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Abstract

Sparse autoencoders (SAEs) are widely used to extract interpretable features
from neural network representations, often under the implicit assumption
that concepts correspond to independent linear directions. However, a
growing body of evidence suggests that many concepts are instead orga-
nized along low-dimensional manifolds encoding continuous geometric
relationships. This raises three basic questions: what does it mean for an
SAE to capture a manifold, when do existing SAE architectures do so, and
how? We develop a theoretical framework that answers these questions and
show that SAEs can capture manifolds in two fundamentally different ways:
globally, by allocating a compact group of atoms whose linear span contains
the entire manifold, or locally, by distributing it across features that each
selectively tile a restricted region of the underlying geometry. Empirically,
we find that SAEs suboptimally recover continuous structures, mixing the
global subspace and local tiling solutions in a fragmented regime we call
dilution. This explains why manifold structure is rarely visible at the level
of individual concepts and motivates post-hoc unsupervised discovery
methods that search for coherent groups of atoms rather than isolated direc-
tions. More broadly, our results suggest that future representation learning
methods should treat geometric objects, not just individual directions, as
the basic units of interpretability.

1 Introduction
Grassmannian frames
Linear Rep. Hypothesis

Additive mixture of Manifolds
This work

Sparse Autoencoders

E D

Figure 1: From directions to manifolds. Un-
der the linear representation hypothesis, concepts
correspond to individual directions in activation
space, packed as a Grassmannian frame (Strohmer &
Heath Jr, 2003). We consider the richer setting where
concepts are organized along low-dimensional mani-
folds that are additively superposed and ask whether
and how SAEs recover these geometric objects.

Motivated by unprecedented improve-
ments in Large Language Models’ (LLMs)
capabilities, recent work has sought to un-
derstand why an LLM produces a particu-
lar output for a given input (Sharkey et al.,
2025). Often, such work makes assump-
tions about the geometry of neural net-
work representations, arguing especially
that abstract concepts (latent factors) un-
derlying the data-generating process are
represented in a “linear” fashion (Elhage
et al., 2022; Olah, 2023; Arora et al., 2018;
Jiang et al., 2024). Called the Linear Rep-
resentation Hypothesis (LRH) (Park et al.,
2023; Zheng et al., 2025), this geometric
model argues a neural network’s repre-
sentations are an additive mixture of sev-
eral directions, each encoding a specific concept (Elhage et al., 2022); any concept’s value
can be read-out from a neural network’s hidden representations via a linear map (Be-
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Figure 2: Evidence of manifold structure in model representations and its effect on behavior. (Left)
PCA projections of Llama3.1-8B layer 19 activations corresponding to continuous concepts (e.g., age,
temperature, day, color) reveal smooth geometric structure rather than isolated directions. (Right)
Steering interventions between concept centroids (e.g., Wednesday to Thursday) produce smooth
changes in token probabilities for concept-dependent outputs.

linkov, 2022); and linear algebraic operations suffice to manipulate this value (Mikolov
et al., 2013; Korchinski et al., 2025; Karkada et al., 2025). LRH can thus be deemed as a
generative model of neural network representations, the inverse of which leads to Sparse
Autoencoders (SAEs) (Costa et al., 2025)—a popular tool used for unsupervised discovery
of concepts learned by a model (Bricken et al., 2023; Gao et al., 2024; Bussmann et al., 2024;
Rajamanoharan et al., 2024; Bussmann et al., 2025), with deep roots in the older literature
on sparse coding (Olshausen & Field, 1996; 1997; Klindt et al., 2020; 2025), sparse sub-
space clustering (Elhamifar & Vidal, 2013; Abdolali & Gillis, 2021), and nonlinear manifold
learning (Tenenbaum et al., 2000; Roweis & Saul, 2000).

While SAEs have been used at scale to some success, e.g., to debug neural networks de-
ployed at scale (OpenAI, 2025; Nguyen et al., 2025) or to identify candidate biomarkers
learned by an epigenetics model (Wang et al., 2026), a growing body of recent work has
argued that geometry of neural network representations is more intricate than LRH sug-
gests (Lubana et al., 2025; Fel et al., 2025b; Karkada et al., 2026; Dooms & Gauderis, 2025):
e.g., periodic concepts are encoded along a circular topology (Modell et al., 2025; Kantam-
neni & Tegmark, 2025; Engels et al., 2024); open-ended numerical concepts along a linear
topology (Gurnee et al., 2025; Yocum et al., 2025); in-context statistics induce arbitrary
graph structured representations (Park et al., 2025; Saanum et al., 2025; Sarfati et al., 2026);
hierarchical representations are seen in genomics (Pearce et al., 2025) and vision-language
models (Costa et al., 2025); syntactic relations are organized along a polar coordinate system
that jointly encodes the existence and the type of dependencies (Diego-Simón et al., 2024);
and spatially and temporally smooth representations emerge in vision and language models,
respectively (Chung et al., 2018; Cohen et al., 2020; Lubana et al., 2025; Hosseini et al.,
2026; Dhimoila et al., 2026; Fel et al., 2025a; Gorton, 2024). Karkada et al. (2026)’s results in
fact show that these representation geometries reflect uncertainty across different values a
concept can take, hence endowing meaning to distances between two points in the represen-
tation space—a property directly at odds with LRH, which primarily focuses on directions.
These results then motivate the question: if representations of a concept exhibit structure
outside the scope of LRH, do SAEs capture such manifolds1? In particular, the mismatch

1A note on the word: “manifold” is partly convention (Chung et al., 2018; Cohen et al., 2020; Pearce
et al., 2025; Modell et al., 2025) and partly hope. Empirically, we mean curved, low-dimensional
structures that representations appear to lie on; we adopt the strict differential-geometric definition as
a working assumption. Whether real representations satisfy that assumption, and whether “manifold”
survives as the right name, remains an open problem.
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between the assumptions made by SAEs and the underlying geometry of model activations
does not by itself reject SAEs as valuable interpretations of model representations. If SAEs
perform reconstruction well, then their activations must necessarily preserve the geometry
of model representations. The key issue is therefore not whether the geometry is preserved,
but whether it is organized in a useful and interpretable way. To address this question, we
make the following contributions.

• Formalizing the Problem of Capturing Manifolds using SAEs. We first demonstrate
that a plethora of manifolds, i.e., nonlinearly curved geometric structures with causal
efficacy, exist in representations of a pretrained LLM (Sec. 3). Inspired by prior work
in neuroscience (Khona & Fiete, 2022; Eichenbaum, 2018), we formalize the problem
of capturing such manifolds via sparse coding and show that if features (rows of an
SAE decoder) specialize to specific values of a concept, such that different features cover
different values, then the SAE can still satisfy its architectural constraints (e.g., sparsity),
achieve good reconstruction, and yet capture the curved geometries underlying neural
network representations by “tiling” the manifold with its features (Sec. 4).

• Exhaustively Characterizing How SAEs Tile Manifolds. We perform a thorough charac-
terization to demonstrate this mechanism manifests in both natural settings and synthetic
datasets. We showcase “tuning curves” (Butts & Goldman, 2006), highlighting the selec-
tivity of SAE features for specific values of a concept: splitting into finer-than-necessary
grained buckets (Lubana et al., 2025; Bricken et al., 2023; Chanin et al., 2024), while other
parts are represented in a redundant manner across several features. This suggests that
low reconstruction error alone does not guarantee coherent manifold recovery. In practice,
SAEs often represent manifolds through fragmented collections of atoms that behave like
localized detectors, rather than a coherent global structure.

• Unsupervised Discovery of Manifold Structures. Toward a predictive account, we define
an optimization problem motivated by the classical Ising model in Physics (Schneidman
et al., 2006) to identify features whose co-activation statistics are either strongly correlated
or anti-correlated. This unsupervised method helps identify both manifolds tiled by SAE
features that we could find via supervised data (Fig. 2) and novel ones. Critically, our
results show that mere correlation of feature directions, as used in prior work (Engels
et al., 2024), need not suffice to find manifolds.

More broadly, the perspective put forward in this paper suggests structured, nonlinear
geometries are ubiquitous in model representations and are likely to be the unit of compu-
tation in which frameworks of interpretability should be defined. To this end, we either
need protocols that actively seek to isolate manifolds from a model’s representations or
perform posthoc analysis of SAE features to identify such geometries. Despite positive
results, we note mixed selectivity features make the latter an unreliable option, but until
novel featurizers are developed, are our current best option.

2 Notations: Sparse Coding and SAEs

Throughout, vectors are denoted by lowercase bold letters (e.g., x) and matrices by uppercase
bold letters (e.g., X). We use [n] for the set {1, . . . , n}. We write Bc×d = {M ∈ Rc×d |
∥Mi,:∥2 = 1, ∀i} for the set of matrices with unit-norm rows. For a matrix V ∈ Rk×d, we
write Im(V) = {xV : x ∈ Rk} ⊆ Rd for its row span and X ≥ 0 (or x ≥ 0) indicates element-
wise non-negativity. It is well-established that current approaches for concept recovery
from neural network representations are fundamentally instances of sparse coding (Fel
et al., 2023; 2025a; Hindupur et al., 2025). Briefly, sparse coding assumes a generative
model where data points are produced by a sparse linear combination of latent variables
(the concepts) (Olshausen & Field, 1996; 1997). Given an input x, the goal is to extract its
underlying generative factors using an overcomplete dictionary.
Definition 1 (Sparse Autoencoders). Given an activation x ∈ A, SAEs extract a latent represen-
tation z ∈ Rc via a dictionary D ∈ Rc×d by solving the following optimization:

arg min
W , D∈Ω

∥x − zD∥2
2 + λR(z) with z = ReLU(xW), Ω = Bc×d (1)
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where R(z) is a sparsity-promoting regularizer (e.g., restricting ∥z∥0 ≤ k). Consequently, the
localized reconstructions x̂ = zD lie in a sparse non-negative span (a cone).

3 Manifolds are Ubiquitous in LLM Representations

Before we proceed further with a detailed study of how SAEs capture curved geometries,
i.e., manifolds, we first show these objects are a construct worth studying. To this end,
we build on recent results showing language model representations reflect symmetries in
data statistics, resulting in curved representation geometries (Karkada et al., 2026). Many
real-world concepts in fact exhibit such inherent continuity and structure, taking values that
smoothly vary along some range (e.g., temperature varies along the real line). Such concepts
can thus be expected to be represented along low-dimensional geometric objects embedded
in a high-dimensional space. Building on this, we take several domains where a concept
can be continuously varied, define a template in which a variable takes on values from this
concept (see App. B for details), and sample several strings that vary primarily along this
concept’s value. Performing a PCA of these representations then results in curved, often
nonlinear geometries shown in Fig. 2 (left): this includes concepts characterized in prior
work, e.g., days of the week organized in a cycle (Engels et al., 2024), and also new ones,
e.g., colors organized along a paraboloid with circular hue and lightness dimensions, and
spatial or temporal variables. In all cases in Fig. 2 (left), we see distances and neighborhoods
encode semantic similarity, i.e., nearby points correspond to similar meanings.

To emphasize these results further and highlight more strongly the disparity of these
manifolds being outside the scope of LRH, we showcase that these manifolds are not merely
geometric artifacts but are functionally relevant by measuring their effect on model behavior.
Specifically, we find we can steer along the manifolds by steering between prototypical
centroids (e.g., center of “Wednesday" tokens) and smoothly interpolating between those
points. For tasks that depend on the underlying variable—such as predicting color names
from hex codes or describing temperature in natural language—we observe that model
outputs change smoothly and predictably along these interpolations (Fig. 2, right). This
indicates that the manifold structure is not only present in the representation but also
causally influences downstream behavior.

4 Formalizing Manifold Capture in Sparse Representations
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Figure 3: Tiling vs. Capture. When features
are highly selective, manifolds are “tiled” by
shattering into sub-parts and features show anti-
correlated occurrences (left). Compact capture
involves features jointly reconstructing the man-
ifold with no selectivity, resulting in positive
couplings for the full support (middle). Dilution
occurs when many redundant atoms activate to
tile the manifold, but with feature sets of mixed
selectivity (right).

To concretize what it means to successfully
“capture” manifolds identified from off-the-
shelf pretrained LLMs using SAEs, we first
analyze an abstraction that extends LRH to
concepts with multi-dimensional, nonlinearly
curved geometries. We call this model of rep-
resentations the “Additive Mixture of Mani-
folds” (see Figure 1). We emphasize we are
not making a normative claim here that neural
networks satisfy this model of representations;
instead, our goal is to take a concrete scenario
where we can be rigorous, define useful met-
rics, and then see how results generalize to
off-the-shelf models.

Representations as Additive Mixture of Man-
ifolds. The Linear Representation Hypoth-
esis (LRH) models each concept as a ray in
activation space: a single direction scaled by a
coefficient (Park et al., 2023; Costa et al., 2025).
The geometric structure identified in Sec. 3
suggests that this is a special case of a richer
phenomenon in which concepts vary continuously over low-dimensional surfaces, the
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formal description of which can be attributed to several prior works (Modell et al., 2025; Fel
et al., 2025b; Costa et al., 2025; Lubana et al., 2025).

Definition 2 (Additive Mixture of Manifolds). Let M1, . . . ,Mm ⊂ Rd be compact smooth
submanifolds with ambient dimensionality dim(Mi) = di ≪ d. Let fi : Mi → Rd be the
immersion maps from each submanifold into Rd. Additive mixture of manifolds defines a model of
representations wherein representations decompose into a superposition of manifolds as follows.

x = ∑
i∈S⊆[m]

fi(mi), mi ∈ Mi, |S| ≪ m. (2)

In other words, x lives in a Minkowski sum of the immersed submanifolds Mi. When each
Mi is a ray (di = 1), every term fi(mi) is a scalar multiple of a fixed direction, recovering
the LRH. In the general case, each manifold is contained in a ki-dimensional affine subspace
and admits a parametrization mi(θ) = γi(θ)Vi + bi. Here, θ ∈ Θi ⊆ Rdi represents the
intrinsic coordinates, and the map γi is a smooth embedding. Furthermore, Vi ∈ Rki×d is an
orthonormal basis matrix, and bi ∈ Im(Vi) is a translation vector. Importantly, superposition
arises when ∑i ki > d. Now that we have formally defined the target object of our interest,
we are ready to examine what it mathematically means to capture a manifold.

Subspace Recovery via SAEs It is easy to see that for an SAE to reconstruct a represen-
tation x, x ought to lie in the linear span of its decoder. The central observation we posit
in this section is that an SAE captures a manifold well when a small, fixed group of atoms
spans a subspace containing it, and the encoder consistently selects this group on every
input from the manifold.
Definition 3 (Subspace capture). An SAE captures M at precision ε if there exists S⋆ ⊂ [c] with
|S⋆| ≤ kM such that ∥∥xm − ∑

i∈S⋆

zi(xm) Di
∥∥ ≤ ε ∀ xm ∈ M. (3)

Intuitively speaking, the definition says that a few decoder directions serve as a low-
dimensional detector for M. This is parsimonious (few atoms for the whole manifold) and
coherent (the same atoms fire for every input on M), and under an additional assumption it
is possible to establish a condition for the capture of a manifold in the sense of Defn. 3. We
note that this formulation is closely related to the subspace-preserving recovery condition
that grounds sparse subspace clustering (Elhamifar & Vidal, 2013; Soltanolkotabi et al., 2014;
Tschannen & Bölcskei, 2018); we provide a detailed treatment of this connection in App. A.
Theorem 1 (Subspace recovery). Let M lie in a k-dimensional affine subspace with orthonormal
basis V . Let D be µ-incoherent, and suppose there exists S⋆ ⊂ [c] with |S⋆| = k such that
Im(V) = span(DS⋆) and µ < 1/(2k − 1). If the SAE achieves reconstruction error ε(M) ≤ λ,
then an idealized sparse decoder over D captures M at precision O(λ).

The proof relies on classical results in sparse dictionary learning (Donoho & Elad, 2003;
Tropp, 2004; 2006); see App. D for details, including a discussion of the amortization
gap between the idealized decoder and the trained encoder. Essentially, when (i) the
reconstruction error is low enough, (ii) the sparsity regime is aligned with the ambient
dimension of M, and (iii) the dictionary is incoherent enough, we can ensure proper
manifold recovery in the subspace sense. The coefficients (zi)i∈S⋆ then vary continuously as
xm moves along M, tracing out the manifold in the SAE’s coordinate system.

From Capture to Tiling. The result above highlights an ideal scenario, i.e., the features
align with the ambient space of the manifold. However, when the number of atoms allocated
to a manifold exceeds its ambient dimension ki, the SAE is no longer constrained to reuse a
fixed group and may assign different atoms to different regions of Mi. Each atom then acts
as a localized detector with a receptive field on the manifold: this mechanism is essentially
the one popularly studied in neuroscience, wherein neurons are argued to be sensitive to
different values of a concept, covering overall geometry via the population code (Khona
& Fiete, 2022; Eichenbaum, 2018). In line with this literature, we call this phenomenon
tiling: localized features with overlapping support whose joint activity encodes position
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Figure 4: Synthetic validation of manifold capture. We construct a controlled benchmark where
observations are sparse mixtures of known manifolds embedded in R128 (dictionary width c=512,
sparsity k=4) and make three observations. A) Subspace capture has a sparsity sweet spot. Restricted
R2 measures whether ki atoms suffice to reconstruct each manifold from the superposed codes.
Capture peaks near k = 4 and degrades at both lower and higher sparsity. Per-manifold breakdowns
(right) sweep the number of restricted atoms around each manifold’s embedding dimension ki. B)
Increasing sparsity drives the SAE through three regimes. At low k, atoms are broadly shared and the
manifold is shattered across unrelated groups. At intermediate k, a compact set of atoms spans each
manifold’s subspace (capture). At high k, many redundant atoms fire per point and individual atoms
lose specificity (dilution). The phase diagram tracks this transition via support size and receptive field
spread, averaged across all manifold types. C–D) Even outside the capture regime, manifold structure
can be recovered post hoc. Fitting a pairwise Ising model on binarized codes yields a coupling matrix
J whose block-diagonal structure aligns with the ground-truth manifold partition (C). Decoding
through the recovered atom groups faithfully reconstructs the topology and geometry of all manifold
types without supervision (D).

along the manifold. As we show in Fig. 3, tiling manifests in two qualitatively different
forms: shattering, where active sets {supp(z(xm))}xm∈M across M are nearly disjoint and
atoms partition the manifold, and dilution, where active sets overlap substantially but no
compact group of size ≤ ki accounts for M. We give operational definitions of both regimes
in Appendix. F.

Regardless of whether the SAE is in the capture or tiling regime, the group of decoder
atoms associated with a manifold is unknown and must be discovered from the codes alone.
To this end, one must use co-activation statistics: atoms that jointly represent a manifold
fire together, or in smooth succession, across inputs on Mi. Raw co-activation of course
confounds two distinct sources of statistical dependence: structural co-activation (atoms
that span or tile the same manifold) and correlational co-occurrence (concepts that tend
to appear together in the data). It is also dominated by atoms that fire universally, which
co-activate with everything without carrying manifold-specific information.

4.1 Ising Pairings and Regimes of Manifold Representation

To disentangle structural co-activation from spurious correlations, we model the joint
activation statistics of SAE features using a pairwise Ising model over binarized codes (Ising,
1925). Let si = 2 ∗ 1[zi > 0]− 1 denote whether atom i is active. We define

p(s) ∝ exp
(

∑
i<j

Jijsisj + ∑
i

hisi

)
, (4)

where the fields hi absorb marginal firing rates and the couplings Jij capture direct interac-
tions between atoms after conditioning on the rest of the population.

This formulation isolates the dependencies that arise from atoms jointly representing a
manifold. Atoms that fire frequently across all inputs are explained by large hi but exhibit
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Figure 5: Piecewise-linear approximation of manifold geometry. (Left) PCA projections of Llama3.1-
8B activations show that manifolds are well described by a small number of global components.
(Right) Reconstructing from increasing numbers of SAE features approximates the manifold in a
piecewise-linear fashion: each feature captures a local region, and their union progressively covers the
full geometry.

weak couplings, while indirect correlations induced by superposition are factored out
by construction. As a result, J provides a more faithful representation of the functional
relationships between features than raw co-activation or decoder similarity.

Importantly, the sign and structure of the couplings reflect how a manifold is represented
by the SAE (Figure 3. In the capture regime, a fixed set of atoms spans the manifold and
co-activate consistently across inputs, yielding predominantly positive couplings within the
group. In the tiling (shattering) regime, atoms specialize to distinct regions of the manifold
and rarely activate together, leading to strong negative couplings that encode mutual
exclusion. In the intermediate dilution regime, redundant and overlapping atoms produce
a mixture of positive and negative interactions, resulting in a heterogeneous coupling.

4.2 A Toy Model of Manifold Superposition

To validate the framework of Sec. 4 in a controlled setting, we construct a synthetic bench-
mark where the ground-truth manifolds, their ambient subspaces, and the sparse mixing
process are all known by construction (Fig. 4). Specifically, we define eight manifold types
spanning a range of topologies and intrinsic dimensions: circles, spheres, tori, Möbius strips,
Swiss rolls, helices, flat disks, and line segments. Each instance is embedded into Rd via
a random orthonormal matrix Vi ∈ Rki×d and isotropically rescaled to unit RMS norm,
preserving all geometric relationships. We instantiate six parameter variants per type (48
instances total), generate observations x = ∑i∈S ziVi + ϵ following Defn. 2, and train TopK
SAEs across a range of sparsity budgets; see App. E for details.

Results. Three findings emerge from this controlled setting (Fig. 4). (i) Subspace capture
has a sparsity sweet-spot. (ii) Increasing sparsity drives the SAE through the three recon-
struction regimes hypothesized in Section 4. (iii) Even outside the capture regime, manifold
structure can be recovered post hoc.

5 Characterizing Manifold Capture in LLMs

We now aim to confirm our framework and findings from the synthetic setup in a more
realistic setup. To this end, we use representations from Llama3.1-8B at the residual stream
of layer 19. We train five SAE architectures: Standard (ℓ1), JumpReLU (Rajamanoharan et al.,
2024), TopK (Gao et al., 2024), BatchTopK (Bussmann et al., 2024), and Matryoshka (Buss-
mann et al., 2025), with expansion factors of 8 and 16 and sparsities of 64, 128, and 256,
on 500M tokens of The Pile (Monology, 2021); we only analyze SAEs achieving variance
explained above 0.85. See App. B for further details.

SAEs do not achieve compact capture. We apply the same restricted R2 protocol as in
Sec. 4.2: for each manifold, we greedily select atoms by residual variance explained and
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neuron encodes the full variable but the population’s joint activity traces out the underlying geometry.

measure reconstruction quality as a function of support size. Fig. 6 shows the result averaged
across manifolds and architectures. Variance explained grows with the number of restricted
features but plateaus at a support size well beyond each manifold’s ambient dimension.
This indicates that current SAEs do not allocate a compact atom group whose span contains
the manifold. Instead, the geometry is diluted across a larger, partially redundant set of
features, placing SAEs in the dilution regime identified in Sec. 4.2.
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dimension, indicating that current SAEs are
in the Dilution regime identified in Sec. 4.2.

Features tile manifolds as localized detectors.
If SAEs do not capture manifolds compactly,
how do they represent them? Fig. 5 contrasts
PCA projections of the raw activations (which
reveal smooth, low-dimensional geometry) with
SAE reconstructions using increasing numbers
of features. Individual features reconstruct lo-
cal patches of the manifold in a piecewise-linear
fashion, and their union progressively covers
the full geometry. These results place current
SAEs in an intermediate regime between ideal
subspace capture—where a small, fixed set of
atoms spans the manifold—and shattering—
where localized features cover different regions
of the geometry. While the manifold structure
is preserved, it is fragmented across many fea-
tures, consistent with the dilution behavior from
Sec. 4.2.

Overall, the observations in this section strongly
support a tiling model of representation: man-
ifolds are encoded by collections of localized
features whose joint activity captures the underlying geometry. A second critical implication
is that individual features will only offer a narrow view of what concept an SAE is trying
to capture: only the group of features that tile a manifold as a whole carries geometric
meaning. Interpretability in this regime thus requires reasoning about subspaces, not about
individual dictionary elements.

6 Unsupervised Manifold Discovery

The results of Sec. 5 confirm that SAEs distribute manifold geometry across many localized
features. Recovering coherent geometric objects therefore requires post-hoc analysis that
groups related atoms without prior knowledge of the underlying manifolds.

Which similarity metric can recover manifold groups. A natural starting point is to
cluster features by decoder cosine similarity, as explored in prior work (Engels et al., 2025).
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Cluster 357
● Statistical measurements and standard deviations in scientific data
● Mean and standard deviation in scientific data tables
● Uncertainty and error margins in scientific data
● Quantitative measurements in biomedical research
● Descriptive statistics in clinical research
● Scientific data presented with statistical measures
●  Statistical data presentation in scientific research
● Biochemical and physiological effects of compounds on cellular 

processes
● Quantitative data and measurements in scientific experiments
● Scientific measurements and uncertainties
● Statistical data and psychometric measures
● Statistical data and measurements in clinical research
● Demographic and clinical data presentation in research studies

Activating Text Examples
● ...bleeding time and blood loss of venous 

incisions were (70 +/- 3) seconds and (117.2 +/- 
10.8) mg, (120 +/- 10) second... 

● ...45 patients (mean age 40.6 +/- 8.8 years, 19.9 
+/- 14.4 months postopera... 

● ...Mean observation time was 9.1 +/- 4.8 months. 
Echocardiographic examination techniques 
were st... 

● ...mean heart rate increased from 86.2 +/- 10.2 to 
94.6 +/- 15.1 b/min (p less than 0.05), diastolic 
septal + posterior wall thickness from 21.2 +/- 4.1 
to 24.9 +/- 6.2 mm (p less than 0.001) and RV... 

Cluster 357
● Statistical measurements and standard deviations in 

scientific data
● Mean and standard deviation in scientific data 

tables
● Uncertainty and error margins in scientific data
● Quantitative measurements in biomedical research
● …

Groundtruth:
PCA (X)

Projection onto 
Span(DS*)

Groundtruth:
PCA (X)

Projection onto 
Span(DS*) Cluster 950

● References to warmth in various 
contexts

● Cold weather and its effects on people
● Cold weather and its effects
● References to ‘hot’ in various contexts
● … 

Cluster 235
● Mentions or references to the White 

House or white-themed events/places
● Mentions of ‘Red’ in various contexts
● References to the color blue in various 

contexts
● Emotional responses and physical 

reactions (blushing, flushing, reddening)
● …

Cluster 1442
● Shifts in political ideology and alignment
● Critique of political correctness and its 

impact on free speech
● Conservative think tanks and media 

sources
● Criticism on religious influence in politics
● Critiques of political correctness 
● Political conflicts and ideological 

divisions

Figure 8: Unsupervised Discovery from SAE Codes. (Left) The Ising-pipeline recovers known
manifolds (temperature, colors, political bias) as distinct feature communities. (Right) The same
pipeline surfaces a novel manifold encoding epistemic uncertainty in scientific contexts, demonstrating
its utility for generating hypotheses beyond known structures.

However, under subspace capture, the atoms spanning a manifold’s ambient subspace
may be nearly orthogonal, and under tiling, atoms covering adjacent but non-overlapping
regions of the manifold need not have similar decoder directions. Decoder geometry thus
carries no privileged information about the manifold topology that features collectively tile.
Co-activation statistics offer a more principled alternative: features that jointly represent
a manifold fire together, and in the shattering case the features that jointly represent a
manifold have extreme inhibition against each other. We compare five similarity measures
for constructing feature affinity graphs: (i) decoder cosine similarity, (ii) conditional co-
activation probability, (iii) Pearson correlation of activation magnitudes, (iv) pointwise
mutual information, and (v) Ising pairwise couplings. To evaluate each metric, we use the
supervised feature selection pipeline as ground truth: for three manifolds (colors, days, and
temperature), we take the top three features per manifold and compute pairwise similarity
under each metric. Fig. 17 (right) visualizes the resulting affinity matrices. A metric
succeeds if it produces clear block-diagonal structure with high within-manifold and low
cross-manifold similarity. Ising couplings and conditional co-activation yield the cleanest
separation, while decoder cosine similarity and Pearson correlation fail to recover the block
structure, consistent with the observation that manifold membership is a functional property
(which atoms co-activate) rather than a geometric one (where atoms point).

Unsupervised discovery pipeline. We apply the Ising-pipeline to a BatchTopK SAE trained
on Llama3.1-8B (layer 19, expansion ×8, k = 64). Fig. 8 (left) confirms that the procedure
recovers the supervised manifolds identified in Sec. 3: temperature, colors, and political
bias emerge as distinct communities with coherent geometric structure. Beyond recovering
known manifolds, the pipeline also surfaces novel geometric structures. Fig. 8 (right) shows
a previously unidentified manifold related to epistemic uncertainty, encoding the degree of
measurement error and imprecision in scientific contexts.

7 Conclusion

The presence of structured, nonlinear geometries in model representations suggests that
the fundamental unit of interpretation need not be isolated directions. While sparse autoen-
coders can, in principle, represent such structures, we show that in practice they do so in a
fragmented manner: manifolds are not captured as coherent subspaces, but are instead tiled
across many localized, partially redundant features. This preserves geometry only implicitly,
obscuring it at the level of individual features and limiting the reliability of direction-based
interpretability. Moving forward, we argue that interpretability should be reframed around
the recovery and manipulation of geometric structures rather than individual directions.
This includes both developing featurization methods that explicitly target manifolds, and
designing analysis tools that operate on groups of features as coherent units.
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A Extended Related Work

Neuroscience. The existence of such geometry implies higher-order structure on top
of individual concepts: groups of features that co-vary continuously, forming coherent
geometric objects. This perspective connects to a foundational principle in neuroscience:
continuous variables are typically encoded not by single neurons, but by populations of
neurons with localized, overlapping receptive fields that collectively tile the underlying
space (Pouget et al., 2000). Place cells in the hippocampus tile physical space, each firing
in a circumscribed spatial region, so that the animal’s location is encoded by the pattern
of co-active cells (O’Keefe & Dostrovsky, 1971). Orientation-selective neurons in primary
visual cortex tile the space of edge angles (Hubel & Wiesel, 1962). In many such cases, no
single neuron encodes the full concept; rather, the population’s joint activity maps out the
underlying geometry, and the concept’s value can be decoded from the population response
(Georgopoulos et al., 1986). If neural network representations recapitulate this coding
strategy, one would expect manifolds to be represented by many localized features whose
activations tile the geometry, rather than by single features aligned with global directions.

Geometry of Neural population. Prior work provides evidence that situates a mixture of
Manifold within a tradition of geometric study of neural network. First (i), early work found
that ReLU-based architectures partition input space into convex polyhedral linear regions
(often unbounded). Theoretical analyses of this partition structure have established theoreti-
cal results on the number of linear regions (Montúfar et al., 2014; Telgarsky, 2015; Serra et al.,
2018; Raghu et al., 2017; Balestriero et al., 2018; Balestriero & Baraniuk, 2020). Empirically,
prior studies have found that trained networks realize far fewer regions than the maximal
theoretical counts (Hanin & Rolnick, 2019; Zhang & Wu, 2020); related interpretability work
have exploited this polyhedral structure by enumerating regions to extract exact piecewise-
linear rules (Black et al., 2022; Chu et al., 2018). Second (ii), in representation space, recent
analyses demonstrate a convex organization of activations and architecture-specific convex
projections (Tvetkova et al., 2025; Fel et al., 2025b). This observation dovetails with results
in population geometry indicating that network activity concentrates on low-dimensional
manifolds with structured variability (Chung & Abbott, 2021; Cohen et al., 2020; Engels
et al., 2025; Sarfati et al., 2026).Third (iii), in language models, recent work has shown that
categorical and hierarchical concepts admit polytopal encodings whose geometric relations
mirror semantic relations (Park et al., 2024; 2026).

Sparse Autoencoders. In recent years, SAEs have resurfaced as a popular implementation
of sparse coding and dictionary learning to provide concept-level explanations for neural
networks (Olshausen & Field, 1997; Bricken et al., 2023; Cunningham et al., 2023; Gao et al.,
2024; Rajamanoharan et al., 2024; Bussmann et al., 2024; Fel et al., 2025a). Advancements
beyond ReLU SAEs have included TopK (Gao et al., 2024), BatchTopK (Bussmann et al.,
2024), and JumpReLU (Rajamanoharan et al., 2024) nonlinearities. Archetypal SAEs (Fel
et al., 2025a) address the algorithmic instability of SAEs, and Matryoshka SAEs (Bussmann
et al., 2025) and MP-SAEs (Costa et al., 2025) learn hierarchical concept dictionaries. TFA
(Lubana et al., 2025) and T-SAEs (Bhalla et al., 2026) incorporate temporal information into
dictionary learning methods, allowing for recovery of temporally abstract features.

While the use of SAEs is motivated by the LRH, a growing body of recent work has
challenged this assumption by revealing hierarchical concepts, dense, "onion-like" represen-
tations, and multi-dimensional contextual representations (Wattenberg & Viegas, 2024; Park
et al., 2024; Csordás et al., 2024; Engels et al., 2025; Michaud et al., 2025; Wollschläger et al.,
2025). Along another vein, studies have highlighted the lack of intended causal efficacy of
SAEs (Wu et al., 2025; Bhalla et al., 2024), their limited utility for probing (Kantamneni et al.,
2025; Karvonen et al., 2024), and problems with feature splitting and absorption (Chanin
et al., 2024). Many of these issues can be partially explained by representations being
additive mixtures of manifolds and SAEs tiling this representation space, understanding
this tiling behavior requires tools from a richer geometric tradition.

Manifold learning & Subspace clustering. A natural framework for understanding how
SAEs tile representation space comes from the literature on Manifold Learning and Sparse
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Subspace Clustering (SSC). Those long-standing line of work has studied how to recover
low-dimensional structure from high-dimensional data through sparse reconstruction prim-
itives, and contextualizes our framework. Nonlinear manifold learning reconstructs each
datapoint from a small set of neighbors on the manifold itself, using either global geom-
etry (Tenenbaum et al., 2000; Silva & Tenenbaum, 2002), local linear patches (Roweis &
Saul, 2000; Vladymyrov & Carreira-Perpinán, 2013), spectral embeddings of a neighborhood
graph (Belkin & Niyogi, 2001; Coifman & Lafon, 2006), curvature-aware local reconstruc-
tions (Donoho & Grimes, 2003; Zhang & Zha, 2004), or topological aggregations (Mueller
et al., 2022). On the other hand, Subspace clustering and its nonlinear extensions (see this
survey by Abdolali & Gillis 2021) instead represent each datapoint as a sparse combina-
tion of other datapoints in the same subspace and partition the resulting affinity graph
by spectral clustering (Elhamifar & Vidal, 2013; Liu et al., 2010; 2012; Soltanolkotabi et al.,
2014; You et al., 2016; Li et al., 2017). Nonlinear extensions adapt this primitive to data
on a union of manifolds via locality preservation and tangent estimation (Elhamifar &
Vidal, 2011), kernels (Patel & Vidal, 2014), neural networks (Ji et al., 2017; Li et al., 2022), or
matching pursuits (Tschannen & Bölcskei, 2018), though even the deep variants have been
shown to be ill-posed under their own assumptions (Haeffele et al., 2021). A third strand
explicitly bridges sparse coding and manifold learning by penalizing locality so that sparse
codes select only nearby atoms (Yu et al., 2009; Wang et al., 2010) or by tying the dictionary
to manifold geometry directly (Chen et al., 2018). All of these methods share a common
generative assumption: each observation is associated with a single subspace or manifold
via a latent label,

xi = Uℓ(i) zi + ϵi, ℓ(i) ∈ {1, . . . , c}, (5)

and the goal is to recover the partition ℓ. Our additive mixture of manifolds (Defn. 2) departs
from (5) by allowing each observation to participate in multiple manifolds simultaneously,
x = ∑i∈S mi with |S| ≪ m. This single change has two consequences that make the prior
toolkit inapplicable as is: (i) classical self-expression xi = Xci cannot be subspace-preserving,
because the coefficients must reach across every manifold active in xi; and (ii) the unit of
clustering shifts from datapoints to dictionary atoms, since no point-level label ℓ(x) exists.
Our Ising affinity is therefore an c × c object over learned features rather than an n × n object
over points, and the spectral-clustering pipeline of nonlinear SC does not transfer to our
regime. We see this not as a rejection of the prior literature but as identifying the missing
additive ingredient required in our assumptions.

B The Ubiquity of Manifolds

All manifolds are evaluated using last-token activations from Llama-3.1-8B at layer 19
(d = 4096). Table 1 summarizes each manifold’s prompt template, sample count, ground-
truth labels, and source dataset.

Table 1: Manifold datasets used for evaluation. All activations are extracted at the last token
position.

Manifold Geometry n Prompt template / source
colors paraboloid ∼900 “The hex code {h_code} is for the color”
temperature line 150 “Today it’s {f} degrees Fahrenheit outside”
age line 99 “They are {age} years old.”

geography hierarchical tree ∼4,000 “The geographical coordinates {lat, lon}
are in the country of”

days circle 420 “It’s {time} on {day}"
years helix 199 “The date is {year}”
formality line 1{,}000 Pavlick & Tetreault (2016)
sent_length line 5{,}000 WikiText
politic bias 1D continuous varies GPT-5 augmentations of Jones (2024)
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B.1 Steering Details

To verify that manifold structure is causally relevant to model behavior, we perform ac-
tivation patching along the principal components of each manifold’s activations (Fig. 2,
right).

Setup. For each continuous manifold, we fit PCA on the cached layer-19 activations,
retaining enough components to explain 90% of variance. We then select a base prompt
near the manifold’s midpoint and construct a sweep by binning the manifold’s primary
continuous label (e.g., fahrenheit for temperature, hue for colors) into 5-10 equal-width bins.
For each bin, we compute the PCA centroid and linearly interpolate 5-10 points between
consecutive centroids, yielding evenly spaced intervention points per manifold.

Intervention. For each intervention point, we compute the PCA-space delta from the
manifold mean, project it back to activation space, and add it to the base prompt’s layer-19
activation during a forward pass. We then collect next-token logits and track the probabilities
of a set of target tokens chosen to be semantically diagnostic of the underlying variable.
Table 2 lists the task suffix and target tokens for each manifold.

Table 2: Steering task configuration per manifold.

Manifold Task suffix Target tokens

temperature “, which is” freezing, cold, chilly, nice, warm, hot, burn-
ing

age “ They are” young, middle, old, elderly
years “-01-01, which year is it?” 17, 18, 19, 20, 21
colors (none) red, orange, yellow, green, blue, indigo, pur-

ple
day “. What day is it?” Monday, Tuesday, Wednesday, Thursday,

Friday, Saturday, Sunday

B.2 SAE Training Details

All SAEs are trained on activations from Llama-3.1-8B at layer 19 (residual stream, d = 4096).
Activations are harvested from 500M tokens of The Pile (uncopyrighted) (Gao et al., 2020)
using sequence length 4096.

Optimization. All architectures use Adam with learning rate 10−4, no weight decay, and
gradient clipping at max norm 1.0. Batch size is 16,384 tokens. We use a linear warmup over
the first 1epochs (though most checkpoints are taken at epoch 2 based on validation VE).
Activations are auto-normalized by their mean ℓ2 norm prior to training.

Architecture-specific details.

• TopK / BatchTopK: Auxiliary loss weight 0.05 with 1

• JumpReLU: STE bandwidth ε = 0.001. Target L0 set to match k of other architectures.

• Matryoshka: Nested feature groups with geometrically spaced sizes (dsae/8, dsae/8,
dsae/4, remainder). Otherwise same as BatchTopK.

• Standard (ℓ1): Sparsity weight λ ∈ 0.03, 0.04, 0.1.

Model selection. Table 3 lists all trained SAEs. We retain SAEs achieving variance ex-
plained (VE) > 0.85 on held-out activations for the main experiments. SpaDE (VE ≈ 0.62)
and MFA (VE ≈ 0.55) are included for architectural comparison despite lower reconstruction
quality.
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Figure 9: (Left) PCA projections show that manifolds are well-described by a small number
of global components encoding semantic variation. (Middle) SAE reconstructions using
increasing numbers of features approximate the manifold in a piecewise-linear fashion,
with individual features capturing local regions. (Right) Tuning curves highlight the mixed
selectivity of features across the hue dimension of the color manifold.
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Figure 10: (Left) PCA projections show that manifolds are well-described by a small number
of global components encoding semantic variation. (Middle) SAE reconstructions using
increasing numbers of features approximate the manifold in a piecewise-linear fashion,
with individual features capturing local regions. (Right) Tuning curves highlight the mixed
selectivity of features across sentence length.
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Table 3: SAE configurations. VE is variance explained at epoch 2. SAEs below the VE > 0.85
threshold (marked with †) are included for architectural comparison only.

Architecture Expansion Sparsity dsae VE

BatchTopK ×8 k = 64 32,768 0.858
BatchTopK ×8 k = 128 32,768 0.858
BatchTopK ×8 k = 256 32,768 0.883
BatchTopK ×16 k = 128 65,536 0.849
TopK ×8 k = 64 32,768 0.852
TopK ×8 k = 128 32,768 0.861
TopK ×8 k = 256 32,768 0.862
TopK ×16 k = 64 65,536 0.845
TopK ×16 k = 128 65,536 0.848
JumpReLU ×8 k = 64 32,768 0.841
JumpReLU ×8 k = 128 32,768 0.846
JumpReLU ×8 k = 256 32,768 0.867
JumpReLU ×16 k = 64 65,536 0.853
JumpReLU ×16 k = 128 65,536 0.852
JumpReLU ×16 k = 256 65,536 0.879
Matryoshka ×8 k = 64 32,768 0.847
Matryoshka ×8 k = 128 32,768 0.851
Matryoshka ×8 k = 256 32,768 0.875
Matryoshka ×16 k = 128 65,536 0.854
Matryoshka ×16 k = 256 65,536 0.887
Standard ×8 λ = 0.03 32,768 0.841
Standard ×8 λ = 0.1 32,768 0.848
Standard ×16 λ = 0.03 65,536 0.867
Standard ×16 λ = 0.04 65,536 0.844
Standard ×16 λ = 0.1 65,536 0.961
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Figure 11: Similarity between features learned by different SAEs measured in decoder space
(left), SAE code space (middle and right) for random data (middle) and specific manifolds
(right).

B.3 Platonic Representations?

We investigate whether different SAEs recover a shared underlying representation of the
same manifold. To do so, we compare learned features across models using optimal trans-
port (OT) in three spaces: decoder directions, code activations on random inputs, and code
activations restricted to points lying on a given manifold.

Fig. 11 shows weak alignment when comparing decoder directions, particularly for point-
based methods such as SpaDE, which differ substantially from direction-based SAEs. Simi-
larly, OT applied to SAE activations on random training data reveals slightly more consistent
structure across models, but no clear alignment. These results suggest that individual fea-
tures are not stable objects: their representation depends strongly on architectural choices
and training dynamics, in line with previous work (Fel et al., 2025a; Paulo & Belrose, 2025).

In contrast, when restricting comparison to specific manifolds, we observe strong alignment
across SAEs. Despite differences in individual features, the induced coordinate systems
over the manifold are highly consistent, indicating that what is preserved across SAEs is not
the features themselves, but the geometric structures they collectively encode.
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Figure 12: Receptive field plots for different SAE architectures on the days of week manifold.
Sampled points in the ambient space of the manifold are colored by their highest activating SAE
feature, highlighting feature selectivity in the ambient space as well as the architectural biases of
different SAEs (e.g., angular separability in Top-K SAEs and linear separability in L1).

Receptive Fields. We further explore the selectivity of features by plotting SAE feature
activations in the ambient space (defined by the top 3 principal components) a manifold
lives in. We sample points in the ambient space, decompose them with the SAE, and color
those points by their max activating features. We weight the size of these points by using
the reconstruction error of the SAE to model the ambient space as a probability distribution
of possible manifold points. In Figure 12, we see that features exhibit selectivity for each
day of the week, with the different assumptions made by each SAE resulting (e.g. angular
separability vs linear separability) visible in how the ambient space is shattered by the
features.
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C Duality of Concept Geometry

Figure 13: The Geometric Duality of Sparse Concepts (Definition 4). (Left) Concept as
Direction: SAEs capture manifolds extrinsically by finding a fixed atom group whose linear
span contains the manifold. Concept as Points: SAEs capture manifolds intrinsically by
sampling landmarks that form a Vietoris–Rips complex homotopy equivalent to the original
manifold shape. (Right)

It is now well-established that current approaches for concept recovery are fundamentally
instances of sparse dictionary learning. In this work, we mainly studied one particular
cases of Dictionary learning that make an implicit assumptions about the geometry of
concepts (Hindupur et al., 2025): that concepts are directions. This implicit definition is
important for the discussion here, as it strictly dictates the topology of the reconstructed
space and, consequently, will define what it means mathematically to successfully recover a
concept manifold. Briefly, we could cluster the recovery methods in 2 groups and use the
implicit definition of concept as foundational distinction:
Definition 4 (Geometric Duality of Sparse Concepts). Given an activation x ∈ A, sparse
dictionary learning extracts a latent representation z ∈ Rc via a dictionary D ∈ Rc×d by solving
the following optimization:

arg min
z∈Z , D∈Ω

∥x − zD∥2
2 + λR(z) s.t.

{
Z = Rc

+, Ω = Bc×d Concepts as Directions

Z = ∆c−1, Ω = Rc×d Concepts as Points
(6)

where R(z) is a sparsity-promoting regularizer (e.g., restricting ∥z∥0 ≤ k).

AS a recall, the localized reconstructions x̂ = zD lie (i) under the directional paradigm, in a
sparse non-negative span (a cone), and we note that contrary to classical SAE, (ii) under the
point paradigm, reconstruction lie strictly within a sparse convex hull (a bounded polytope).
This work already studied what it means to recover a manifold for the first case, we will
now study what it means to recover a manifold in the second case: concepts as points.

C.1 Simplicial recovery

In the point paradigm, the dictionary atoms serve as localized landmarks and reconstruction
is constrained to their convex hull. As both are dictionary matrices are structurally in Rc×d,
we distinguish them notationally by writing P for the dictionary rather than D. Because
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point-based methods reconstruct by interpolating between landmark positions rather than
combining coordinate axes, manifold recovery is no longer a question of spanning an
ambient subspace. Instead, it requires that the active landmarks form a sufficiently dense
and faithful discrete sample of the underlying geometry.
Definition 5 (Simplicial capture). A point-based SAE with landmarks P = {P1, . . . , Pc} captures
a manifold M (with reach τ > 0) at precision ε if the active landmark subset

PS⋆ =
{

Pi : ∃ x ∈ M such that i ∈ supp(z(x))
}

satisfies dH(PS⋆ ,M) ≤ ε, where dH denotes the Hausdorff distance.

The Hausdorff condition encodes two requirements: every active landmark lies within ε of
M (the landmarks are close to the manifold), and every point of M has an active landmark
within ε (the landmarks cover the manifold). Together, PS⋆ forms a faithful point sample.
Under standard density and reach conditions (Niyogi et al., 2008), such a sample is sufficient
for the Vietoris–Rips complex built from PS⋆ to recover the topology of M, including its
connected components, loops, and higher-order cycles. When landmarks belonging to
multiple manifolds M1, . . . ,Mm coexist in P, the landmark neighborhood graph provides
a natural tool for separating them. One defines a graph Gr(P) with an edge between Pi and
Pj whenever ∥Pi − Pj∥ ≤ r; this is the 1-skeleton of Rips(P, r). If the manifolds are well
separated (inter-manifold distance δ ≫ 2ε), the per-manifold landmark subsets are exactly
the connected components of Gr for r ∈ (2ε, δ − 2ε). Manifold discovery in this setting
reduces to connected component extraction, or spectral clustering when the separation is
less clean.

Factor manifolds versus joint geometry. The analysis above assumes that each landmark
can be assigned to a single manifold. Under superposition, this assumption breaks down,
and point-based SAEs face a fundamental obstruction to factorwise recovery. Consider
two observations x = m1 + m2 and x′ = m′

1 + m′
2, where m1, m′

1 ∈ M1 and m2, m′
2 ∈ M2.

A point-based SAE reconstructs via convex combinations of landmarks: x̂ = ∑j zjPj with
zj ≥ 0 and ∑j zj = 1. If two landmarks Pa ≈ x and Pb ≈ x′ are both active, their midpoint
1
2 Pa +

1
2 Pb ≈ 1

2 (m1 + m′
1) +

1
2 (m2 + m′

2) is a valid reconstruction. But this point does not
correspond to any observation on the data manifold: 1

2 m1 +
1
2 m′

1 is generically not a point
on M1 (it is a chord, not an arc), and likewise for M2. The convex hull of landmarks that
tile the joint manifold M1 +M2 is therefore fundamentally different from the Minkowski
sum conv(M1) + conv(M2) that would be needed for factorwise decomposition. In other
words, the simplex constraint couples all factors: one cannot isolate the contribution of
M1 by selecting a subset of landmarks, because every landmark encodes a specific joint
configuration of all co-occurring concepts. The landmarks tile the joint data manifold as a
single object rather than decomposing it into the separate factor manifolds that generated
it.
Lemma 1 (Point-based landmarks do not approximate factor manifolds). Let M1 ⊂ V1
and M2 ⊂ V2 be compact manifolds contained in orthogonal linear subspaces V1, V2 ⊂ Rd, with
0 /∈ M2. Let P = {P1, . . . , Pc} ⊂ M1 +M2 achieve simplicial capture of the joint manifold at
precision ε. Then for every landmark Pj,

d(Pj, M1) ≥ inf
m2∈M2

∥m2∥ − ε. (7)

In particular, if infm2 ∥m2∥ = δ > 0, then every landmark is at distance at least δ − ε from M1.

Proof. By simplicial capture, there exist m1 ∈ M1 and m2 ∈ M2 with Pj = m1 + m2 + r
where ∥r∥ ≤ ε. Let ΠV2 denote orthogonal projection onto V2. For any m′

1 ∈ M1 ⊂ V1, the
orthogonality V1 ⊥ V2 gives ΠV2(m1) = ΠV2(m

′
1) = 0, hence

∥Pj − m′
1∥ ≥ ∥ΠV2(Pj − m′

1)∥ = ∥m2 + ΠV2(r)∥ ≥ ∥m2∥ − ε. (8)

Taking the infimum over m′
1 ∈ M1 on the left and over m2 ∈ M2 on the right yields the

result.

25



Published as a conference paper at COLM 2026

M

Mi

j

Joint Manifold M

Landmarks P tiling 
the joint manifold M

Figure 14: Why simplicial capture cannot factor an additive mixture of manifolds. A
point-based dictionary tiling the joint manifold M = Mi +Mj (right) does not induce
tilings of the individual factors Mi,Mj (left). Each landmark Pk ∈ M encodes one specific
joint configuration (mi, mj) of co-active factors, and convex combinations of landmarks
reach points of M that have no preimage in any single factor. As a consequence (Lemma 1),
the landmarks cannot lie close to either Mi or Mj: they tile a different geometric object
than the factors that generated the data.

Point-based dictionary learning tiles the joint manifold. This observation effectively
closes the door, for the purposes of this paper, on point-based SAEs as a model of fac-
tor manifold recovery under superposition. Direction-based SAEs avoid this obstruction
because their reconstructions are additive: x̂ = ∑j zjDj with no constraint coupling the
coefficients, so the partial reconstruction using only atoms aligned with M1 isolates that
factor’s contribution regardless of which other factors are simultaneously active. Recover-
ing individual factor manifolds from point-based SAEs would require replacing the single
simplex constraint with a compositional construction such as a Minkowski sum (Fel et al.,
2025b) or a blockwise simplex in which separate groups of coefficients are independently
constrained to different factors. Such extensions are interesting directions for future work,
but they fall outside the scope of the present paper. Since our goal is to recover the geometry
of individual factors, we focus in the remainder on direction-based SAEs, for which additive
structure makes factorwise analysis well-posed.
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D Conditions of Subspace capture

Before starting, we absorb the affine offset into the SAE bias and work with centered
points x̃ = Vα. The hypothesis µ < 1/(2k − 1) is the coherence-based Exact Recovery
Condition (ERC) of Tropp (2004), which guarantees that for any signal supported on S⋆,
both Orthogonal Matching Pursuit and Basis Pursuit recover the correct support. Moreover,
by Lemma 2.3 of Tropp (2004), the squared singular values of DS⋆ exceed 1 − (k−1)µ > 0,
so DS⋆ has full row rank with ∥D+

S⋆∥2 ≤ (1 − (k−1)µ)−1/2.

We consider the following idealized encoding setting: the dictionary D is obtained from
SAE training, and representations are then computed by an Orthogonal Matching Pursuit
(OMP) procedure over the learned dictionary. This separates the quality of the dictionary
from the behavior of any particular feedforward encoder, and allows us to leverage classical
sparse recovery guarantees (Tropp, 2004; Donoho & Elad, 2003).

We restate the theorem for convenience.
Theorem 2 (Subspace recovery). Let M lie in a k-dimensional affine subspace with orthonormal
basis V ∈ Rk×d and offset bM. Let D be µ-incoherent, and suppose there exists S⋆ ⊂ [c] with
|S⋆| = k such that Im(V) = span(DS⋆) and µ < 1/(2k − 1). If the SAE achieves reconstruction
error ∥xm − Dz(xm)∥ ≤ λ on M, then it captures M at precision O(λ).

Proof. Since Im(V) = span(DS⋆), every centered point x̃m ∈ M admits a unique represen-
tation x̃m = DS⋆c⋆ for some c⋆ ∈ Rk. Let z denote the SAE code with support S = supp(z),
residual r = x̃m − Dz, ∥r∥ ≤ λ, and write S̄ = S \ S⋆. Extending c⋆ by zeros to a vector in
Rc, define δ = z − c⋆. Then

∥Dδ∥ = ∥Dz − DS⋆c⋆∥ = ∥Dz − x̃m∥ ≤ λ. (9)

Under the ERC, the noise-robust null-space property of Tropp (2006) (Theorem 14) yields

∥δS̄∥1 ≤ C(µ, k)
1 − (2k − 1)µ

∥Dδ∥2 = O(λ), (10)

where C(µ, k) depends only on µ and k. Since c⋆ is supported on S⋆, δS̄ = zS̄, hence
∥zS̄∥1 = O(λ).

The S⋆-restricted reconstruction error then satisfies∥∥∥x̃m − ∑
i∈S⋆

zi(x̃m)Di

∥∥∥ = ∥x̃m − DS⋆zS⋆∥

= ∥DS̄zS̄ + r∥
≤ ∥zS̄∥1 + λ = O(λ), (11)

where the first inequality uses unit-norm atoms and the triangle inequality. Thus the SAE
captures M at precision O(λ) in the sense of Defn. 3.

27



Published as a conference paper at COLM 2026

E Synthetic Experiment Details

Figure 15: Synthetic Evaluation Pipeline. We construct a controlled benchmark for manifold
recovery by sparse autoencoders. (1) We define a zoo of manifolds (spheres, tori, Möbius
strips, etc.) and generate data points by sampling from a sparse mixture: each observation
is formed as X = ∑i ZiUi, where Zi are local coordinates on the i-th manifold and Ui are
ambient basis matrices embedding each manifold into high-dimensional space. (2) An
SAE is trained on the resulting superposed activations. (3) We evaluate whether the SAE
recovers the individual manifolds from the mixture, assessing both subspace capture (for
direction-based SAEs) and simplicial capture (for point-based SAEs) as defined in Sections 3
and 5.
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Figure 16: Ising coupling matrix Jij recovers latent manifold structure across sparsity
regimes. Red = positive coupling ; blue = mutual exclusion (J < 0). At low K (tiling), atoms
are shared across manifolds and block structure is weak. At intermediate K (K ≈ 8–16),
clean block-diagonal structure emerges. At high K (dilution), atoms over-tile individual
manifolds, fragmenting blocks.

Manifold zoo. Table 4 summarizes the eight manifold types used in the synthetic bench-
mark. For each type, we list the intrinsic dimension di (the number of free parameters),
the embedding dimension ki (the dimension of the ambient subspace containing the mani-
fold, which determines the number of atoms needed for subspace capture), the parametric
embedding γi, and the parameter ranges used across variants.

Table 4: Manifold zoo used in the synthetic benchmark.

Type di ki Embedding γi(θ) ∈ Rki Variant parameters

Circle 1 2 (r cos θ, r sin θ) r ∈ {0.5, 0.75, 1.0, 1.5, 2.0, 3.0}
Sphere 2 3 (r sin ϕ cos θ, r sin ϕ sin θ, r cos ϕ) r ∈ {0.5, 0.75, 1.0, 1.5, 2.0, 3.0}
Torus 2 4 Clifford: ((R+r cos ϕ) cos θ, . . . , r sin ϕ) (R, r) ∈ {(2, 0.5), (2, 1), (3, 1), . . .}
Möbius 2 3 ((1+t cos ϕ

2 ) cos ϕ, . . . , t sin ϕ
2 ) w ∈ {0.2, 0.3, 0.5, 0.7, 1.0, 1.5}

Swiss roll 2 3 (θ cos θ, h, θ sin θ) (θmax, hmax) ∈ {(2π, 1.5), . . . , (4.5π, 6)}
Helix 1 3 (r cos θ, r sin θ, αθ) α ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}, r=1, 3 turns
Flat disk 2 2 (r cos θ, r sin θ) with r ∼

√
U (0, 1) R ∈ {0.5, 0.75, 1.0, 1.5, 2.0, 3.0}

Segment 1 1 (t) length ∈ {0.5, 0.75, 1.0, 1.5, 2.0, 3.0}

The distinction between di and ki is important throughout the paper. The intrinsic dimension
di governs the manifold’s degrees of freedom and determines the expected number of
localized detectors in the tiling regime. The embedding dimension ki determines the number
of atoms required for subspace capture (Definition 3): a circle is parameterized by a single
angle (di = 1) but its embedding (cos θ, sin θ) lives in a 2-dimensional subspace (ki = 2),
so two atoms are needed to span it. Similarly, the torus is intrinsically 2-dimensional but
requires a 4-dimensional Clifford embedding to faithfully represent its topology.
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Normalization. A critical design choice is ensuring that all manifold instances contribute
equally to the reconstruction loss. Without normalization, manifold types with large embed-
dings (e.g., the Swiss roll, whose coordinates scale as θ ∼ 3π to 4.5π) would dominate the
SAE’s capacity, while small-norm manifolds (e.g., a circle with r = 0.5) would be treated as
noise. We address this by centering and isotropically rescaling each instance at construction
time. Concretely, for each manifold instance i with parameters ρi, we draw a calibration
sample of 50,000 points from the raw embedding γi, compute the sample mean µi and the
RMS norm of the centered samples σi =

√
E[∥γi(θ)− µi∥2], and define the normalized

embedding as

γ̃i(θ) =
γi(θ)− µi

σi
. (12)

This transformation is an isotropic rescaling composed with a translation: it preserves all
angles, relative distances, curvature ratios, and topological structure. After normalization,
every instance has RMS norm exactly 1 in local coordinates, regardless of manifold type or
variant parameters.

Ambient embedding. For each of the 48 manifold instances (8 types × 6 variants), we
draw a random orthonormal matrix Vi ∈ Rki×d by sampling a d × ki Gaussian matrix and
taking the Q factor of its QR decomposition (transposed to obtain orthonormal rows). This
ensures that ∥zVi∥2 = ∥z∥2 for all z: the ambient embedding is norm-preserving. The bias
vectors bi are set to zero throughout (i.e., σbias = 0).

Sparse mixture sampling. Observations follow the generative model

x = ∑
i∈S

γ̃i(θi)Vi + ϵ, |S| = L0, (13)

where the active set S is drawn uniformly at random (without replacement) from the
48 instances, intrinsic coordinates θi are sampled uniformly on each manifold, and ϵ ∼
N (0, σ2

ϵ Id) with σϵ = 10−5. The noise level is deliberately kept small so that reconstruction
quality reflects the SAE’s geometric organization rather than denoising ability.

We generate N = 2,000,000 training samples. The evaluation set consists of 1,000,000
samples generated at L0 = 4 with a separate random seed, along with the corresponding
per-manifold contributions mi = γ̃i(θi)Vi and active masks. This separation ensures that
evaluation measures capture on in-distribution superposition with known ground truth.

SAE Training We use TopK sparse autoencoders throughout the synthetic experiments.
The encoder is a linear map Wenc ∈ Rc×d followed by TopK selection (retaining only the
k largest activations and zeroing the rest). The decoder is a linear map Wdec ∈ Rd×c

with unit-norm columns, applied to the sparse code to produce the reconstruction x̂ =
Wdec TopK(Wenc x). The dictionary size is c = 512 throughout, yielding an expansion factor
of c/d = 4 relative to the ambient dimension d = 128.

We train separate SAEs for each sparsity budget k ∈ {3, 4, 6, 8, 10, 14, 16, 20, 25}. This range
is chosen to span all three theoretical regimes.

All SAEs are trained with Adam (learning rate 3 × 10−3, no weight decay) for 10 epochs
with batch size 1,024. The loss function combines ℓ1 reconstruction error with a dead-neuron
reanimation term. An atom is considered dead if it has zero activation for every sample
in the current batch. The reanimation term encourages dead atoms to develop nonzero
pre-activations, preventing capacity waste.

Restricted R2 (subspace capture score). The primary metric tests Definition 3 directly. For
a given SAE trained at sparsity k, we proceed as follows:

1. Encode the full evaluation set {x(j)} through the SAE to obtain codes {z(j)}.
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2. For each manifold instance i, select the rows where i is active (using the ground-truth
active masks) to obtain the manifold-specific codes Zi ∈ Rni×c and the correspond-
ing true contributions Mi ∈ Rni×d.

3. Greedily select n atoms by iteratively choosing the decoder direction dj that explains
the most residual variance of Mi. At each step, the selected atom’s projection is
removed from the residual before selecting the next.

4. Mask the codes to retain only the n selected atoms: Z(n)
i = Zi ⊙ eselected, where

eselected is a binary mask.

5. Decode: M̂(n)
i = Z(n)

i W⊤
dec.

6. Compute the restricted R2:

R2(i, k, n) = 1 −
∑j ∥m(j)

i − m̂(j,n)
i ∥2

∑j ∥m(j)
i − m̄i∥2

, (14)

where m̄i is the mean of the true contributions. An R2 near 1 at n = ki indicates compact
subspace capture. We report R2 for n ranging from max(1, ki − 2) to ki + 2 to visualize how
capture improves around the embedding dimension.

Note that the greedy selection operates on the decoder directions of the trained SAE, not
on the codes. This is important: we are asking whether n decoder directions span the
manifold’s ambient subspace, using the codes the SAE actually produces on in-distribution
(superposed) inputs.

Support size. For each manifold instance i and SAE sparsity k, the support size |SM|
counts the number of unique dictionary atoms that fire on at least 10% of the manifold’s
evaluation points. To avoid counting near-zero activations (e.g., from ReLU tails or numeri-
cal noise), we apply a per-atom magnitude threshold: for each atom j, we compute the 10th
percentile of its nonzero activations and discard activations below this threshold. Atoms
must additionally fire on at least 30 points (an absolute floor) to be counted. This filtering
ensures that the support size reflects genuinely active atoms rather than numerical artifacts.

Receptive field spread. For each atom j in the support of manifold i, we gather all manifold
points where j fires (after the robustness filtering described above) and compute the mean
pairwise Euclidean distance among those points in ambient space. This quantity measures
how broadly the atom’s receptive field covers the manifold. We then take the median across
all atoms in the support and normalize by the manifold’s own mean pairwise distance
(computed from a subsample of up to 2,000 points), yielding a dimensionless quantity
between 0 (maximally localized: each atom fires on a tight cluster) and 1 (maximally global:
each atom fires uniformly across the entire manifold).

Ising coupling inference. To recover manifold structure from SAE codes without supervi-
sion, we binarize the codes (sj = sign(zj)) and fit a pairwise Ising model

p(s) ∝ exp

(
∑
i<j

Jij si sj + ∑
i

hi si

)
(15)

using pseudo-likelihood maximization (PLM) with L-BFGS optimization. We enforce sym-
metry by setting J = (W +W⊤)/2 during optimization rather than as a post-hoc correction.
Regularization strength is selected via the extended Bayesian information criterion (EBIC)
with γ = 0.5, following the IsingFit procedure of Van Borkulo et al. (2014). The fields
hi absorb marginal firing rates, so universally active atoms have large |hi| but small |Jij|,
and indirectly correlated atoms are factored out by construction. We then apply Louvain
community detection to |J| to partition atoms into candidate manifold groups, and vali-
date each group by checking for a sharp PCA spectral gap in its code vectors (indicating
low-dimensional structure consistent with a manifold).
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F Recovering Manifold Structure via Ising Model

Recovering the manifold partition from SAE codes can be cast as a problem of graphical
model selection over dictionary atoms. The goal is to infer which atoms are structurally
related (jointly tile or span the same manifold) and which are independent, using only the
observed pattern of activations. This section formalizes the connection, states the conditions
under which recovery succeeds, and motivates the two-stage pipeline used in the main text.

From Covariance to Conditional Independence A natural first approach to grouping
atoms is to examine their pairwise covariance. However, covariance conflates direct and
indirect statistical dependencies: two atoms may be correlated not because they tile the same
manifold, but because a third atom (or a latent variable such as topic) mediates their inter-
action (Dempster, 1972). The classical remedy is to examine the precision matrix Ω = Σ−1

instead. For jointly Gaussian random variables, the precision matrix encodes the conditional
independence structure exactly: Ωab = 0 if and only if za ⊥⊥ zb | z\{a,b} (Lauritzen, 1996).
Estimating Ω from data is the subject of Gaussian graphical model selection, with well-
studied algorithms such as the graphical lasso (Friedman et al., 2008) and neighborhood
selection (Meinshausen & Bühlmann, 2006).

SAE codes, however, are not Gaussian. They are sparse (most entries zero), non-negative
(due to ReLU or TopK), and their support is constrained (TopK enforces ∥z∥0 = k). Applying
Gaussian graphical model selection to such data would yield inconsistent estimates of the
conditional independence structure, since the Gaussian likelihood is misspecified. We
therefore require a graphical model adapted to the discrete, binary nature of SAE activation
patterns.

The Ising Model as a Binary Graphical Model A principled alternative is to binarize the
codes, setting sa = sign(za), and model their joint distribution with a pairwise exponential
family. For binary random variables, the maximum-entropy distribution consistent with
observed first and second moments E(sa) and E(sasb) is the Ising model (Jaynes, 1957;
Wainwright & Jordan, 2008):

p(s) =
1

Z(J, h)
exp
(

∑
a<b

Jab sasb + ∑
a

ha sa

)
, (16)

where the couplings J ∈ Rc×c parameterize pairwise interactions, the fields h ∈ Rc capture
marginal activation rates, and Z(J, h) is the partition function. This is a well-studied model
in statistical physics (Ising, 1925), computational neuroscience (Schneidman et al., 2006;
Cocco et al., 2009), and machine learning (Wainwright & Jordan, 2008). Its use for modeling
neural co-activation statistics was pioneered by Schneidman et al. (Schneidman et al.,
2006), who showed that pairwise interactions account for the vast majority of multi-neuron
correlations in biological neural populations.

The key property connecting the Ising model to manifold recovery is the following classical
result.

Proposition 1 (Pairwise Markov property of the Ising model; Besag (1974)). Let p(s) > 0 for
all s ∈ {0, 1}c. Then the distribution p factorizes as in Eq. (16) if and only if

Jab = 0 ⇐⇒ sa ⊥⊥ sb | s\{a,b}. (17)

That is, the support of J encodes exactly the conditional independence graph of the distribution.

This result, a special case of the Hammersley-Clifford theorem (Besag, 1974; Lauritzen,
1996), establishes that the Ising couplings play the same role for binary variables that the
precision matrix plays for Gaussian variables: Jab = 0 if and only if atoms a and b are
conditionally independent given all others. Fitting the Ising to binarized SAE codes is
therefore the construction prescribed by the theory of undirected graphical models for
binary data (Wainwright & Jordan, 2008).
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Figure 17: Reading manifold geometry from feature groups. (Left) Four views of the days and
colors manifolds using the top 3 supervised features per manifold: PCA of activations (ground
truth), PCA of the projection onto the decoder subspace spanned by the group, PCA of partial code
reconstructions, and raw feature activations as coordinates. Projecting onto the decoder subspace most
faithfully recovers the continuous geometry. (Right) Pairwise feature similarity under five metrics.
Ising couplings and conditional co-activation produce the clearest block-diagonal structure aligned
with ground-truth manifold assignments.

G A Geometric and Statistical View of Tiling

The empirical results of Sec. 5 establish that trained SAEs rarely operate in the capture
regime: rather than reusing a compact group of atoms across an entire manifold, they
fragment M into many partially overlapping receptive fields. This fragmented allocation is
what we call tiling, and it admits two qualitatively different geometric forms. Before giving
formal definitions through Ising couplings, we describe the underlying picture.

Tiling by individual atoms: Shattering The cleanest form of tiling allocates a single
atom to each region of M. Each atom di activates on a localized patch Pi ⊆ M, and the
patches {Pi}i∈GM partition the manifold with little overlap. On any input xm ∈ M, exactly
one (or few compared to the ambiant space) of the group’s atoms fires; moving along M
corresponds to handing off activity from one atom to the next, like the firing of place cells
as an animal traverses an environment (O’Keefe & Dostrovsky, 1971). The total number of
atoms used to represent M is therefore proportional to the volume of M in atom-units, not
to its ambient dimension kM: a larger manifold simply needs more tiles.

Tiling by group of atoms: Dilution Dilution is the same idea applied at the level of groups
rather than individuals. Instead of one atom firing per region, a small subset Gx ⊆ GM
fires on each xm ∈ M, and the subsets Gx vary smoothly (and overlap heavily) as xm moves
along M. No single Gx is small enough to satisfy capture at the manifold scale, but each is
locally redundant: many atoms encode the same region in parallel. The total support GM is
then much larger than the ambient dimension kM, often by an order of magnitude, because
every region is covered by several atoms rather than one.

Tiling selectivity. This shattering effect is further made clear when analyzing feature
activations as a function of the manifold concept. In Fig. 7, we plot the activations of
the top-10 features for each SAE on the years manifold. We observe that features exhibit
localized activation patterns, responses vary smoothly across the manifold, and multiple
features cover overlapping regions of the variable. In particular, for years, we can see that
most SAEs learn individual features that represent the ones digit of the year, activating
periodically every 10 years, as well as other features that carry information about the decade.
These patterns are reminiscent of neural tuning curves (Pouget et al., 1999; Hubel & Wiesel,
1968; Georgopoulos et al., 1986), where each feature responds to a restricted region of the
manifold. Figure 12 visualizes the receptive fields of the top features for each SAE on the
days of the week manifold, highlighting the selectivity of features in the ambient space
within which the manifold lives.
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Why the distinction matters. Both regimes preserve M’s geometry implicitly through
joint activity, and both are consistent with low reconstruction error. Geometrically, however,
they correspond to opposite assumptions about what an atom is for: shattering treats atoms
as landmarks (point-like detectors with sharp receptive fields), while dilution treats them as
local redundant basis (overlapping linear contributions whose sum reconstructs the local
geometry). Shattering is closer in spirit to the point paradigm of App. C; dilution is closer
to the directional paradigm but with the wrong sparsity budget. Distinguishing them is
essential because they will exhibit different statistical signature and thus recovering the
manifold will require different strategies.

Statistical signatures. The two regimes leave distinct fingerprints in the joint activation
statistics of GM. Under shattering, the single-atom-per-region structure means atoms are
mutually exclusive: when a fires, b ̸= a does not, and vice versa. Under dilution, atoms
within Gx are positively coupled (they fire together on the same region), but atoms in disjoint
Gx and Gx′ inhibit each other. Capture, in contrast, places all of GM inside every Gx: every
pair co-fires on every input. The Ising model makes these qualitative claims precise.
Definition 6 (Ising signatures of capture, shattering, and dilution). Let G ⊆ [c] be a group of
atoms hypothesized to represent a manifold M. Define the signed cohesion

ρ(G) =
1

(|G|
2 )

∑
a,b∈G
a<b

sign(Jab) ∈ [−1,+1]. (18)

For thresholds τ ∈ (0, 1], G is in the:

• Capture regime if |G| ≈ kM and ρ(G) ≥ +τ. (all atoms co-fire)

• Shattering regime if |G| ≫ kM and ρ(G) ≤ −τ. (atoms mutually exclude)

• Dilution regime if |G| ≫ kM and |ρ(G)| < τ. (mixed couplings, overlapping sub-groups)

The key auxiliary quantity is |G| itself: capture requires |G| to be small (no more than the
ambient dimension), while both forms of tiling require it to be large. Within the tiling
regimes, the sign of the couplings then distinguishes the geometric mechanism.

Implications for SAE interpretability. Two consequences follow. First, both ordered
states (capture and shattering, ferromagnetic and antiferromagnetic respectively) yield well-
defined communities under spectral clustering of |J|, while the disordered state (dilution)
does not — consistent with our empirical finding that recovering manifolds in the dilution
regime requires the additional spectral-gap validation step of Sec. 6. Second, the framing
identifies dilution as the genuinely problematic regime for interpretability: it preserves
geometry but does so without any coherent organizational principle. The empirical evidence
assembled in Sec. 5 restricted-R2 curves that plateau well beyond kM, tuning curves that
fragment manifolds across many partially redundant features, and Ising couplings whose
intra-group sign structure is mixed rather than uniformly positive or negative consistently
places trained SAEs in this regime. We therefore read current SAEs not as failed instances of
capture, but as diluted representations: they do encode manifold geometry, but distribute it
across a redundant cover whose organizational logic is invisible at the level of any single
feature, and only partially recoverable through post-hoc analysis we intended to develop in
Sec. 6.
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