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Abstract

Whether Reinforcement Learning with Verifiable Rewards (RLVR) creates
new reasoning capability or mainly sharpens latent behavior remains de-
bated. We develop a probabilistic account of how RLVR can create compos-
ite capability from sharpened atomic transitions. First, we model capability
as instance-level solvability Py(q) under a finite sampling budget and use
this view to reinterpret dataset-level Pass@k. Second, we analyze how
RLVR can make composite capability appear by sharpening weak atomic
transitions and pushing joint success probability across a multiplicative
barrier. Third, in Algebrarium, we train only on 1-hop atomic operations
and evaluate on unseen 2-5-hop compositions. In this setting, RLVR moves
22.6% of base-null model-task pairs beyond the finite-budget feasibility
threshold, and composite success is strongly predicted by the joint probabil-
ity of atomic steps (Pearson p € [0.69,0.96]). These results show that some
seemingly new capabilities in RLVR arise as the finite-budget manifestation
of sharpened atomic transitions.

1 Introduction

Reinforcement Learning with Verifiable Rewards (RLVR) (Shao et al., 2024) is now a central
recipe for improving LLM reasoning (OpenAl et al., 2019; DeepMind, 2025). Yet a basic
question remains unresolved: does RLVR create genuinely new capabilities, or does it
mainly concentrate behavior already weakly present in the base model? Recent work argues
for both views. Some papers report composite skills that appear only after RLVR (Yuan et al.,
2025; Cheng et al., 2025); others argue that RLVR largely exploits traces already available in
the pretrained policy (Yue et al., 2025; Gandhi et al., 2025; Liu et al., 2025; Zhao et al., 2025).
This paper studies that question through a probabilistic lens.

Much of this debate has been framed through aggregate Pass@k: improvements in Pass@k
are often taken as evidence that RLVR has induced new capability, while degradation at
high k is taken as evidence that RLVR merely concentrates existing behavior (Yue et al.,
2025; Wen et al., 2025). This is incomplete. Because Pass@k is a dataset-level macro-statistic,
it does not reveal how solvability changes on individual instances. We therefore study a
concrete question: can RLVR induce new instance-level capability under a finite sampling budget
by sharpening low-probability atomic transitions and making previously unsampleable
multi-step solutions reachable?

The intuition is simple. Complex reasoning often requires several intermediate decisions to
be correct in sequence (Wei et al., 2023; Dziri et al., 2023). A model may already solve many
atomic subproblems with moderate probability, yet still fail on the full task because the joint
success probability collapses across the chain. If RLVR reliably raises the probability of key
atomic steps, the compounded effect can move a composite task from effectively impossible
to feasible under a finite sampling budget.
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To formalize this idea, we analyze capability through instance-level solvability Py(g) rather
than dataset-level averages alone. This lets us reinterpret Pass@k as a macro-statistic induced
by per-instance success probabilities. The Pass@k identity itself is classical; our contribution
is to use it to explain why RLVR can produce very different macro-level Pass@k patterns
depending on how it redistributes probability mass across instances.

We test this account in Algebrarium, a symbolic environment with exact verifiability and
explicit atomic/composite structure. We train models only on atomic operations and
evaluate them on unseen multi-step compositions. Because the atomic/composite split
is defined relative to the target symbolic environment, our setup does not assume that
pretraining globally contains only single-hop knowledge.

Our contributions are threefold:

* A probabilistic interpretation of Pass@k. We decompose dataset-level Pass@k
into instance-level solvability and use this view to explain why low-k and high-k
behavior can diverge after RLVR.

* A probabilistic mechanism for RLVR-induced emergence. We define finite-budget
capability at the instance level and argue that RLVR can make seemingly new
composite capability appear by sharpening weak atomic transitions and pushing
joint success probability across the multiplicative barrier.

¢ Controlled empirical support. In an atomic-only RLVR setup, 22.6% of pooled
model-task pairs with 0/128 correct base samples meet our strict post-RLVR feasi-
bility criterion, and composite success is strongly predicted by the joint probability
of atomic steps (Pearson p € [0.69,0.96]).

Together, these results link our capability definition, our probabilistic analysis of Pass@k,
and our atomic-to-composite experiments. Under this perspective, seemingly new capa-
bilities induced by RLVR emerge as the finite-budget manifestation of sharpened atomic
transitions.

2 Related Work

RLVR and the emergence debate. RLVR is now a standard paradigm for improving
reasoning performance in LLMs (OpenAl, 2024; DeepMind, 2025). These methods reinforce
sampled trajectories that receive higher verifiable reward than their peers (DeepSeek-Al
et al., 2025; Shao et al., 2024; Yu et al., 2025; Zheng et al., 2025). Their success has triggered a
core debate: does RLVR mainly elicit behavior already present in the base policy, or can it
create genuinely new capability under practical inference budgets? (Yue et al., 2025)

RLVR as elicitation. A growing literature argues that RLVR mainly amplifies pre-existing
competence rather than injecting new skill (Zhao et al., 2025; Wen et al., 2025). Empirically,
RLVR is often associated with entropy reduction (Cui et al., 2025; Wang et al., 2025; Jiang
et al., 2025; Yan et al., 2025) and, in some settings, degraded high-k Pass@k despite stronger
greedy performance (Yue et al., 2025; Zhu et al., 2025; He et al., 2025). In this view, RLVR
depends on spontaneous sampling of correct trajectories and therefore cannot reward
behaviors absent from the model’s reachable distribution (Zhan et al., 2026).

RLVR as compositional induction. Other work reports composite skills that appear after
RLVR, especially in controlled or synthetic settings that separate atomic operations from
compositional reasoning (Yuan et al., 2025; Cheng et al., 2025; Park et al., 2025). These
studies suggest that RLVR can produce behavior that is meaningfully new at evaluation
time, even if it is built from weaker pre-existing components. Our work is closest to this
line, but focuses more narrowly on one measurable mechanism in a controlled setting.
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Figure 1: From instance solvability to dataset-level Pass@k. (a) For a single in-

stance, the success probability p determines gx(p) = 1 — (1 — p)¥, shown for p €
{.01,.05, .10, .20, .40,.80}. (b) For a two-instance dataset, Pass@k is the arithmetic mean
of the two instance curves. Faint lines show all 15 pairwise compositions, while four repre-
sentative pairs are highlighted. Different pairs can produce similar or crossing aggregate
trajectories, so the macro curve does not identify which instances changed.

3 Deconstructing Aggregate Pass@k

3.1 Why Aggregate Pass@k Is Insufficient

Pass@k is a standard finite-sampling metric (Chen et al., 2021). We use its classical identity
to show why aggregate Pass@k is insufficient for the RLVR emergence debate. The identity
below connects dataset-level Pass@k to the distribution of instance-level solvability Py(q),
which is the object needed for our analysis.

Given a dataset D = {g;}Y,, Pass@k measures the proportion of problems solved by at least
one correct sample among k generations:

LD
Pass@k = D Y I(solved; > 1), 1)
i=1

where solved; € {0,1,...,k} is the number of correct samples for problem g;.

Let 7t9(y | g) denote the policy and let V(y,q) € {0, 1} be the verifier. We define the success
probability of a single task as

PG(q) = ]Ey~n9(<|q) [V(%q)] ()

If the k samples are independent, the probability that all of them fail is (1 — Py(g))*, so the
expected Pass@k for one instance is

EE[Pass@k(q)] = 1 — (1 — Pp(q))". 3)

Averaging over the dataset gives

1
N

1

1=z

IE[Pass@k] = {1 —(1- Pg(qi))k} . )

1

This decomposition matters because aggregate Pass@k is only a macro-statistic. By itself, it
cannot tell us whether RLVR has created new instance-level capability, merely sharpened
already-solvable cases, or traded coverage in one region of the task distribution for gains in
another.
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Takeaway. Different redistributions of Py(g) across instances can generate similar aggre-
gate Pass@k curves. Settling the emergence debate therefore requires instance-level analysis,
not macro-statistics alone.

3.2 From Theory to Estimation

Figure 1 illustrates how dataset-level curves arise from instance-level success probabilities.
This view also clarifies why prior RLVR studies can report different post-training Pass@k
patterns: if training redistributes Py(q) unevenly across instances, low-k can improve while
high-k degrades (Yue et al., 2025). The key point is that macro-level Pass@k curves do not
uniquely identify the underlying redistribution.

4 Capability as Probabilistic States

To reason about capability directly, we move from dataset-level averages to pointwise
solvability. We treat capability as an operational property of a model-task pair under a finite
sampling budget.

We partition the task space according to the magnitude of Py(g) using two thresholds: a

lower threshold € for tasks that are effectively unsampleable, and a higher threshold J for
tasks that are meaningfully feasible under the intended compute budget.

Definition 1: The Null Set (e-incapability). A task belongs to the Null Set Ny if its success
probability is below an operational lower bound:

Ng =1{9€ QI Py(q) <e}. ®)
We estimate € using the Rule of Three (Hanley & Lippman-Hand, 1983). If zero successes
are observed in Kjyge = 128 samples, a standard 95% upper bound on the true success rate

is approximately 3/128 ~ 0.023. We therefore use € ~ 0.023 as a finite-budget threshold for
the null regime. This is an operational boundary, not a universal boundary of capability.

Definition 2: The Feasible Set (5-capability). A task belongs to the Feasible Set F} if its
success probability is high enough to make success plausible under the intended inference
budget:

Fy=1{1€ Q| Py(q) > 5} (6)
We set 6 = 1/Kpin = 0.125 for a reference budget of Kiyin, = 8. Under this threshold, the
expected number of correct samples is at least one:

Kinin - Po(q) > 1. @)
This does not guarantee success on every run, but it separates reliably reachable tasks from
extreme low-probability outliers. Like ¢, this threshold is operational rather than canonical:
it fixes the inference budget relative to which we evaluate finite-budget capability, and
different deployment budgets would induce different feasible sets.

The transitional regime. Tasks with € < Py(g) < J lie in a stochastic frontier between the
two sets. They are neither clearly impossible nor reliably feasible under the chosen budget.
In the analyses below, we focus on transitions between the null and feasible regimes because
those are the clearest indicators of finite-budget capability change.

5 Compositional Emergence under a Multiplicative Barrier

5.1 The Multiplicative Barrier in Complex Reasoning

Consider a complex problem g decomposed into a sequence of M substeps S =
{s1,52,...,5m}. The exact autoregressive factorization is

M
Py(q) = [ [ Po(sj | s<j). ®)
j=1
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The exact object is the conditional chain above. For later quantitative analysis, we also use
the first-order proxy

Po(q) ~ [T Po(sy), ©

to summarize stepwise strength.

The basic barrier does not depend on strict independence. If several conditional substeps
are weak, their joint probability still collapses rapidly with chain length. For example, if five
required steps each succeed with probability around 0.3, then

Py(q) ~ 0.3° ~ 0.0024,

which lies far below the null threshold e ~ 0.023. In that regime, the model may solve each
atomic operation with non-trivial probability while remaining effectively unable to solve
the full composite task under finite sampling.

5.2 Emergence through Probability Amplification

In our controlled setting, RLVR trains only on atomic tasks. If training sharpens several weak
atomic transitions, the compounded joint probability can cross the feasibility boundary:

RLVR
0.3° ~ 0.0024 0.7° ~ 0.168.
~—————" sharpening atomic steps ~—~—""
Null regime Feasible regime
(Po(q)<e€) (Po(g)=0)

This is the mechanism we study: atomic-only RLVR can create new instance-level capability
under a finite budget by sharpening weak atomic transitions and pushing joint success
probability across the feasibility boundary.

6 Experiment Setup

To study the proposed mechanism, we use Algebrarium to generate synthetic symbolic
reasoning tasks. This gives a laboratory setting in which atomic operations and composite
tasks are separated cleanly, answers are deterministically verifiable, and the reasoning
process is measurable at both the atomic and composite levels. Details of the framework
appear in Appendix A.

Domains and task formulation. The core task is algebraic expression calculation. Given two
elements e1, ¢, € G from a specific group, the model must compute the canonical result of
e1 @ ey by applying the group rules of that domain. To probe robustness across different
algebraic properties, we instantiate four domains spanning two axes: cardinality (finite vs.
infinite) and commutativity (abelian vs. non-abelian).

Measurement and decomposition. We quantify composite difficulty by operation count
N and compare direct success Py(q) with the success of each decomposed atomic step Py(s;).

This gives three aligned quantities for each instance: final-answer accuracy, per-step atomic
accuracy, and a joint atomic proxy I—[}\Ll Py(s;). Because each atomic step is measured with

labeled intermediate targets, this product serves as a diagnostic proxy. The full evaluation
schema appears in Appendix 2.

A concrete decomposition example. Suppose the target expression is a 3-hop composition
such as (((e; @ ex) @ e3) @ eq). Direct evaluation asks whether the model can generate
the final result in one rollout. Decomposed evaluation instead measures the three atomic
transitions separately: s1 : e; D ey — dq,52 : dy D e3 — dp, and s3 : dp @ ey — Res. This gives
a concrete instance-level bridge between the final composite outcome and the intermediate
atomic operations on which our analysis is built.
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Table 1: Dataset statistics and domain properties. We evaluate four algebraic systems
varying in cardinality and commutativity. Training contains only atomic examples, while
the test set contains 800 composite examples stratified by reasoning depth (2-5 operations).

Train | Test (Stratified by Depth)

Domain ‘ M ‘ Underlying Structure ‘ Total

‘ Card. Comm. ‘ ‘ 1-Ops ‘ 2-Ops 3-Ops 4-Ops 5-Ops ‘
Encrypted History ) Yes Integers (Z) 3,200 50 50 50 50 200
Enigma System Finite Yes Modular Product (Zgé) 3,200 50 50 50 50 200
Knitting System o No Free Group 3,200 50 50 50 50 200
Rubik’s Cube Finite No Permutation Group 3,200 50 50 50 50 200
Total | 4 Distinct Algebraic Systems | 12,800 | 200 200 200 200 | 800

Dataset construction. Our split is designed to decouple rule acquisition from composi-
tional generalization.

¢ Training: The RLVR training set contains only atomic operations (1-hop reasoning).
This rules out direct RL on composite targets.

¢ Testing: The test set contains unseen 2-5-hop compositions, stratified by depth,
with 200 balanced samples per level across the four domains.

The atomic/composite split is defined relative to this target environment, not relative to
the model’s entire pretraining history. A pretrained LLM may bring generic reasoning
priors, but the symbolic rules and held-out compositions are generated specifically for this
environment.

Table 1 summarizes the full dataset configuration. Task-specific details are deferred to
Appendix C.

Implementation details. We benchmark three model families: LLAMA, QWEN, and
GEMMA. Training uses Group Relative Policy Optimization (GRPO) (Shao et al., 2024)
for 100 steps. Performance is measured by exact-match accuracy on the final boxed answer.
Additional implementation details are provided in Appendix B.

7 Empirical Validation of the Theory

This section tests the probabilistic account from Sections 3.1-5. Aggregate Pass@k improve-
ment alone is not our evidence of emergence. Instead, we ask three questions: whether
the instance-level decomposition describes observed Pass@k curves, whether atomic-only
RLVR induces finite-budget transitions on unseen composite tasks, and whether composite
success tracks atomic-step strength as predicted by the multiplicative barrier.

7.1 Validation of Pass@k Dynamics

We first test whether the classical Pass@k identity provides a useful estimator of empirical
curve shape. For each instance, we approximate Py(q) by the average correctness rate over
128 samples, i.e., Py(q) ~ Avg@128(q) using Eq. 2. We then plug these estimates into the
theoretical expression and compare the resulting curves with the measured Pass@k values.

Figure 2 shows close agreement between the predicted and empirical curves, with MSE

below 6 x 10~* across all model-state pairs. This validates the measurement framework:
the observed dataset-level Pass@k curves can be reconstructed from the distribution of Py(q).
The fit is precise because the reconstruction uses the empirically estimated per-instance
success rates directly and introduces no additional free parameters. The point of this figure
is therefore methodological: once the instance-level distribution is measured, the macro
Pass@k curve is almost fully determined.
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Figure 2: Theoretical and empirical Pass@k curves. Using per-instance success rates
estimated from 128 samples, the theoretical curves closely track the observed curves (MSE

8.8 x 107°-5.9 x 10~* across model-state pairs).

7.2 Transitions from the Null Regime

We next ask whether atomic-only RLVR can create new instance-level capability on unseen
composite tasks under a finite sampling budget. Following Section 4, for each evaluated
model we isolate model-task pairs that lie in the Null Set for the base model, defined
operationally as zero successes in 128 samples. We then test whether RLVR moves these
same pairs beyond the feasibility threshold under the predeclared reference budget Kpin = 8.
To make the empirical transition count conservative at the discrete boundary, we require

Pro(q) > & (at least 17 successes in 128 samples); pairs exactly at § are not counted as
transitions.

As shown in Figure 3, 22.6% of these initially null model-task pairs exceed the feasibility
threshold after RLVR, and the mean success rate of the recovered subset rises from 0 to 0.60.
The key event here is an instance transition across capability regimes, not merely a shift in
an aggregate curve. Because the RLVR training set contains only atomic tasks, these gains
show that RLVR can create new finite-budget capability on unseen composite instances
without direct composite supervision.

7.3 Testing the Multiplicative Barrier Hypothesis

We now examine whether composite difficulty in this environment is consistent with the
proposed multiplicative barrier. We use two complementary tests: performance as a function
of reasoning depth, and the relationship between composite success and the joint accuracy
of constituent atomic steps.

Depth-dependent collapse. Figure 4 shows that accuracy drops sharply as reasoning
depth increases. The overall trend is well approximated by an exponential form y ~ p*,
which supports the idea that a small number of weak links can make long chains effectively
unsampleable.
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Figure 3: Transitions from the null regime. (a) Among 2,567 pooled model-task pairs with
0/128 correct base-model samples, 579 achieve at least 17/128 after RLVR (22.6%; pair-level
Wilson 95% CI: 21.0-24.2%). (b) Point estimates show a decreasing trend with reasoning

depth and vary across domains; intervals are pair-level Wilson 95% confidence intervals
and the dotted line marks the pooled overall rate.
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Figure 4: Accuracy versus reasoning depth. Composite accuracy falls rapidly as the number
of required operations increases, consistent with a multiplicative compounding effect.

Atomic steps versus final outcome. Figure 5 relates final-answer success to the joint atomic
proxy [T Py(s;). Before RLVR, several base models cluster near the origin, indicating that
their atomic chains are too weak for the composite task to appear under finite sampling.
After RLVR, the coupling between atomic-step strength and final success becomes substan-
tially tighter, with Pearson correlations in the range p € [0.69,0.96]. The important change
is not just that both quantities rise, but that they align more systematically after training:
recovered composite tasks concentrate where the underlying atomic chain has also been
strengthened. Because the proxy is computed from independently measured, teacher-forced
atomic steps rather than from free composite rollouts, it serves as a diagnostic view of the
barrier. Even so, the tighter relationship shows that composite gains track sharpened atomic
transitions.
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Figure 5: Atomic-step strength versus composite success. The plots compare the joint
atomic proxy [ Py(s;) with final-answer success Py(q). Weaker base models cluster near the
origin, while RL-tuned models show a tighter positive relationship.

7.4 Why Atomic RLVR Polarizes Composite Pass@k

Figure 6 shows that atomic-only RLVR redistributes skill accuracy. Gains in weak bottlenecks
can make composite chains reachable and raise low-k Pass@k, while regressions in reliable
steps erode longer chains and lower high-k Pass@k. The trade-off is stronger for Llama and
Gemma than for Qwen.
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Figure 6: Atomic performance shifts after RLVR. Gains in weak skills and regressions in
strong skills help explain opposite low- and high-k effects on composite Pass@k.
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8 Conclusion

We present a probabilistic perspective on the RLVR emergence debate. Viewing capability
as instance-level solvability under a finite inference budget clarifies why aggregate Pass@k
cannot by itself determine whether new capability has appeared. In the atomic-only Alge-
brarium setting, RLVR moves a non-trivial subset of unseen composite tasks from the null
regime to the feasible regime, and these gains track the strength of constituent atomic steps.

In this setting, some seemingly new capabilities induced by RLVR arise as the finite-budget
manifestation of sharpened atomic transitions. A secondary result is that atomic RLVR can
polarize composite Pass@k: strengthening bottleneck steps raises low-k, while weakening
other supporting steps can lower high-k on complex chains. Together, these results provide
a measurable mechanism and an instance-level framework for studying RLVR emergence.
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A Algebrarium Framework

To evaluate symbolic reasoning in a controlled setting while reducing contamination risk,
we developed Algebrarium. Unlike static benchmarks, Algebrarium procedurally generates
algebraic tasks from user-defined mathematical structures. This makes atomic/composite
structure explicit and keeps answers exactly verifiable.

The core design principle of Algebrarium is to decouple abstract mathematical definition from
concrete task generation. This allows many reasoning problems to be derived from the same
logical core while keeping generation analyzable. The framework follows three principles:

1. Declarative Algebraic Structures Algebrarium treats algebra as a formal system defined
by a tuple (S,%, A), where S denotes a carrier set, X a signature of operations, and A the
governing rules. These structures are defined declaratively, which lets the framework
generate both standard systems, such as modular arithmetic, and non-standard symbolic
systems tailored for controlled evaluation.
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2. Procedural Task Construction Rather than retrieving pre-existing questions, the frame-
work constructs reasoning tasks algorithmically. A generation engine instantiates algebraic
instances and produces symbolic artifacts, such as expression trees or equations, from
explicit rules. This pipeline includes:

¢ Controllable Complexity: Parameters including recursion depth, expression length,
and the cardinality of the underlying set can be adjusted to create a smooth difficulty
gradient.

* Diverse Task Types: The engine supports various symbolic tasks, ranging from
forward evaluation, such as reducing an expression a o b o ¢ to a single element, to
inverse reasoning, which involves solving equations like 4 o x = b or systems of
group equations.

Table 2: Evaluation framework. We distinguish direct evaluation on the full task from
evaluation on decomposed binary operations. Intermediate results d; are treated as labeled

targets, which allows atomic-step measurement independent of final-answer measurement.
The product Hjl\i 1 Po(s;) is used as a diagnostic proxy rather than as an exact conditional
chain probability.

Mode Structure (Binary Ops) Metric
Direct q Infer, Result Py(q)
Decomposed Sequential Chain
Step 1 s1:e1Dey —dy Py (51)
Step j 5j: ek @dj—l —)dj Pg(Sj)
Step N SN €final @ AN—1 — Res Py (SN)
Definitions e Atomic: Py(s;) e Result: Py(q) e Joint proxy: ]_[jl\; 1 Po(s))

3. Verifiable Ground Truth Because the data is generated from formal rules, the ground
truth is deterministic and mathematically verifiable. This supports exact-match evaluation
and, when needed, automatic generation of step-by-step traces.

A.1 Evaluation Schema

The main text compares two views of each composite problem: direct solvability of the
full task and stepwise solvability of its atomic decomposition. Table 2 summarizes this
evaluation schema. Direct evaluation measures whether the model can solve the whole
expression in one rollout, while decomposed evaluation measures the success rate of each
labeled atomic transition. This yields the three quantities used throughout the paper: final-

answer success Py(q), per-step atomic success Py(s;), and the joint atomic proxy ]—[jlil Py(s;).

B Implementation Details and Training Dynamics

B.1 Base Models and Infrastructure
We evaluate six models from three families:

e Qwen3: Qwen3-4B and Qwen3-4B-Instruct.
¢ Llama-3.1: Llama-3.1-8B-Instruct and Llama-3.1-3B-Instruct.
¢ Gemma-3: gemma-3-4b-it and gemma-3-12b-it.

All models are trained with the verl framework and use vLLM for rollout generation. We
use Tensor Parallelism (TP = 2) and allow responses up to 8,192 tokens.
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B.2 Hyperparameter Configuration

For all experiments, we train with Group Relative Policy Optimization (GRPO) and AdamW
atalearning rate of 1 x 10~ for 100 optimization steps. The global batch size is 128, the mini-
batch size is 8, and the group size is G = 8, with gradient accumulation enabled. Maximum
prompt and response lengths are 1,024 and 8,192 tokens. We monitor KL divergence with
penalty coefficient § = 0.001, but do not include the KL term in the optimization objective.
Advantage normalization is disabled.

B.3 Training Dynamics

Figure 7 summarizes the 100 optimization steps across model families: critic reward rises
rapidly, while actor entropy falls and then stabilizes.
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Figure 7: Training dynamics across model families. Critic reward rises while actor entropy
falls and stabilizes across Qwen, Llama, and Gemma.

C Domain Specifications and Operational Semantics

This section gives the formal specifications of the four algebraic systems used in our ex-
periments. Together they cover the four combinations of finite vs. infinite and abelian vs.
non-abelian structure.

C.1 Encrypted History Navigation (Infinite Abelian Group)

This domain models 1-dimensional navigation on an integer line, obfuscated by a substitu-
tion cipher. It tests the model’s ability to perform arithmetic operations (Z) under symbolic
encryption.

Representation

¢ Base System: Base-7.

e Cipher Alphabet: A bijective mapping ¢ : {0,...,6} — {a,...,¢} where 0 —
a,l—b,...,6—g.

* Structure: Elements are strings in the format DIR(val), where DIR € {FWD, BACK}
and val is a string of cipher characters representing a Base-7 magnitude.
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Operational Logic Given two navigation steps S; and Sy:

1. Decryption: The cipher string is decoded into a Base-10 integer N = Y-~ 1 ¢~ (c;) -
7(L—l—i).

2. Signed Interpretation: FWD implies 4N, while BACK implies —N.

3. Arithmetic Combination: We compute R = Nj + Np.

4. Re-encryption: The result R is encoded back into the target format:

e If R > 0, the direction is FWD.
e If R < 0, the direction is BACK.
* The absolute value |R| is converted to Base-7 and mapped via ¢.

Example Computing FWD(ad) + BACK(ef):

e ady — 0-7+ 3 = 3. Direction FWD — +3.

efy — 4 -7 45 = 33. Direction BACK — —33.

Sum: 3 + (—33) = —30.

Result: Magnitude 30 = 427 — ec. Sign Negative — BACK. Final: BACK(ec).

C.2 Enigma 3-Rotor System (Finite Abelian Group)

This domain simulates the state of a simplified Enigma machine with three independent
rotors. Mathematically, it represents the direct product group Zys X Zog X Zpe.

Representation

e State: A comma-separated string Ry, Ry, R3 whereeach R; € {A,...,Z}.
e Mapping: Letters map to offsets 0...25 (A=0, B=1, ... Z=25).

Operational Logic The binary operation combines two states via component-wise addition
modulo 26. Unlike a physical Enigma machine, there is no “carry” or stepping mechanism
between rotors in this simplified algebraic model.

(r1,72,13) @ (s1,52,53) = ((r1 + s1)modag, (2 + s2)modyg, (3 + s3)modys)  (10)

The inverse operation corresponds to negation modulo 26: inv(r) = (26 —r) (mod 26).

Example Computing A,C,Z®B,B,C:

e Rotor1: A(0) +B(1) =1
Rotor 2: C(2) +B(1) =3
Rotor 3: Z(25) + C(2) =2
Result: B,D,B

C.3 Knitting Instruction System (Infinite Non-Abelian Group)

This domain models a Free Group generated by two elements. It represents sequences of
reversible actions where order matters and adjacent inverses cancel.

Representation

e Alphabet: >~ = {k,p,K, P}.

e Semantics: k (knit), p (purl). Capital letters represent inverses: K = k—1 (un-knit),
P = p~! (un-purl).
¢ Identity: The empty string €.
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Operational Logic The operation is string concatenation followed by recursive reduction.
The reduction rule is defined by the cancellation of adjacent inverse pairs:

xx ' —>e and x 'x—e (11)

Specifically, the pairs (k, K) and (p, P) annihilate each other. This process repeats until the
string is in its irreducible canonical form.

Example Computing kp @ PK:

1. Concatenate: kpPK

2. Inner Cancellation: The adjacent pair p, P cancels. k(pP)K — kK.
3. Secondary Cancellation: The adjacent pair k, K cancels. kk — .
4. Result: Empty string (Identity).

C.4 Rubik’s Cube Sequence System (Finite Non-Abelian Group)

This domain models the algebra of face rotations on a 3 x 3 x 3 cube. It enforces strict canon-
icalization rules involving commutation and modulo arithmetic, representing a quotient of
a free group.

Representation

* Moves: F € {R,L,U, D, F, B} representing face turns.
* Modifiers: None (90° clockwise), # (90° counter-clockwise/prime), 2 (180°).
* Sequence: A space-separated list of moves (e.g.,R U R#).

Operational Logic Operations are defined by sequence concatenation followed by reduc-
tion to a unique Canonical Form. Three specific rules are applied iteratively:

1. Inverse Cancellation: Moves followed by their inverse are removed (e.g., RR# — ¢).

2. Face Consolidation (Mod 4): Consecutive moves of the same face are summed
modulo 4.

e Example: R-R2 — R3 = R# (since14+2 =3 = —1).
e Example: R-R-R-R— R4 =e.

3. Commutative Reordering: While the group is generally non-abelian, opposite
faces commute (e.g., RL = LR). To ensure a unique representation, we enforce a
lexicographical priority:

* R precedes L; U precedes D; F precedes B.
e Example: A sequence input as L R is automatically rewritten toR L.

Example Solving equation X = inv(R U)-R U R#:

1. InvertR U — U# R#.

. Concatenate: U# R# R U R#.

. Consolidate: R# and R cancel. Sequence becomes U# U R#.
. Consolidate: U# and U cancel.

. Result: R#.

U = W N
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