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Abstract

We present Future-KL Influenced Policy Optimization (FIPO), a reinforce-
ment learning algorithm designed to overcome reasoning bottlenecks in
large language models. While GRPO style training scales effectively, it
typically relies on outcome-based rewards (ORM) that distribute a global
advantage uniformly across every token in a trajectory. We argue that this
coarse-grained credit assignment imposes a performance ceiling by failing
to distinguish critical logical pivots from trivial tokens. FIPO addresses this
by incorporating discounted future-KL divergence into the policy update,
creating a dense advantage formulation that re-weights tokens based on
their influence on subsequent trajectory behavior. Empirically, FIPO enables
models to break through the length stagnation seen in standard baselines.
Evaluated on Qwen2.5-32B, FIPO extends the average chain-of-thought
length from roughly 4,000 to over 10,000 tokens and increases AIME 2024
Pass@1 accuracy from 50.0% to a peak of 58.0% (converging at approx-
imately 56.0%). This outperforms both DeepSeek-R1-Zero-Math-32B (~
47.0%) and ol-mini (~ 56.0%). Our results suggest that establishing dense
advantage formulations is a vital path for evolving ORM-based algorithms
to unlock the full reasoning potential of base models. Code is available at
https://github.com/qwenpilot/FIPO.

1 Introduction

Test-time scaling strategies such as those employed in OpenAl’s o-series (Jaech et al., 2024),
Gemini series (Comanici et al., 2025), and DeepSeek’s R-series (Guo et al., 2025) mark
a fundamental shift in how large language models carry out reasoning. By allocating
greater computational resources at inference time, these approaches support longer chain-
of-thought and more deliberate reasoning, leading to substantial gains on demanding tasks
such as competitive mathematics and coding. Much of this progress stems from large-scale
reinforcement learning with verifiable rewards (RLVR) (Guo et al., 2025; Team et al., 2025a;
Yang et al., 2025; Team et al., 2025b; Zeng et al., 2025), which fine-tunes a model’s generation
policy using feedback from task-specific verifiers, thereby eliciting and amplifying its
reasoning capabilities. However, since the specific algorithms and training recipes remain
largely undisclosed, it is still unclear how reinforcement learning serves as the primary
catalyst to unlock potential reasoning depth, effectively eliciting the emergence of long
chain-of-thought behaviors from base models that initially exhibit no such tendencies.

In parallel, the open-source community has devoted substantial effort to reproducing and
scaling similar algorithms in more transparent settings (Qin et al., 2024; Huang et al., 2024;
Liu et al., 2025; Hu et al., 2025; Yu et al., 2025). Among these efforts, DAPO (Yu et al,,
2025) provides a promising large-scale reproduction of GRPO-style training applied to clean
base models. However, we argue that the inherent reliance on outcome-based rewards
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within the GRPO framework introduces a significant structural constraint. Because rewards
are only binary-verifiable at the trajectory end, the standard formulation distributes a
uniform advantage to every token. This results in a completely coarse-grained credit
assignment where the algorithm treats critical reasoning steps and trivial tokens with
equal weight. Specifically, we observe that reasoning trajectories produced by such baselines
tend to plateau at intermediate lengths. We contend that this limitation imposes a lower
performance ceiling on standard GRPO: because the uniform reward cannot highlight the
specific tokens that drive correct logic, the model is unable to converge to the complex,
extended reasoning paths needed for difficult tasks. While this limitation has led recent
works (Hu et al., 2025; Yue et al., 2025; Fan et al., 2025) to revert to the PPO framework
for granular advantage estimation, we contend that such density is achievable without the
complexity of a critic model.

We introduce Future-KL Influenced Policy Optimization (FIPO). FIPO modifies the policy
update by incorporating the Future-KL divergence, which re-weights the advantage of
current tokens based on the cumulative behaviors of their subsequent trajectories. To
maintain training stability, this objective is coupled with influence weight clipping and
filtering mechanism. We evaluate this approach on Qwen2.5-32B-Base, a model with no
prior exposure to long-CoT synthetic data, utilizing the publicly released training dataset
from DAPO (Yu et al., 2025) to ensure a strictly controlled comparison. As shown in Figure 1,
FIPO breaks the performance ceiling of standard baselines; while DAPO achieves 50.0%
(Pass@1) on AIME 2024, FIPO enables a progressive lengthening of reasoning chains, where
the model steadily scales from a baseline of 4,000 tokens to a deep-reasoning regime of over
10,000 tokens. This consistent expansion pushes accuracy to a peak of 58.0%, a result on par
with recent PPO-based counterparts.These findings demonstrate that establishing a dense
advantage formulation effectively bridges the gap between GRPO efficiency and PPO
performance, unlocking deep reasoning capabilities that otherwise remain untapped
under uniform reward schemes.
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Figure 1: FIPO vs. Baselines performance comparison on AIME2024. FIPO demonstrates
that pure RL training alone is sufficient to not only outperform other pure RL baselines (the
reproduced DAPO and Deepseek-R1-Zero-32B), but also surpass ol-mini. This performance
gain is accompanied by the generation of significantly longer responses on average.
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2 Related Work

Reinforcement Learning for LLMs. Reinforcement learning (RL) serves as a cornerstone of
the post-training pipeline for large language models. While foundational efforts primarily
utilized Reinforcement Learning from Human Feedback (RLHF) to align model behavior
with human preferences (Stiennon et al., 2020; Ouyang et al., 2022), recent advancements
have shifted focus toward enhancing reasoning capabilities through RL. Notable examples
include the OpenAl o-series (Jaech et al., 2024), which pioneered this reasoning-centric
approach, and DeepSeek-R1 (Guo et al., 2025), which introduced a comprehensive RLVR
(Lambert et al., 2024) framework for developing reasoning models via the GRPO algorithm
(Shao et al., 2024). These breakthroughs have further inspired a wave of industry-leading
subsequent works, such as Kimi (Team et al., 2025a), Qwen3 (Yang et al., 2025), and Gemini
2.5 (Comanici et al., 2025).

Large-scale open-source RL recipes. Parallel to the proprietary advancements in reasoning
models, the open-source community has made significant strides in democratizing large-
scale RL training. These efforts aim to bridge the gap between high-level algorithmic
concepts and practical, stable implementations that can scale efficiently, while providing
continuous improvements to the training pipeline. Notably, GSPO (Zheng et al., 2025),
BAPO (Xi et al., 2025), SAPO (Gao et al., 2025), and OR1 (He et al., 2025) primarily develop
their RL algorithms on models that have already developed long-CoT capabilities. Other
works devote significant effort to incentivizing complex reasoning abilities starting from a
cleaner base model, specifically Qwen2.5-32B-Base. Among these efforts, Open-Reasoner-
Zero (Hu et al., 2025), VC-PPO(Yuan et al., 2025), VAPO (Yue et al., 2025), and T-PPO (Fan
etal., 2025) build their algorithms upon the PPO framework (Schulman et al., 2017), whereas
DAPO (Yu et al., 2025) is developed as a modification of GRPO.

To ensure a rigorous evaluation, we adopt Qwen2.5-32B-Base as our backbone and use
DAPO as our primary baseline. While Open-Reasoner-Zero reverts to PPO to avoid the
sparse advantage signals in vanilla GRPO, we address this challenge by refining the GRPO
framework directly. Notably, since Open-Reasoner-Zero operates without auxiliary value
models, its performance ultimately falls short of DAPO. In contrast, other methods like
VC-PPO, VAPO and T-PPO rely heavily on value models that are pre-trained by models
already supervised fine-tuned (SFT) with Long-CoT data. We contend that this methodology
introduces an external knowledge prior through the value model, creating a potential con-
founding factor in the evaluation. This makes it difficult to discern whether the performance
gains stem from the policy optimization algorithm itself or are simply inherited from the
pre-trained value model. By eschewing the need for a value model and starting from a
vanilla base model, FIPO achieves performance comparable to, and in some cases superior
to, these pre-trained value-model-based approaches. This demonstrates that establishing a
dense advantage formulation is a promising direction for evolving ORM-based GRPO
algorithms to unlock the inherent reasoning potential of base models.

3 FIPO

3.1 Probability Shift: Alogp

Our method is grounded in recent investigations into the dynamics of Large Language
Models (LLMs) during reinforcement learning. Specifically, Huang et al. (2025) demonstrates
that the magnitude and direction of the probability shift, Alog p, serve as robust indicators
of improved reasoning. Moreover, Meng et al. (2025) further reveals that this generation
process is often driven by a few “sparse but critical” tokens that disproportionately influence
the subsequent chain of thought. Inspired by these insights, we identify the token-level
probability shift as the atomic unit for our credit assignment mechanism. Formally, we
define the probability shift at time step ¢ as the log-space difference between the current
policy and the old policy:

Alog pt = log g (0t | q,0<t) —log g, (0t | g,0<t). o
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This term serves as a differential signal capturing the instantaneous policy drift. Positive
Shift (Alog p; > 0): Indicates that the current policy has increased the likelihood of token o¢
relative to the old policy. This typically suggests that the training objective is reinforcing this
specific reasoning step. Negative Shift (Alog p; < 0): Implies that the policy is suppressing
the generation of oy, signaling that the updated model is actively down-weighting this
specific token relative to the reference policy.

Unlike traditional KL penalties, which treat this drift primarily as a regularization cost
to be minimized, we interpret Alog p; as a directional signal of behavioral adjustment,
thereby explicitly coupling the optimization objective to the generative dynamics. However,
relying solely on this instantaneous shift is insufficient, as it fails to capture the long-term
consequences of a decision. This limitation motivates our proposed Future-KL mechanism,
which re-weights the current token by aggregating the distributional shifts of its future
trajectory. More background and notations information can be found in Appendix. A and 2.

3.2 Future-KL Estimation

While Alog p; captures the local distributional shift, reasoning is inherently a sequential
process where the true significance of this token depends on the trajectory it initiates. To
capture this causal influence, we define Future-KL as the cumulative signed probability
shift from the current step t to the end of the sequence T

T
FutureKL; = )  Alog py. ()
k=t

This summation is mathematically equivalent to the log-likelihood ratio of the joint proba-
bility distributions for the subsequent sequence o;.1. It can thus be interpreted as a sample-
based estimate of the KL divergence restricted to the future horizon, measuring the cumu-
lative deviation of the current policy from the reference policy for the remainder of the
trajectory. We therefore term this metric Future-KL. Functionally, FutureKL; serves as a
forward-looking metric that quantifies the cumulative shift in policy distribution regarding
the future trajectory. A positive value (FutureKL; > 0) indicates that the updated policy
has overall reinforced the entire subsequent trajectory initiated by token o;, suggesting
that o; acts as a stable anchor for the subsequent reasoning chain. In contrast, a negative
value (FutureKL; < 0) implies that the policy is collectively suppressing the future tokens
following oy, signaling that the trajectory stemming from this point is becoming less favored
during the optimization process.

However, in practice, such formulation tends to exacerbate the variance arising from distri-
butional shifts. Since FutureKL; acts as a weighting coefficient for the advantage function
(as detailed in subsequent sections), excessive deviations in future logits (e.g., due to
training-inference inconsistency) can disproportionately inflate the scale. This renders the
optimization overly sensitive to noisy tokens rather than the intrinsic quality of the reason-
ing chain. Empirically, we observe that in the absence of safety mechanisms, training runs
are prone to severe instability. As shown in Figure 2, this collapse is distinctively accom-
panied by a sharp spike in the “low-clip fraction” metric, which tracks the frequency of
samples triggering the Dual-Clip threshold (a hard clip ratio on negative samples) (Ye et al.,
2020). Such high importance ratios on negative samples signify a critical misalignment: the
model assigns high probability to an action that is effectively harmful. In our experiments,
this spike (at approximately Step 70) aligns with a surge in the gradient norm and Policy
KL’, indicating a substantial shift in policy distribution, alongside an immediate drop in
response length. This synchronization indicates that without regulation, the accumulated
negative signals from FutureKL; can reach some extreme values that destabilize the training
process.

Motivated by these observations, we refine the FutureKL computation by explicitly masking
tokens that exceed the Dual-Clip threshold. Since these tokens represent "harmful” actions

“We compute the Policy KL divergence as the batch mean of the negative log-ratio: Policy KL =

Br Y2 vk (log g (o;tlo<t) —log (0 {0<t)). It measures the KL divergence of the generated
sequences between the current policy and the policy prior to the gradient update (the roll-out policy).
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Figure 2: Training instability with vanilla FutureKL. Analysis of the unstable run observed
around Step 70. (a) A sharp spike in the low-clip fraction (indicating a drastic shift in the
policy distribution driven by negative samples) triggers (b) a sudden divergence in Policy
KL. (c) an immediate explosion in gradient norm and These internal instabilities collectively
precipitate (d) a catastrophic collapse in response length, confirming that unregulated
negative signals destabilize the optimization.

whose gradients are already clipped (via the clipped policy objective), allowing their ex-
cessively high importance ratios to propagate into the recursive sum introduces severe
variance. By zeroing out the future accumulation for these specific outliers, we remove the
primary source of instability. The refined objective is defined as:

FutureKL; = i My -Alogpr, M =1 (M < c) 3)
k=t ' o (0klo<t) —

Here, My acts as a binary filter that evaluates to 1 only if the importance ratio remains
within the Dual-Clip threshold ¢ (typically ¢ > 10), and 0 otherwise. This ensures that tokens
triggering the hard constraints are effectively excluded from the FutureKL computation,
preventing gradient explosion without altering the trajectory’s valid signals.

3.2.1 Soft Decay Window

Beyond the stability constraints, we also address the inherent uncertainty of long-horizon
generation. The causal dependency between the current action o; and future tokens oy
naturally diminishes as the time horizon k — t increases. Immediate successors are directly
conditioned on the current choice, whereas distant tokens are subject to accumulating
stochasticity and become less predictable. To model this diminishing influence, we introduce
a discount factor v € (0, 1]. Incorporating this decay into the masked objective yields the
final formulation used in our experiments:

T
FutureKL; = Z My - Akt Alog px. 4)
k=t

We parameterize the decay rate as v = 27+, where Tisa hyperparameter controlling the
effective horizon (or “half-life”) of the future supervision. This formulation ensures that the
credit assignment concentrates on the immediate reasoning chain, assigning lower weights
to distant, highly uncertain tokens. Functionally, T defines the aperture of this soft decay
window. Unlike a hard truncation that abruptly discards information beyond a fixed step,
this exponential formulation creates a continuous sliding window where T represents the
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distance at which the future signal’s influence attenuates by half. This mechanism allows
the model to prioritize local coherence within the window T, while smoothly filtering out
the noise from the distant future without introducing boundary artifacts.

3.2.2 FutureKL Re-weighted Advantage with Clipping

Finally, we integrate the soft decay window and masking mechanisms into the policy
optimization objective. We propose to modulate the standard advantage estimate A; using
a future influence weight f;. The modified advantage A; is defined as:

fi = clip <exp(FutureKLt), 1—ep., 1+ efh‘xh) , A=A, - fr. (5)

This formulation introduces two key operations. Exponential Mapping: We transform
the accumulated scalar signal from log-space to a multiplicative domain. Mathematically,
the unclipped term represents a decay-weighted product of likelihood ratios, which acts as
an importance weight reflecting the policy’s effective preference for the generated future.
Influence Weight Clipping: We constrain the multiplicative coefficient f; to the interval
[1—ef,, 1+€ flu‘gh}' This operation serves strictly to bound the magnitude of the advantage

modulation, preventing the exponential term from introducing excessive variance into the
gradient estimate. By capping the weight, we ensure that the future trajectory modulates the
update signal within a controlled range, avoiding numerical instability caused by extreme
accumulated log-probability shifts.

Functionally, this modulation scales the magnitude of the policy update based on the
reinforcement or suppression of the generated future. When the updated policy reinforces
the subsequent trajectory (i.e., FutureKL; > 0), the weighting term f; > 1 magnifies the
gradient signal. Consequently, positive advantages are boosted to encourage the current
token as a stable anchor, while negative advantages incur harsher penalties to strictly correct
errors initiating this path. Conversely, when the policy suppresses the future trajectory (i.e.,
FutureKL; < 0), the term f; < 1 attenuates the update. This attenuation effectively reduces
the reward signal for locally harmful tokens that happen to be in a successful sequence and
softens the penalty for good tokens trapped in a failing one. In practice, to ensure training
stability and prevent over-penalization, we reset f; = 1 for tokens associated with negative

advantages (A; < 0) that exhibit excessively large importance ratios.

3.3 Target Loss

Adopting the token-level formulation from DAPO (Yu et al., 2025), we maximize the follow-
ing FIPO objective:

1 G loi| . n . ~
Jrwo(0) = E (g0, {0}~ | o7 2o 2o min (riefirAie clip (rig, 1—€,1+€) firAip) | . (6)
R DI (] e |
Here, G represents the number of sampled outputs per query, and r;; = % denotes
old VATl

the importance ratio between the current and old policies. The term Ai,t refers to the
group relative advantage, while f; ; serves as the Future-KL importance weight introduced
previously.

4 Experiment

4.1 Experiment Settings

In this work, we adopt the training settings of DAPO (Yu et al., 2025), specifically focusing
on mathematical reasoning tasks to ensure a strictly controlled comparison. We utilize
the VeRL framework (Sheng et al., 2025) for both training and baseline reproduction. We
maintain optimization settings consistent with DAPO, and trained on the public-released
DAPO-17K dataset. Each training batch consists of 512 prompts with 16 responses sampled
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per prompt, yielding a total of 8,192 training samples. In the standard DAPO configuration,
updates are performed with a mini-batch size of 512 samples (32 prompts), resulting in 16
gradient updates per training iteration. However, our empirical findings suggest that a
larger mini-batch size improves training stability. Consequently, we adopted a mini-batch
size of 1,024 samples (64 prompts), resulting in 8 gradient updates per iteration. A more
detailed discussion regarding the impact of this increased minibatch size is provided in
Appendix Sec. G. For the Future-KL computation, we set the effective horizon of the
decay rate T to 32. Specific to the training of 32B model, the Future-KL weight is clipped
within [1,1.2]; this effectively amplifies the reward for tokens associated with successful
reasoning trajectories while imposing a more stringent penalty for those leading to
incorrect outcomes. Both FIPO and DAPO share a maximum response length of 20,480
tokens, with an overlong penalty applied to trajectories exceeding 16,384 tokens. Detailed
hyperparameter configurations for both the baseline and FIPO are provided in Appendix Sec.
C. For evaluation, we adopt AIME 2024 as our primary validation benchmark, supplemented
by AIME 2025, to ensure a rigorous and comprehensive comparison with the DAPO baseline.
To maintain results stability and account for variance in chain-of-thought generation, we
follow the DAPO protocol by repeating the evaluation 32 times and reporting the Pass@1
(averaged over 32 samples). Inference hyperparameters are consistently set to a temperature
of 1.0 and a top-p of 0.7.

4.2 Main Result

Table 1 presents the quantitative evaluation on the AIME 2024 and AIME 2025 benchmarks.
FIPO achieves a systematic improvement of roughly 6.0% in Pass@1 (Avg@32) over the
DAPO baseline across both datasets. We prioritize this metric as the most robust indicator
of reasoning reliability. While we also observe gains in consistency, the improvement
in coverage (Pass@32) is more modest, particularly on AIME 2025. We attribute this to
the inherent challenge of expanding the absolute problem-solving scope of large models
through reinforcement learning alone. Without external knowledge augmentation or tool
integration, RL is primarily constrained to refining how the model navigates its existing
internal knowledge. Consequently, while FIPO significantly enhances the model’s ability to
reliably solve problems within its latent capacity (driving up Avg@32), shifting the boundary
of solvable problems (Pass@32) remains non-trivial.

AIME 2024 AIME 2025
Avg@32 Cons@32 Pass@32 Avg@32 Cons@32 Pass@32

DAPO (Baseline)  50.0% 60.0% 80.0% 38.0% 47.0% 63.0%
FIPO (Ours) 56.0% 73.0% 83.0% 43.0% 50.0% 67.0%

Method

Table 1: Comparison of reasoning performance on AIME benchmarks. All results are
reported as percentages (%). We report the average Pass@1 across 32 samples (Avg@32), the
majority vote (Cons@32), and the probability of at least one correct answer (Pass@32). To
align with prior baseline reporting and reduce sensitivity to digit-level generation variance,
final values are rounded to the nearest integer.

5 Analysis

5.1 The scaling of length and performance

A central observation in FIPO’s training is that performance gains are deeply coupled
with a continuous expansion of response length. As training progresses, we observe
a significant surge in token counts that scales alongside model accuracy. As illustrated
in Figure 3, the response length of DAPO gradually enters a stagnation phase after an
initial increase, plateauing at an average of approximately 4,000 tokens. In contrast, FIPO
exhibits remarkable scaling resilience. This scaling process unfolds through distinct evolu-
tionary phases (visualized by the colored regions in Figure 3), marking a transition from
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an initial rapid exploration to a sustained period of deep reasoning. Notably, although
an overlong penalty is maintained to constrain redundancy, FIPO successfully guides the
model to elicit extensive Chain-of-Thought (CoT) reasoning. Qualitative analysis provided
in Appendix F reveals that this length expansion is driven by the gradual emergence of
self-reflection behaviors; the model increasingly utilizes the expanded sequence length to re-
evaluate its intermediate steps and explore multiple methodologies to verify its conclusions.
Interestingly, this spontaneous emergence of systematic self-verification aligns with the
inference-time scaling behaviors observed in advanced reasoning models (e.g., the OpenAl
o-series and DeepSeek-R1). This suggests that FIPO effectively triggers inference-time
reasoning, prioritizing analytical depth to unlock higher performance.
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Figure 3: Dynamics of response length and performance scaling during training. Subplots
(a)-(e) show the evolution of response length metrics (Min, Q25, Mean, Median, Q75)
over global training steps. Compared to the DAPO baseline, FIPO significantly increases
response length, effectively eliciting more extensive Chain-of-Thought reasoning. Subplot
(f) demonstrates that this increased length correlates strongly with improved accuracy,
suggesting that longer CoT is key to breaking performance barriers.

Further examination of the training dynamics reveals that this surge in length is not
driven by isolated outliers but represents a comprehensive distributional migration. As
shown in Figure 3(a)—(e), all length-related percentiles, ranging from the Minimum and Q25
to the Median and Q75, exhibit a synchronized and stable upward shift under FIPO training.
Specifically, across these training phases, the median token count climbs steadily from an
initial 200 to over 10,000. Such a migration across the entire distribution demonstrates that
FIPO facilitates a fundamental shift in the model’s underlying problem-solving strategy:
the model transitions from direct response patterns to systematic, self-verifying reasoning
processes. Crucially, we find that this collective shift toward longer reasoning chains is
what unlocks the performance breakthroughs observed in our experiments. As illustrated
in Figure 3(f), there is a strong positive correlation between model accuracy and response
length across all identified stages. While the correlation slopes (denoted as w) vary slightly
between phases, the trajectory remains consistently positive. While the DAPO baseline’s
performance reaches a bottleneck as its length plateaus, FIPO’s ability to continuously
unlock additional “thinking space” allows the model to navigate increasingly complex
logical dependencies. This confirms that FIPO successfully converts increased sequence
length into genuine reasoning depth, enabling the model to surpass the performance
ceilings of standard baselines on high-difficulty reasoning tasks.
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5.2 The dynamics of advantage and sustained reasoning growth

We further investigate the training dynamics by comparing the evolution of rewards and
advantages. As shown in Figure 4(a), the baseline (DAPO) consistently maintains a higher
mean training reward than FIPO. However, we argue this disparity is a numerical artifact of
the reward formulation rather than an indicator of superior performance. Because the re-
ward function incorporates an overlong penalty, FIPO’s construction of elaborate reasoning
chains inevitably leads to higher penalties, thus suppressing its average raw reward. Con-
versely, the baseline’s higher reward is driven by its tendency to generate shorter responses.
While this strategy maximizes immediate reward by minimizing penalties, it suggests a
convergence to a local optimum within a restricted search space.

This hypothesis is further corroborated by the rapid escalation in the number of sampled
batches for DAPO, as shown in Figure 4(b). This trend indicates that the model is overfitting
the training set, increasingly generating non-discriminative samples (i.e., batches that are
uniformly correct or incorrect) which yield negligible gradient information. Consequently,
the algorithm is forced to sample more aggressively to harvest sufficient effective data for
optimization. In contrast, FIPO actively traverses a more expansive search space, prioritizing
the structural depth required for challenging reasoning tasks over the mere avoidance of
penalties.

This difference becomes even more pronounced when shifting from raw rewards to the
dynamic incentives provided by advantages. As observed in Figure 4(c), DAPO exhibits a
declining trend in response length weighted mean relative advantage” throughout training.
This implies that the length of positive samples is increasingly dominated by that of negative
samples, resulting in a diminishing incentive to extend derivations; since increased length
no longer yields more positive relative advantages, the model eventually hits a plateau
in reasoning growth. In stark contrast, FIPO demonstrates a consistent upward trajectory.
This indicates that the positive samples are evolving to be significantly more substantive
than their negative counterparts. This dynamic fosters a sustained growth trajectory: as
the generation of longer, valid reasoning chains yields increasingly positive advantages,
facilitated by the steady rise in rewards, it preserves the model’s momentum to pursue
even more extensive and rigorous reasoning paths.

(a) Mean Rewards (b) Dynamic Sampling Batch Count (©) Length
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Figure 4: Analysis of training reward and length-weighted advantages.(a) Mean training
rewards. DAPO achieves higher raw scores, which is expected as both methods incorporate
an overlong penalty that suppresses the reward of longer responses. (b)Number of Sampled
Batches. A higher sampling need suggests the model frequently generates non-informative
trajectories on the training set, serving as a potential indicator of overfitting. (c) Response
length weighted mean advantages. FIPO exhibits a sustained upward trend, establishing a
positive reinforcement cycle where longer responses increasingly yield positive advantages.
In contrast, DAPO shows a declining trend, suggesting a failure to convert length into
effective reasoning gains, which ultimately limits its performance.

- B yli 4
“We define the response length weighted mean advantage as: A = %, where B is the batch
i=1 i
size, L; is the response length of the i-th sample, and A;; represents the token-level group relative

advantage.
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5.3 Smooth Policy Drift, Exploration and Gradient Update

To further characterize the training process, we examine the evolution of policy behavior
and optimization stability. As shown in Figure 5(a), FIPO exhibits a steady and structured
increase in Policy KL divergence. This represents a progressive policy shift, where the model
consistently moves away from its previous policy state to navigate toward a more special-
ized reasoning regime. This trend is qualitatively consistent with our rollout observations:
the length of self-reflection segments increases incrementally rather than abruptly, reflecting
a gradual expansion of the reasoning process (see Appendix F for examples).

The optimization characteristics also differ significantly in terms of gradient scale. As shown
in Figure 5(b), FIPO’s Gradient Norm remains low and consistent throughout training,
characterizing an evolution built upon fine-grained updates. In contrast, the baseline
(DAPO) displays highly volatile fluctuations, with frequent, violent spikes in its gradient
norm. These fluctuated updates indicate that DAPO’s search process is at risk of abrupt
shifts and potential instability.

(a) Policy KL (b) Gradient Norm (c) Entropy
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Figure 5: Policy evolution and optimization dynamics. (a) Policy KL divergence. (b) Policy
Entropy. (c) Gradient Norm. FIPO exhibits a more controlled policy drift and smoother
update gradients than DAPO. Notably, FIPO’s rising entropy, paired with the weighted
advantage trends in Fig.4 (b), indicates that the model is actively exploring a broader
reasoning space where longer CoT paths increasingly correspond to correct solutions.

This contrast in stability is further reflected in the policy entropy (Figure 5c). While FIPO
maintains a smooth and sustained rise in entropy, indicating a continuous and stable explo-
ration of the reasoning space, DAPO’s entropy is marked by noisy oscillations throughout
the training process. In contrast, DAPO’s entropy is marked by noisy oscillations as training
progressed. Together, these metrics depict FIPO as a model that achieves significant and
purposeful policy evolution toward complex reasoning while ensuring the optimization
process remains numerically well-behaved.

6 Conclusion

In this paper, we introduced Future-KL Influenced Policy Optimization (FIPO), a reinforce-
ment learning approach designed to resolve the coarse-grained credit assignment problem
inherent in standard GRPO. By incorporating discounted Future-KL divergence into policy up-
dates, FIPO transforms sparse outcome-based rewards into dense, token-level supervision.
Our empirical analysis identifies and addresses a critical “length-performance plateau” in
existing baselines, demonstrating that standard uniform rewards fail to sustain long-chain
reasoning. Validated on Qwen2.5-32B-Base, FIPO effectively breaks this ceiling: it propels
performance on AIME 2024 from a baseline of 50.0% to a peak of 58.0% (converging at
56.0%) and extends the average chain-of-thought length from 4,000 to over 10,000 tokens.
Crucially, these findings challenge the prevailing assumption that complex critic models are
necessary for granular credit assignment, proving that dense supervision can be effectively
realized within the more efficient GRPO framework. More details of Limitations and Future
Work can be found in Appendix B.
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A Preliminary

In this section, we first review the policy optimization frameworks central to our work: PPO
and its value-network-free variants, GRPO and DAPO. We then discuss findings from recent
literature that inspired our proposed method. Throughout this paper, let T denote the total
length of a trajectory and t denote the index of the current step within that trajectory. In
the GRPO setting, for each question prompt g, we sample G trajectories, yielding outputs
denoted by o.

A1 Proximal Policy Optimization

Proximal Policy Optimization (PPO) (Schulman et al., 2017) introduces a clipped surrogate
objective for policy optimization. By constraining policy updates to the proximity of the
old policy through a clipping mechanism, PPO stabilizes training and improves sample
efficiency. Specifically, PPO maximizes:

jPPO(G) = ]E(Q/U)NDIONHBOM('M) [min (Tt(Q)At, Clip(}’t(e), 1—¢1+ G)At)] .

Here, r4(0) = %0“)) denotes the token-level probability ratio at step f, Ay is the

M50 (0tl9,0<t

advantage estimated via a learned value function, and e is the clipping coefficient. Crucially,
standard PPO implementations compute the advantage A; using Generalized Advantage
Estimation (GAE) (Schulman et al., 2015). This results in distinct, token-specific advantage
signals, enabling the model to perform temporal credit assignment. This stands in contrast
to simplified formulations that derive advantages solely from the final outcome, effectively
broadcasting a uniform signal to all tokens within a trajectory. By leveraging GAE, PPO
provides dense supervision at every step, allowing it to differentiate between critical and
less influential actions along the generation process.

A.2 Group Relative Policy Optimization

Group Relative Policy Optimization (GRPO) (Shao et al., 2024) circumvents the computa-
tional burden of a value network by estimating advantages through group-based sampling.
For a given query q (and ground truth a), a set of outputs {0;}¢ , is sampled from the old
policy 7, The sequence-level advantage for the i-th sample is standardized as:

R R —
A= — £, with R; = I(Verify(o;,a)), 7

where u and o denote the empirical mean and standard deviation, respectively, of the
rewards within the sampled group. Similar to PPO, GRPO adopts a clipped objective but
adds a per-token KL penalty term directly to the loss:

1 G 1 [oi]
Jcrro(0) = ]Eq~D,{0i},G:1~7Teold(‘W) G Z m Z

(min (Pi,t (G)A,, Clip(p,‘,t (9), 1-— €, 1+ €)Ai>
i=1 t=1

(8)
- ﬁDmnennref))}.

T (04t19,0i,<t)
A is broadcast across the entire sequence; specifically, for every token t, the advantage is
set identically as Ai,t = A;. Unlike PPO, where Generalized Advantage Estimation (GAE)
provides a distinct signal for each token, GRPO assigns uniform credit to every step in the
trajectory, regardless of its individual contribution to the final outcome.

Here, p; +(0) = represents the probability ratio. By design, the computed scalar

A.3 Decoupled Clip and Dynamic Sampling Policy Optimization

Decoupled Clip and Dynamic Sampling Policy Optimization (DAPO) (Yu et al., 2025)
extends the GRPO framework by eliminating the explicit KL penalty. Instead, it employs
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asymmetric clipping within the interval (1 — €|y, 1 + €pign) to amplify updates for ad-
vantageous actions, effectively mitigating the entropy collapse commonly observed with
GRPO. Furthermore, DAPO implements a token-level policy gradient loss to sustain healthy
optimization dynamics in the context of long Chain-of-Thought RL training. Furthermore,
DAPO enforces a dynamic sampling mechanism that guarantees a mix of positive and

negative samples within each group {o; le. This mechanism ensures effective updates
with non-trivial gradients during optimization. We adopt DAPO as the primary baseline for
this work.

A.4 Findings on Directions of Policy Update and Fine-grained Token Analysis

Meng et al. (2025) provides a systematic analysis on how RL rewrites the base model.
They found that in over 98% of generation steps, the output distribution is identical. RL
only intervenes at highly sparse, critical tokens to keep the model on track. Additionally,
Huang et al. (2025) argue that Standard metrics (like KL divergence) fail to locate these
sparse changes. By tracking the signed log-probability difference, we can precisely map
the “direction” of optimization, and even boost inference accuracy just by amplifying
these key tokens, with zero extra training. These insights lead to a clear conclusion: not all
tokens contribute equally to the reasoning process. However, while the instantaneous log-
probability difference indicates the direction of optimization, it serves merely as a primitive,
localized signal. The key to eliciting more effective reasoning lies in discovering how to
leverage this raw Alog p to formulate a much more accurate measurement of a token’s true
downstream impact, thereby enabling us to automatically locate and reinforce these critical
junctions during RL training.

B Limitations and Future Work

Despite its effectiveness, FIPO has certain limitations:

Cost and Efficiency. A primary constraint is the increased computational cost associated
with extending reasoning sequences. As FIPO successfully unlocks CoT lengths exceeding
10,000 tokens, the training and inference overhead grows significantly, posing challenges for
resource-constrained deployments. We argue that the development of advanced reasoning
should be a sequential process: first eliciting long, high-quality reasoning capabilities,
and subsequently optimizing them for efficiency. While this paper focuses on the first
stage, breaking through length stagnation to achieve superior performance, the task of
transforming these long reasoning paths into more concise and efficient forms is a critical
next step. We will leave this for future exploration.

Task Generalization. Another limitation is that our evaluations are primarily conducted
on mathematical reasoning benchmarks. However, we contend that mathematics serves
as a rigorous and representative proxy for deep reasoning; its requirement for objective,
verifiable ground truth and high-density logical consistency makes it the most demanding
testbed for our algorithm. Having demonstrated that FIPO can overcome length stagna-
tion in this challenging domain, we leave the exploration and validation of these elicited
behaviors in other open-ended or less structured domains for future work.

Training Data Scope. To ensure a rigorous and fair comparison with the baseline, we
restricted our training exclusively to the dataset used in DAPO. Consequently, we have
not yet explored the scalability of FIPO on larger-scale or higher-quality datasets. While
this controlled setting serves to isolate the algorithmic contributions of our method, the
potential of FIPO when trained on more extensive or diverse data distributions remains
uncharted. Moreover, while FIPO achieves superior performance over ol-mini on mathemat-
ical benchmarks, this advantage is inherently domain-specific. Given that our training was
strictly confined to the math dataset, we do not anticipate these gains to generalize across
non-mathematical domains, such as coding or symbolic logic, where o1-mini benefits from
massive-scale, multi-stage reinforcement learning. Consequently, we leave the exploration
of FIPO’s generalization across broader data regimes and its fundamental scaling properties
for future work.
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Limited Model Scope. A core objective of our study is to investigate RL-driven reasoning
starting from a clean base model with no prior exposure to Long-CoT synthetic data.
This strict requirement for experimental purity significantly limits the selection of suitable
backbone models. Most contemporary open-source models optimized for reasoning have
already undergone extensive supervised fine-tuning (SFT) or distillation from long-form
reasoning traces. We contend that the underlying training dynamics of eliciting reasoning
directly from a vanilla base model differ fundamentally from further optimizing a model
that has already internalized distilled reasoning patterns. Consequently, our choice of
models was restricted to a few high-quality vanilla base models, such as the Qwen2.5 series,
to ensure that our findings specifically characterize the emergence of inherent reasoning
potential rather than the refinement of pre-distilled CoT behaviors. In future work, we plan
to investigate the efficacy and mechanistic behavior of our algorithm when applied to such
pre-distilled Long-CoT models, exploring whether the dense advantage formulation can
further refine or synergize with pre-existing distilled reasoning capabilities.

Performance Gap vs. Distillation. While RL-based self-evolution significantly enhances
reasoning, it remains a “discovery-based” process that is inherently less efficient than direct
distillation. Larger teacher models provide a much denser supervisory signal and superior
heuristics (logits) that are difficult for a smaller model to self-derive through sparse rewards
alone, resulting in a persistent performance gap between self-trained and distilled variants.

C Parameter Settings

We detail the specific hyperparameter configurations employed for fine-tuning Qwen2.5-
32B-Base and Qwen2.5-7B-Math. We started from the publicly released DAPO training
srcipt. To ensure full reproducibility, we will release our complete codebase along with the
training scripts used in our experiments.

C.1 Qwen2.532B Base

We conduct training using a global batch size of 512 with a group size of G = 16 generations
per prompt. The model is optimized using a learning rate of 1 x 10~® and a weight decay
of 0.1. For the FIPO specific parameters, we set the Future-KL decay rate to 32.0 and
employ a safety threshold of 10.0 to filter extreme influence weights. The policy updates are
constrained with asymmetric clipping ratios of [0.2,0.28]. To support extensive reasoning
chains, the maximum response length is set to 20,480 tokens. A detailed hyperparameter
comparison between our method and DAPO can be found in Table 2.

C.2 Qwen2.5 7B Math

We initially validated the effectiveness of our approach on Qwen?2.5-7B-Math as a pilot study
before scaling to the 32B parameter regime. During this preliminary phase, we observed
that training performance was initially volatile, and the reproducibility of reasoning gains
was inconsistent across independent runs. To address these stability issues, we increased
the group size to G = 32 to provide a more stable optimization signal and enforced a stricter
advantage clipping threshold of 3.0 to filter out destabilizing updates. These adjustments
successfully stabilized the training trajectory, making the results more reliable while
maintaining the same performance level. The model was optimized using a learning rate
of 1 x 107% and a weight decay of 0.1, with the Future-KL decay rate set to 32.0. Following
the stabilization of these pilot experiments, we scaled the validated framework to the 32B
model. A summary of the 7B hyperparameter settings is provided in Table 3, and detailed
results of the 7B MATH experiments are available in Sec. D.

D Result on Qwen2.5 7B Math

This section documents the experimental results on the Qwen-2.5 7B MATH model. Due
to the prohibitive computational cost of 32B models, we conducted the majority of our
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Hyperparameter | DAPO (Baseline) | FIPO (Ours)
Shared Optimization Settings

Base Model Qwen2.5-32B-Base

Global Batch Size 512

Group Size (G) 16

Learning Rate le-6

LR Scheduler Constant with 10 Warmup Steps

Weight Decay 0.1

Gradient Clipping 1.0

Max Prompt Length 2,048

Max Response Length 20,480

Overlong Buffer 4096

Sampling Temp / Top-p 1.0/1.0

Dual Clip Ratio 10.0

Policy Clip Ratio [0.2, 0.28] (Asymmetric)

KL Penalty Coef 0.0

Method-Specific Settings

Mini-Batch Size 32 64

Loss Function DAPO Future-KL

Future-KL Decay Rate - 32.0

Future-KL Clip Ratio - [1.0, 1.2]

Safety Threshold - 10.0

Table 2: Hyperparameter settings for Qwen2.5-32B-Base experiments. We compare the
configuration of our proposed FIPO against the DAPO baseline. Most infrastructure and
optimization settings remain identical to ensure a fair comparison.

Hyperparameter | DAPO (Baseline) | FIPO (Ours)
Shared Optimization Settings

Base Model Qwen2.5-7B-MATH

Global Batch Size 512

Learning Rate le-6

LR Scheduler Constant with 10 Warmup Steps

Weight Decay 0.1

Gradient Clipping 1.0

Max Prompt Length 2,048

Sampling Temp / Top-p 1.0/1.0

Dual Clip Ratio 10.0

Policy Clip Ratio [0.2, 0.28] (Asymmetric)

KL Penalty Coef 0.0

Method-Specific Settings

Mini-Batch Size 32 64

Loss Function DAPO Future-KL

Future-KL Decay Rate - 32.0

Future-KL Clip Ratio - [0.8,1.2]

Safety Threshold - 3.0

Group Size (G) 16 32

Max Response Length 8192 10240

Overlong Buffer 4096 2048

Table 3: Hyperparameter settings for Qwen2.5-7B-MATH experiments. We compare the
configuration of our proposed FIPO against the DAPO baseline. Most infrastructure and
optimization settings remain identical to ensure a fair comparison.

early-stage explorations and ablations using this variant. As noted in Section 3.2, the 7B
model exhibited noticeable performance sensitivity across different training configurations.
To address this, we performed targeted hyperparameter adjustments to stabilize the training
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dynamics and ensure the reliability of the observed trends. Note that we extend the context
window from 4096 to 32768, following the instructions from DAPO verl scripts.

D.1 Performance

Table 4 presents a comparative analysis of Pass@1 performance across different RL-based
methods on the AIME 2024 and AIME 2025 benchmarks. Our proposed FIPO (7B) achieves
a notable performance of 40.0% on AIME 2024, significantly outperforming the GRPO (7B)
baseline (22.0%) and the DAPO (7B) method (36.0%). However, we observe a general perfor-
mance compression on the AIME 2025 benchmark. While FIPO still maintains a leading edge
at 19.0%, the performance gap between the three methods narrows considerably compared
to the AIME 2024 results. This phenomenon is primarily attributed to the substantially
higher intrinsic difficulty and the “live” nature of the AIME 2025 problems, which appear
to approach the reasoning ceiling of 7B-parameter models without external guidance. At
this scale, especially in the absence of pre-training on more advanced chain-of-thought
structures, the increased complexity of the reasoning chains required for AIME 2025 makes
it challenging to distinguish the marginal gains of different optimization algorithms, as
most models encounter similar structural bottlenecks.

Method AIME 2024 (Pass@1) AIME 2025 (Pass@1)
GRPO (Guo et al., 2025) 22.0% 18.0%
DAPO 36.0% 18.0%
FIPO (Ours) 40.0% 19.0%

Table 4: Qwen 2.5-7B-MATH Performance Comparison of Pass@1 Performance on
AIME2024 and AIME2025. All results are reported as percentages (%). We report the
peak average Pass@1 across 32 samples (Avg@32). To reduce sensitivity to digit-level gener-
ation variance, final values are rounded to the nearest integer.

D.2 Result Analysis

As shown in Figure 6, both algorithms maintain a stable length-weighted mean advantage
and a mean response length fluctuating around 1200 tokens. Notably, this stands in sharp
contrast to the 32B model training, where FIPO typically triggers a sustained growth
in response length. We hypothesize that this length stagnation is not an optimization
failure, but rather a reflection of the 7B model’s inherent capacity limits and training priors.
Specifically, the Qwen-2.5 7B MATH base was pre-trained with a restricted 4K context
window (Yang et al., 2024), which likely imposes a physical ceiling on its reasoning depth
without external guidance. Furthermore, the model’s strong initial bias toward code-based
reasoning (Shao et al., 2025), which favors logically dense, deterministic pathways over
verbose exploration, combined with potential AIME24 data leakage (Wu et al., 2025b),
provides “high-confidence shortcuts” that allow the model to reach concise solutions
quickly rather than exploring longer, iterative paths.

This phenomenon of "efficient but constrained” reasoning is further corroborated by the
entropy dynamics shown in Figure 7(c). While larger models typically rely on sustained
entropy growth to explore complex reasoning spaces, the 7B MATH model achieves optimal
performance by converging onto a markedly lower entropy policy under FIPO. This diver-
gence suggests a fundamental difference in scaling behavior: while the 32B model benefits
from broad exploration, the 7B model appears to prioritize the refinement of a specific,
high-confidence reasoning manifold.

The hypothesis that a low-entropy state is critical for performance at this scale is further
supported by our ablation study on the Future-KL influence weight clipping. As discussed
in Appendix E, the 7B and 32B models exhibit different sensitivities to the Future-KL
clipping range. While the 32B model maintains superior performance with an influence
weight clipped between 1.0 and 1.2, applying this same range to the 7B model leads to a
continuous increase in entropy, similar to the behavior of the 32B model, yet results in a
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significant degradation in performance. Instead, we found that the 7B model performs
optimally under a different regime where a clipping range of 0.8 to 1.2 is applied. This
observation suggests that the 7B model may lack sufficient inherent self-exploration capacity
to derive benefit from higher-entropy states. In this regime, maintaining higher entropy
appears to introduce more detrimental noise than useful discovery. Consequently, at
this scale, superior performance is most likely attainable when the model converges to
specific, low-entropy reasoning traces. This phenomenon is fundamentally consistent
with the principles of entropy minimization (Agarwal et al., 2025), entropy regulation
(Wu et al., 2025a), self-guiding (Zuo et al., 2025), and self-certainty optimization (Zhao
et al., 2025), which have typically been observed to be effective in models of similar scale.

(a) Length i Mean Ad (b) Mean Response Length in Tokens

1200

~0.05 1100

1000
-0.10

-0.15

-0.20
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Figure 6: Analysis of length-weighted advantages and mean response length of Qwen2.5-
7B-MATH. (a) Subfigure (a) shows FIPO maintains a stable Length-Weighted Mean Ad-
vantage. (b) Subfigure (b) shows the mean response length remains steady around 1200
tokens. This suppressed length growth is likely caused by the 4K context window limit of
the base model, and its inherent bias toward concise code-based reasoning, which anchors
the generation depth.
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Figure 7: Policy evolution and optimization dynamics of Qwen2.5-7B-MATH. (a) Policy
KL and (b) Gradient Norm illustrate the optimization path. (c) Notably, FIPO results in lower
entropy compared to DAPO, indicating that the model converges toward more deterministic
reasoning traces during the RL process.

E Ablation Studies

In this section, we provide a comprehensive analysis of the ablation studies conducted
to validate our methodology. We first examine the impact of high-value clipping and the
extension of the maximum response length on the resulting mean response length during
32B model training with FIPO. Next, we present results on the 7B model scale regarding
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weight filtration, which complement the stability-related findings observed in our 32B
experiments. Furthermore, we investigate the implications of various adaptive clipping
configurations and their influence on performance, specifically highlighting how these
choices drive divergent behaviors in policy entropy. Lastly, we evaluate the sensitivity
of the optimization process to different decay rate options and their potential impact on
convergence dynamics.

E.1 Clip-High, Max Length, and Response Length

(a) Min Length in Tokens (b) Q25 Length in Tokens (c) Median Length in Tokens
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Figure 8: Ablation study on Response Length Control on Qwen2.5-32B-Base. We compare
the baseline FIPO with FIPO under cliphigh 1.4 and FIPO with a max resonse length of 25K.
(a-d) Increasing the maximum length limit triggers a significant early surge in response
length, yet results in lower training efficiency and marginal performance gains. (e) A higher
clip ratio causes a sharp escalation in policy entropy, indicating potential training instability.
(f) Overall, while both modifications encourage longer responses, they are less effective in
improving AIME24 performance compared to the balanced FIPO configuration.

One of the most interesting phenomena we observed is an unexpected surge in response
length at the early stage when turning up the clip-high ratio €y;¢;, of the PPO objective.
In this study, we set €;;¢;, = 1.4, providing a larger trust region for policy updates when
the advantage is positive. For the maximum length trial, we extended the limit to 25K
tokens (from the default 20K) while maintaining the overlong buffer at a consistent 20%
ratio. All other variables remained consistent to ensure a fair comparison. As shown in
Fig. Figure 8(a-d), a higher €y, allows the policy to deviate more aggressively from the
old distribution when receiving positive advantages, incentivizing the model to “over-
explore” longer reasoning paths almost immediately. However, this surge comes at the
cost of training stability; as depicted in Figure 8(e), the policy entropy explodes under a
higher €, indicating that the optimization landscape becomes volatile when the clipping
constraint is too relaxed.

A strikingly similar failure mode is observed when increasing the maximum response length
limit. While this also triggers a rapid growth in token count, it reveals a clear diminishing
return in reasoning efficiency. Both cases suffer from the emergence of superficial reasoning
behaviors, such as repetitive content, task-irrelevant LaTeX formatting, and premature
self-reflection. We contend that introducing self-reflection can be counterproductive when
the model has not yet established a solid foundation for one-step reasoning. In such cases,
the model lacks the verifiable internal logic needed to evaluate its own state, leading to
internal consistency conflicts, a phenomenon where the model oscillates between conflicting
steps without progressing toward the correct solution. These observations suggest that the
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emergence of higher-order reasoning patterns, such as self-reflection, is not necessarily
"the earlier, the better” during the training process. Instead, it should be a progressive
maturation where complex strategies build upon a stable base of fundamental logic. Conse-
quently, the performance gain on AIME24 (Figure 8f) is marginal compared to the balanced
FIPO baseline. These results underscore the importance of governed growth in response
length, ensuring that extended computation is allocated to genuine logical depth rather
than redundant self-correction cycles.

E.2 Extreme Value Filtering

As we noted in subsection 3.2, since the computation of Future-KL is highly dependent on
the logit values between each update, one of its drawbacks is its sensitivity to importance
ratio volatility. If the variation in importance ratios becomes significant, the Future-KL
weight can become highly volatile at the same time. Rather than providing a stable guiding
signal for policy updates, the excessive noise in importance ratios causes the Future-KL
term to lose its effectiveness. In such cases, the incorporation of future KL information could
result in less stable updates, and the model’s performance tends to revert to a suboptimal
level close to the standard baseline without showing the intended improvements. This is
particularly observable in 7B models, which exhibit frequent fluctuations in importance
ratios.

Table 5 presents the ablation results on the 7B model. We observe that without filtering
extreme IS ratios, the performance gain on AIME2024 is suboptimal compared to the
configuration where filtering is applied. Although the unfiltered version achieves a slightly
higher score on AIME2025 in one instance, the overall reliablity and the peak performance on
AIME?2024 (40.0%) along with the observations made on 32B training confirm the necessity
of the filtering mechanism for a more reliable training.

Moreover, as shown in Figure 9(a), removing extreme IS ratios results in a significantly
more constrained and compact weight range, which provides a more stable signal for
the advantage estimator. In contrast, the absence of filtering leads to disproportionately
large influence weights. This leads to a higher frequency of aggressive policy updates, as
evidenced by the clipping fractions in Figure 9(b) and (c). When filtering is absent, a larger
proportion of tokens are pushed beyond the designated trust region, resulting in higher
dual clip and policy clip fractions. This suggests that the model is frequently attempting
to make updates that exceed the constraints of the PPO objective, thereby explaining the
suboptimal gains in performance when IS ratio volatility is high.

Method AIME 2024 (Pass@1) AIME 2025 (Pass@1)
FIPO (ef,,, = 1.0, €p,, = 1.2) 36.0% 19.0%
FIPO (w/o filtering, €, = 0.8, €f, = 1.2) 38.0 % 21.0%
FIPO (cf,, =08 €, =12 40.0% 19.0%

Table 5: Ablation on Extreme Value Filtering and Influence Weight Clipping Performance
Comparison of Pass@1 Performance on AIME2024 and AIME2025 on Qwen2.5-7B-MATH.
All results are reported as percentages (%). We report the peak average Pass@1 across 32
samples (Avg@32).

E.3 Influence Weight Clipping

Table 5 shows the result of ablations on the influence weight clipping. We primarily modified
the clipping range with respect to 1. An influence weight with a range of [1.0, 1.2] essentially
provides more penalty for negative samples and more reward to positive ones. The range
of [0.8,1.2] inherits these properties while offering a more balanced influence; it further
reduces the reward when a token in a positive sample is associated with subsequent negative
behaviors, and reduces the penalty when a token in a negative sample is associated with
subsequent positive behaviors. This helps to provide a more controlled exploration and
thus resulted in the performance improvements shown in Table 5.
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Figure 9: Ablation Study on Filtering Mechanism in Future-KL on Qwen2.5-7B-MATH.
We compare the training stability of FIPO with and without filtering extreme importance
sampling (IS) ratios. (a) Future-KL influence weights: removing extreme IS ratios results in
a significantly more constrained and compact weight range, leading to more stable policy
updates. (b-c) Clipping statistics: extreme IS ratios rise disproportionate influence weights
that drive more aggressive updates. This is reflected in the increased dual clip and policy
clip fractions, where a larger proportion of tokens are pushed beyond the trust region when
filtering is absent.
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Figure 10: Ablation Study on Influence Weight Clipping on Qwen-2.5-7B-MATH. (a)
Similar to 32B, a influence weight with range [1.0,1.2] resulted in a continuous growth in
entropy, thus encouraging more explorations. (b) However, we do not observe any surge in
response length as we discussed in the previous section.

Specifically, the [0.8,1.2] configuration achieves 40.0% on AIME 2024, surpassing the 36.0% of
the [1.0,1.2] setting. While the latter encourages more aggressive exploration, as evidenced
by the continuous growth in policy entropy shown in Figure 10(a), our results suggest that
7B models are sensitive to such excessive exploration pressure. This aligns with our broader
observation on scaling behavior: unlike larger models that benefit from broad exploration,
the 7B model appears to prioritize the refinement of a specific, high-confidence reasoning
manifold. In this context, the higher entropy induced by the [1.0, 1.2] range introduces more
detrimental noise than useful discovery. By contrast, the balanced influence of [0.8,1.2]
facilitates convergence toward a lower-entropy state, optimizing for self-certainty rather
than stochastic search.

E.4 Effective Horizon of Decay Rate

To complement our analysis, we further perform an ablation study on the effective horizon
of the decay rate, specifically testing values of T € {8,32,128,256}. These values define
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Figure 11: Ablation Study on the Decay Rate Horizon () on Qwen2.5-7B-MATH. (a)
Mean Influence Weight: Extending the decay horizon (e.g., T = 256) significantly increases
weight fluctuations, potentially destabilizing policy updates. Conversely, a highly restrictive
horizon (e.g., T = 8) limits the weights too close to the baseline. (b) Influence Weight Clip
Ratio: A larger decay horizon results in a higher clipping frequency. This reflects more
drastic variations in the raw influence weights, directly corroborating the trends observed
in (a). (c) Entropy: An intermediate horizon (T = 32) strikes a critical balance. It avoids the
excessive volatility induced by larger decay rates, as well as the premature entropy collapse
caused by the myopic guidance of shorter horizons, allowing the 7B model to maintain
controlled and effective exploration.

the half-life of the influence weight decay, determining the token-distance over which
future KL information remains significant. Table 6 presents the performance across these
configurations, while Figure 11 illustrates the corresponding training dynamics. As shown
in Figure 11(a), the magnitude of fluctuation in Mean Influence Weight increases as the
decay horizon T is extended. For the largest horizon (T = 256), the weight mean exhibits the
most significant deviation from 1.0, which can introduce instability into the policy updates.
In contrast, for a very small horizon (T = 8), the influence weight remains highly proximal
to 1.0, effectively causing the model to stay close to the baseline and relatively underutilize
future KL information.

The entropy dynamics in Figure 11(c) further corroborate our earlier observations regarding
the exploration capacity of the 7B model. While all configurations follow a characteristic
trend of an initial decrease followed by a rise and eventual decline, the overall entropy
levels are markedly higher for larger decay rates. The T = 256 setting maintains the
highest entropy throughout most of the training, indicating aggressive exploration driven
by long-range future signals. Just as we observed with the restrictive [1.0,1.2] influence
weight range, this sustained high-entropy state introduces excessive volatility that the 7B
model struggles to accommodate. Conversely, the rapid entropy drop observed in the
T = 8 setting represents an entirely different failure mode: because its influence weights
fluctuate only marginally, the model receives highly myopic guidance. Lacking sufficient
long-term foresight, the policy prematurely collapses into a suboptimal, low-entropy state.
The intermediate horizon, T = 32, strikes a critical balance. Similar to the stabilizing
effect of the [0.8,1.2] clipping range, T = 32 provides enough localized future signal to
safely navigate the updates without causing premature stagnation, allowing the policy
to ultimately converge onto a specific, high-quality reasoning manifold. This alignment
across different hyperparameters solidifies our hypothesis: at the smaller scale such as 7B,
optimizing for self-certainty through controlled, moderate exploration is more effective
than forcing broad, high-entropy searches.

F Case Study

In this section, we provide a qualitative analysis of the model’s reasoning evolution by
examining specific outputs on the AIME 2024 competition. We randomly selected the
responses from the grouped samples. The transition from DAPQO’s length stagnation to
FIPO'’s sustained scaling is not merely a quantitative change in token count, but a qualitative
transformation in how the model utilizes its “thinking” budget.
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Method AIME 2024 (Pass@1) AIME 2025 (Pass@1)
FIPO (7=8) 40.0% 17.0%
FIPO (7=32) 40.0% 19.0%
FIPO (t=128) 39.0% 21.0%
FIPO (1=256) 42.0% 16.0%

Table 6: Ablation on the Effective Horizon of Decay Rate Performance Comparison of
Pass@1 Performance on AIME2024 and AIME2025 on Qwen2.5-7B-MATH. All results
are reported as percentages (%). We report the peak average Pass@1 across 32 samples
(Avg@32).

Stage 1: Superficial Planning (Initial Step). As illustrated in Figure 13, the model at its
initial step exhibits “superficial planning” behavior. It produces a template-like outline of
the solution steps but fails to execute the actual mathematical derivation. This results in
a brief response that lacks logical substance and often leads to an immediate hallucinated
conclusion.

Stage 2: Linear Execution (DAPO Convergence & Early FIPO). Across its entire training
duration, DAPO remains situated within this stage (Figure 14), evolving into a ”linear
executor” that can accurately follow a standard Chain-of-Thought (CoT) to reach the ground
truth. However, its reasoning is inherently limited to a ”“single-pass” logic, where the
generation terminates immediately upon finding the first result. This explains the length
stagnation observed in Figure 3 for DAPO.

Stage 3: Emergent Self-Reflection (Intermediate Stage FIPO). As FIPO training progresses
to the intermediate stage (Figure 15), a distinct behavioral shift occurs. The model begins
to utilize the expanding token budget (growing in reponse length) for spontaneous self-
reflection. After deriving an initial result, the model proactively initiates a verification phase,
exploring alternative methodologies, such as switching from algebraic manipulation to
geometric interpretation, to cross-validate its findings.

Stage 4: Systematic Deep Reasoning (Late Stage FIPO). In the later stages of training
(Figure 16), the model matures into a “compute-heavy” strategy that prioritizes analytical
depth. The reasoning trajectory extends beyond simple reflection into a systematic audit.
The model performs multiple passes of symbolic re-derivation and granular arithmetic
verification (e.g., manually expanding large squares and square roots step-by-step). This
spontaneous emergence of self-verification aligns with the inference-time scaling behaviors
observed in advanced reasoning models, where the model treats length as a vital resource
to ensure better performance.

G Discussions on failure trials and reproduction

As noted earlier, we utilize a mini-batch size of 64 instead of 32 for our 32B model training
and subsequent experiments due to its relative stability. To better understand this parameter
choice, we detail below the specific training results and issues we encountered when
employing a mini-batch size of 32. As illustrated in Figure 12(a), while a mini-batch size of
32 can occasionally yield strong performance, it suffers from severe reproducibility issues.
The most prominent failure mode is a severe deceleration in length growth, where the model
struggles to effectively expand into longer reasoning trajectories. Notably, simply removing
the overlong penalty fails to resolve this bottleneck, suggesting that the issue stems from
deeper optimization dynamics rather than straightforward reward penalization.

We further interpret these findings through the underlying principles identified in our clip
high ablation study (see subsection E.1). Although that ablation focuses on the clipping
threshold rather than mini-batch size, it reveals a core optimization dynamic: when more
tokens effectively participate in the policy update without being restricted by the clip
boundary, the model gains significant momentum to expand its response length. Examining
the policy clip fraction (Figure 12(b)), we observe that the successful mini-batch 32 trial clips
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Figure 12: Training Dynamics and Stability across Mini-batch Sizes on Qwen2.5-32B-Base.
(a) Response Length Mean: While a mini-batch size of 32 can occasionally yield strong
performance, it suffers from severe reproducibility issues and frequently encounters length
stagnation. Notably, simply removing the overlong penalty (w/o Overlong) fails to resolve
this bottleneck. (b) Policy Clip Fraction: In the successful mini-batch 32 trial, fewer tokens
are clipped compared to the failed cases, a phenomenon that aligns with our findings in
the clip_high ablation study. Because a mini-batch size of 64 is closer to on-policy and
suffers less from importance sampling (IS) weight fluctuations, it naturally results in fewer
clipped tokens, thereby easing the scaling of response length and performance. (c) Gradient
Norm: Similarly, the successful mini-batch 32 run maintains a noticeably stabler and slightly
lower gradient norm than the failed ones, a critical stabilizing property inherently achieved
by the mini-batch 64 baseline. (d) Policy Entropy: The successful case sustains higher
entropy throughout the training, indicating healthier exploration capabilities. (e-f) AIME24
Performance: Benefiting from stable optimization and sustained exploration, the successful
mini-batch 32 case reaches a peak Mean@32 of approximately 60% and a Cons@32 of 70%,
which is highly comparable to the final performance of our mini-batch 64 baseline.

relatively fewer tokens than the failed ones. We deduce that when importance sampling
(IS) weight fluctuations are reduced, a comparatively larger proportion of tokens remains
unclipped and is fully included in the training signal. This valid inclusion is highly beneficial
for overcoming the aforementioned length growth deceleration. Because a mini-batch size
of 64 computes gradients over a broader sample set, it intrinsically stays closer to on-policy
and suffers less from IS variance. As a result, it naturally avoids excessive token clipping,
providing the sustained optimization momentum required to smoothly scale the reasoning
length and performance.

The differences in optimization stability are also evident in the gradient norm and policy
entropy. As shown in Figure 12(c), the successful mini-batch 32 run maintains a noticeably
stabler and slightly lower gradient norm than the failed runs. Furthermore, it sustains
higher entropy throughout the training process (Figure 12(d)), indicating healthier and more
effective exploration capabilities without erratic divergence. Crucially, these stabilizing
properties, controlled gradient updates and sustained, active exploration, are inherently
achieved by the mini-batch 64 baseline, removing the need to rely on the stochastic success
of smaller batch sizes. Ultimately, benefiting from stable optimization and consistent
exploration, the successful mini-batch 32 case reaches a peak Mean@32 of approximately
60% and a Cons@32 of 70% (Figure 12(e-f)). These metrics are highly comparable to the
consistent performance of our mini-batch 64 baseline. Therefore, our adoption of the 64
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mini-batch size is not driven by a higher theoretical performance ceiling, but rather by its
capacity to reliably navigate the policy towards a high-quality reasoning manifold without
falling into optimization traps.

It is crucial to distinguish this phenomenon from existing adaptive clipping techniques(Xi
et al., 2025; Gao et al., 2025). While adaptive clipping dynamically adjusts the threshold pri-
marily to maintain trust-region stability and prevent policy collapse, our findings highlight
a fundamentally different mechanism: the effective clip fraction acts as a structural valve for
length expansion. By utilizing a mini-batch size of 64 to naturally stabilize IS weights, we
allow a larger proportion of valid tokens to safely pass through a fixed boundary. Moreover,
it is exactly under these stabilized optimization conditions that our proposed Future KL
mechanism can fully exert its intended effect as the primary driver for reasoning training.
By design, Future KL incorporates forward-looking signals to guide current token updates,
thereby naturally encouraging the exploration of extended reasoning trajectories. However,
this mechanism inherently relies on a continuous and intact flow of gradients across long se-
quences. The stabilized IS weights provides this exact foundation: by preventing excessive
token truncation, it ensures that the long-term exploratory signals from Future KL are
successfully and smoothly propagated backward without being artificially interrupted.
Supported by this unhindered optimization momentum, Future KL explicitly pushes the
policy to expand into deeper, high-quality reasoning manifolds, effectively preventing the
model from collapsing back into premature, short-form responses.

H More details on Training Cost

A naive implementation of Future KL requires computing a dense (L, L) temporal decay
matrix (where L is the response length), resulting in an O(L?) memory footprint that easily
causes Out-Of-Memory (OOM) errors during long-trajectory reasoning training. To mitigate
this, we implemented a chunk-based memory-efficient algorithm, as shown in Listing 1. By
partitioning the response sequence into blocks of a fixed chunk size (K), we incrementally
compute the distance masking and decay weights. The block-wise contributions are com-
puted via parallel matrix multiplications of shape (B, K) x (K, L). This algorithm preserves
the exact analytical outcome of the Future KL formulation while strictly bounding the peak
memory complexity to O(B - L + L - K). Although the time complexity remains O(B - L?),
the tensorized block operations are highly optimized on modern GPUs, effectively removing
the memory bottleneck for scaling up reasoning lengths.

While standard GRPO computes the policy objective using strictly element-wise operations
with an O(B - L) time complexity, the integration of our Future KL mechanism naturally
introduces an O(B - L?) temporal aggregation process. Consequently, this imposes a certain
degree of computational overhead during the actor update phase. However, our chun-
ked matrix multiplication implementation effectively vectorizes these operations, heavily
leveraging the highly optimized dense MatMul capabilities of modern GPUs. Empirically,
the wall-clock slowdown during the GRPO training iteration is relatively marginal and
entirely acceptable. Most importantly, we argue that this modest trade-off in training speed
is justifiable: it provides the dense, long-horizon credit assignment necessary to scale
up complex reasoning, a fundamental bottleneck that standard O(B - L) GRPO inherently
struggles to overcome. Naturally, while our chunked implementation effectively addresses
the memory constraints, more sophisticated computational optimizations remain possible.
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Listing 1: Python code for memory-efficient chunked Future KL
import torch

def future_kl_chunked (D, M, K, tau):
# Decay factor
gamma = 2 *+ (-1 / tau)

Mask invalid tokens and anomalies
= D * M

torch.zeros_like (D)
D.shape[1]

Hm O

Query positions: (L, 1)
i = torch.arange(

L, device=D.device
). unsqueeze (1)

et

for s in range(0, L, K):
e = min(s + K, L)

# Chunk positions: (1, K_cur)
j = torch.arange(

s, e, device=D.device
). unsqueeze (0)

# Pairwise distance: (L, K_cur)
delta = j - i
# Decay weights
W= (
amma ** torch.clamp(delta, min=0)
) %= (delta >= 0).float ()

# KL values in this chunk
V =D[:, s:e]

# Parallel update
F += torch.matmul(V, W.T)

return F
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Question:

Find the largest possible real part of [(75+117i)z+\frac{96+ 144i}{z}]where $z$ is a complex
number with $|z|=49.

Ground Truth: 540

Response:

Step 1: The problem requires finding the largest possible real part of a complex expression
involving a complex number $z$ with a given magnitude.

Step 2: First, we need to express $z$ in polar form as $z = 4e~{i\theta}$, where $\theta$ is
the argument of $z$.

Step 3: Then, we can rewrite the given expression in terms of $\theta$ and find the real part.

Step 4: To find the maximum real part, we need to analyze the expression and identify the
conditions that maximize the real part.

Step 5: We can use trigonometric identities and properties of the real and imaginary parts of
complex numbers to simplify the expression and find the maximum real part.

Step 6: By analyzing the expression and using the given conditions, we can determine the
value of $\theta$ that maximizes the real part and calculate the maximum real part.

Step 7: Finally, we can provide the answer as the largest possible real part of the given
expression.

Answer: 1176

Figure 13: Stage 1: Superficial Planning (Initial Step). A baseline response from Qwen 2.5
32B. The model generates a “template-like” outline of the solution steps but fails to execute
any actual mathematical derivation, leading to a hallucinated conclusion.
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Question:

Find the largest possible real part of [(75+117i)z+\frac{96+ 144i}{z}]where $z$ is a complex number with
$)z|=45.

Ground Truth: 540

Response: Let's break down and solve the problem step-by-step.

Let $z = 4e~{i\theta} = 4(\cos \theta + i \sin \theta)$. Substituting this into the expression: [ (75 + 117i)
\cdot 4 (\cos \theta + i \sin \theta) + \frac{96 + 144i}{4 (\cos \theta + i \sin \theta)} ]

1. Simplifying the first term:

[4 (75 + 117i)(\cos \theta + i \sin \theta) ] = 4 [ (75 \cos \theta - 117 \sin \theta) + i (75 \sin \theta + 117
\cos \theta) 11 [ = 4 (75 \cos \theta - 117 \sin \theta) + i \cdot 4 (75 \sin \theta + 117 \cos \theta) ]

2. Simplifying the second term:

[\frac{96 + 144i}{4} \cdot (\cos \theta - i \sin \theta) = 24(1 + 1.5i)(\cos \theta - i \sin \theta) ] [ = 24 [ (\cos
\theta + 1.5 \sin \theta) + i (1.5 \cos \theta - \sin \theta) ] ]

3. Combining the real parts:

[\text{Re} = 4(75 \cos \theta - 117 \sin \theta) + 24 (\cos \theta + 1.5 \sin \theta) ] [ \text{Re} = 300 \cos
\theta - 468 \sin \theta + 24 \cos \theta + 36 \sin \theta ] [ \text{Re} = 324 \cos \theta - 432 \sin \theta ]

4. Finding the maximum value:

The maximum value of $a \cos \theta + b \sin \theta$ is $\sqrt{a”2 + b~ 2}$. For $a = 324% and $b =
-432%: [ \text{Max} = \sqrt{324"2 + (-432)72} = \sqrt{104976 + 186624} = \sqrt{291600} ] [ \sqrt{291600}
=540]

Answer: 540

Figure 14: Stage 2: Linear Execution (DAPO Convergence, and FIPO early stage). While
the model correctly executes a standard Chain-of-Thought (CoT) to reach the ground truth,
its reasoning is strictly linear and terminates immediately upon finding the first result,
lacking any self-verification mechanism.
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Question:

Find the largest possible real part of [(75+117i)z+\frac{96+ 144i}{z}]where $z$ is a complex
number with $|z|=49.

Ground Truth: 540

Response:
Let's solve the problem step by step.

We want to find the largest possible real part of the expression. Let $z = 4e*{i\theta}$. Since
$|z|=49, $\frac{1}{z} = \frac{\bar{z}}{16}$.

The expression becomes: [ (75 + 117i)z + (6 + 9i)\overline{z}.]

Let us write $z$ in its standard form $z = x + yi$. Expanding the terms, the real part of the
expression is $81x - 108yS$.

We need to maximize this subject to the constraint $x*2 + yA2 = 164.

This is a classic problem for Lagrange multipliers. We want to find $\lambda$ such that
$\nabla f = \lambda \nabla g$.

Solving the system yielded $x=\frac{12}{5}$ and $y=-\frac{16}{5}$, giving a value of 540.

It seems that at the point $(\frac{12K5}, -\frac{16}{5})$ we have a value of 540. Hence, the
maximum value of the expression appears to be 540.

Let's confirm if this is indeed the highest value by looking at the geometry of the
situation or another approach.

Let us represent the problem in another manner. Let us write $z = 4e”{i\theta}$.
Then the full expression is expanded in terms of $\sin$ and $\cos$.
The real part is given by: [ 324 \cos \theta - 432 \sin \theta. ]

To maximize this, we can write it in the form $R \cos(\theta + \phi)$ where $RA2 = 32412 +
432128,

Let's compute this value step by step. $324/2 = 104976%$ $432/2 = 186624% $R"2 =
291600 \implies R = \sqrt{291600} = 540%.

Thus, the amplitude R is 540.

This confirms our previous result. Therefore, the largest possible real part of $(75 + 117i)z +
\frac{96 + 144i}{z}$ is indeed 540.

Answer: 540

Figure 15: Stage 3: Emergent Self-Reflection (FIPO Intermediate Stage). A distinct behav-
ioral shift occurs as FIPO training progresses. The model begins to utilize the expanded
token budget for spontaneous self-reflection, cross-validating its initial conclusion through
alternative mathematical paths.
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Question:

Find the largest possible real part of [(75+117i)z+\frac{96+ 144i}{z}]where $z$ is a complex number with
$|z|=4$.

Ground Truth: 540

Response:
Let's solve the given problem step by step.

Let us denote $z$ as a complex number with $|z| = 4$. It implies we can write $z = 4e”{i\theta}$. Then
$\frac{1}{z} = \frac{1}{4}e"{-i\theta}$.

Substituting into the expression:

[ (75+117i) \cdot 4e{i\theta} + \frac{96+144i}{4}e {-i\theta} = (300+468i)e {i\theta} + (24+36i)e"{-
i\theta} ] Using Euler's formula $e”{i\theta} = \cos\theta + i\sin\theta$, we find the real part:

* From first term: $300\cos\theta - 468\sin\theta$.
« From second term: $24\cos\theta + 36\sin\theta$.

Total Real Part = $(300+24)\cos\theta + (-468+36)\sin\theta = 324\cos\theta - 432\sin\theta$.
The maximum value of $A\cos\theta + B\sin\theta$ is $\sqrt{A*2 + BA2}$.

$R = \sqrt{32472 + (-432)"2} = \sqrt{(108 \cdot 3)*2 + (108 \cdot 4)2} = 108\sqrt{322 + 472} = 108
\cdot 5 = 540%.

To verify this reasoning: Let's look at the expression more directly...

let us represent it in the standard form $R\cos(\theta+\alpha)$...

[Model re-derives the amplitude formula] ...

This confirms that $R = 540$.

To ensure there is no mistake, let me double check my simplification process carefully:
Recall $R = \sqrt{32472 + 432/2}$. Let's recompute it step by step:

* $32412 = 104976%.

» $432/2 = 1866245.

* $32472 + 43272 = 104976 + 186624 = 291600$.
* $R = \sqrt{291600} = \sqrt{(540)* 2} = 540%.

[Model then performs a third full-scale re-expansion of the entire complex expression to confirm the
coefficients 324 and -432 are correct.] ...

summing up the real components obtained above: $(300\cos\theta - 468\sin\theta) + (24\cos\theta +
36\sin\theta) = 324\cos\theta - 432\sin\theta$.

The result is consistent throughout. Thus, the largest possible real part of $(75 + 117i)z+\frac{(96+ 144i)}
{z}$ with $|z|=4% must indeed then equal $540.$

Answer: 540

Figure 16: Stage 4: Systematic Deep Reasoning (FIPO Late Stage). In the late stages of
training, the model converges on a “compute-heavy” strategy. It moves beyond simple
reflection to perform rigorous multi-pass auditing—including symbolic re-derivation and
granular arithmetic verification—to ensure better performance in complex reasoning tasks.
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