac- ——>--N*
N =Lt e ey N
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where LS, and Ly are defined as in Corollary 3.1 and

Ac = (C+e(C'—0Q))~.

The cost C’ does not change the irreducible loss, though it does impact the slope of the
scaling trend. In particular, with C' = C, we obtain the coefficient ¢* = C*, and with C' =0,
we recover the coefficient c® = (1 — €)*C*. Further, under any nontrivial instantiation of
the model (i.e., where inexpressible tasks either reduce loss less or cost more), increasing
expressivity will decrease L(N) for all N:

Corollary 5.2. Assume C' > C. If N < Aor C' > C, then L(N)) strictly decreases as € decreases,
elementwise for all N.

Proof. If A" = Abut C’ > C, then LS, = Ly — A independent of €, but A, is increasing with
€. Thus, L(N) will increase with € for all N.

If we have A’ < A, then L, is increasing with €. It also holds that, for e’ > ¢, Ay > Ac. We
apply Lemma 4 to conclude that L(N) is increasing with € elementwise for all N. O

I.3 Data Scaling Law

We first generalize Lemma 3 in the following way:
Lemma 6. Let ng, ..., ny,. be a finite sequence of phases, with ng = 0 and n,, = oo. For each

1 < 0 < m, assume that, for all k such that ny_y < k < ny, all Xy are independent with mean py_1.
Then the expected loss L across all tasks is closely approximated by a power law, i.e., L ~ L where:

m—1

1
L = _— — _ . —lX.
Vo+“€(’x+1) ;:1, (e — po—1) -1y

Proof. We can first write the loss as a weighted sum over losses coming from different
phases:

L=E

Y Xepr
k=1

m ny
E[Y Y X

(=1 k:ng,l +1
m ny
= Z He— 2 Pk
=1 k=ny_1+1
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At this point, for each series ¢ < m, we add the missing terms Z,;”:W 11 Pk to the series and
subtract it from the remaining series. This yields:

=
I
agE

W—1( i Pk — i Pk)

k:}’lg_l-‘rl k:}’lg-‘rl

Y % Pk)‘(ZWl Y pk)

(6—1 k= }’lg_l-‘rl k= ﬂ[-i-l
m 00 m+1 0
Z per Y, |- X me2 Y m
(=1 k:ng,l-‘rl /=2 k:né,l—&-l

(e8] m o [}
Z PH—(Z He—1— He—2) Z Pk)—ﬂm—l Z Pk

k=ng+1 (=2 k=ny_1+1 k=n;;+1

IVOiPkJr (i(ﬂ(—lﬂé—z) Z Pk) — Hm-1 Z Pk

k=1 = k=1, 1+1
m e

=po+ Y (e—1 —we—2) Y. pr
(=2 k:}’lg_l-‘rl

At this point, we can simplify the series in a similar way to Michaud et al. (2023) to conclude:

[~ = Me-1—He—2  —
L~l= +Z al(a+1) g

J— 06
—Ho ocgzx%—l Z Ry ‘ =

Lemma 7. Adopt Assumptions 1 to 3, i.e., tasks are expressible w.p. 1 — €, requiring T relevant
tokens to learn, or inexpressible w.p. €, requiring T’ relevant tokens to learn. Then, as a function of

the token budget D, the expected loss L(D) under the quantization model is closely approximated by
a power law, i.e., L(D) ~ L(D) where

_J€ Be . —a/(a+l)
L(D) _L°°+0c§(zx—|—1)1/(“+1) D ,

L, is defined as in Corollary 3.1, and

Be = (1 —€)AT*/ (&) A/ T/ (at1)

Proof. We consider the tasks that are learned with D tokens. By Definition 1, any expressible
task k learnable with D tokens satisfies

DZLT
Pk

= (e +1)kIT
Let ke be the largest index representing a learnable expressible task. It holds that

o KM-D/T)U(“H)J

1 1/(a+1)
~ (a(«m) 'D/T> '
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By the same reasoning and Assumption 1, we have that the maximum index k; < ke
representing an inexpressible task learnable with D tokens satisfies

1 / 1/(a+1)
“~ (@ 2m)

Now, we will define three phases of tasks, during each of which all task losses are indepen-
dent and have a different mean: Thus:

1. Phase from 1 < k < k;: all tasks are learned, with expressible tasks obtaining loss
Ly — A and inexpressible tasks obtaining loss Ly — A’. Thus, the expected loss is
LS =Lo— (1—€)A—€eA.

2. Phase from k; + 1 < k < ke: only expressible tasks are learned obtaining loss A.
Thus, the expected loss is Ly — (1 — €)A.

3. Phase from ke +1 < k < c0: no tasks are learned. Thus, the expected loss is Ly.

Invoking Lemma 6 with these three phases, the loss L(D) is closely approximated by the
following:

1
LG _— 1 — Ak*t’( A/k.—a
izt (1 —e)dke® +ed'k™)
~ L€ + (1 — G)A (D/T)*Dé/(ﬂé+1) +eN (D/T/)—tx/(a-‘rl)
” a (a4 1)1/ (@+1)
_ e (1—e)ATY/ @+ 4 AT/ (241) -
” w (a4 1)1/ (@+1)
B
= Lg € . p—a/(a+1)
Lm+lx€(zx+1)l/(o¢+l) D :
This final expression is L(D), our desired approximation to the expected loss. O

The irreducible loss here is the same as that of the task scaling law. The scaling coefficient
changes from the expressivity-unaware case by a factor of B./Bjy. Moreover, we see that
increasing expressivity improves the loss curve:

Corollary 7.1. If A" < A, or T' > T, then L(D) strictly decreases as € decreases, elementwise for
all D.

Proof. We will prove this by showing that the derivative of the loss w.r.t. € is strictly positive.
Let Z = a {(a + 1)/ (@+1) Recall that the loss L(D) is

L(D) = L&, + % D7/ ()

(1 _ €>ATO¢/(0¢+1) + eN T/ (a+1) pa/(@t)
z

, 1 T a/(a+1) . T! o/ (a+1)
=Lp—(1—€e)A—eA t7 (1—6)A(D> +eA (D) :
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The derivative of the loss w.r.t. € is therefore

9 B . 1 T a/(a+1) ) T! a/(a+1)
N l B T a/(a+1) , z af(a+1) . )
> (A A)—i—Z < A<D) +A D sinceT" > T
B N l B B , I tX/(1X+1)
~a-wy (om0 (3)

=(A-A)- (1 - % (g>a/(a+1)>

2(A—A')-<1—é> sinceD > T,

which is strictly positive as long as A’ < A. It follows that, for A" < A, L(D) is an increasing
function of ¢, i.e., it increases (pointwise) as € increases and expressivity decreases.

When A’ = A, the expression for the derivative simplifies to
a/(a+1) N\ o/ (a+1)
.l =A Z + A 2
D D
T! af(a+1) T\ &/ (a+1)
(@ -6

which again is strictly positive as long as T" > T and A > 0, the latter of which is satisfied
by construction. O

—L(D) =

NI> NI

Opverall, we see that in every non-trivial instantiation of the expressivity-aware quantization

model, increasing expressivity improves L(D), which closely approximates L(D) for large
enough D.

1.4 Main Results

Combining the results above on parameter (Corollary 5.1) and data scaling (Lemma 7), we
obtain:

Theorem 2 (Expressivity-Aware Scaling Laws). Consider the quantization model augmented by
Assumptions 1 to 3. Then, as a function of parameters N, the loss L(N) ~ L(N) where

L(N) =L, xAe-N7%  and Ac = (Lo — LS,) - (C+e(C' —C))".
Similarly, as a function of the token budget D, the loss L(D) = L(D) where
L(D) — LS, o B - D™/ @) apd B, = (1 — ) ATV (41 4 e/ T/ (1),
Finally, the irreducible loss in both power laws is LS, = Lo — (1 — €)A — eA/.

Combining Corollary 5.2 and Corollary 7.1 yields:

Corollary 2.1 (Expressivity Always Improves Scaling). Fix a nontrivial instantiation of As-
sumptions 1 to 3, i.e., where either A' < A, or C' > Cand T > T. Then, both L(N) and L(D)
strictly decrease as € decreases, elementwise for all N, D.

The following follows straightforwardly from assuming A’ < A:

Corollary 4.1 (Expressivity Can Shift Irreducible Loss). If and only if A" < A, irreducible loss
Lg, strictly decreases as € decreases.
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Future Work. There are several extensions to this analysis worth pursuing. First, we have
assumed learnable tasks are prioritized in order of frequency, whereas a more optimal policy
would order them by parameter efficiency p,/Cy. It would also be interesting to consider
joint parameter-data scaling L(N, D) rather than scaling laws derived in isolation. On the
empirical side, one could test whether these scaling laws match real LMs in controlled
settings where € is known, or whether it is possible to isolate tasks in the data in practical
settings. All of these directions would close the gap between the idealized quantization
model and practical training, and could inform choices about the interaction between data
and architecture during pretraining.
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