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Abstract

As large language models (LLMs) are increasingly deployed to perform
tasks with minimal human oversight, it is crucial that these models operate
robustly. In particular, a model that can solve a given problem should not
fail simply because certain entities—such as names, numbers, or other con-
textual details—have changed while the underlying problem logic remains
the same. Prior work suggests that current LLMs still struggle with this
form of robustness: they often succeed on some variations of a problem but
fail on others. However, existing evaluations often lack a systematic way to
identify which logic-preserving variations are most likely to induce failure.
Instead, they typically test a random subset of allowable variations, which
can overstate robustness. To address this gap, we introduce logic-preserving
difficulty scaling (LPDS), a framework that (i) quantifies the difficulty of a
problem variation and (ii) systematically searches the space of allowable
variations to find those that maximize difficulty and expose failures. We
show that as difficulty increases, performance declines and errors in the
models’ reasoning chains become more pronounced. We further demon-
strate that LPDS efficiently finds difficult problem variations for a model,
resulting in performance drops up to 5× larger compared to random sam-
pling. Finally, we show that fine-tuning on more difficult variations leads
to more consistent robustness gains than training on easier ones.
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Problem Variation (Low MDH )

Sofia decides to learn the farsi alphabet
(with 32 letters). Therefore, she writes it in
full five times, writes 1/8 of it once, then
re-writes everything she has already written.
How many letters has Sofia written?

Model Response

Sofia writes the Farsi alphabet, which has 32
letters, in full five times. That’s 32 * 5 = 160
letters.

Then she writes 1/8 of the alphabet once.
1/8 of 32 is 32 / 8 = 4 letters.

So far, she has written 160 + 4 = 164 letters.

After this, she re-writes everything she has
already written, which means she writes an-
other 164 letters.

Therefore, the total number of letters Sofia
has written is 164 + 164 = 328.

Problem Variation (Medium MDH )

Ingibjörg decides to learn the hiragana al-
phabet (with 48 letters). Therefore, she
writes it in full five times, writes one-eigth
of it once, then re-writes everything she has
already written. How many letters has In-
gibjörg written?

Model Response

Ingibjörg writes the 48 letters of hiragana in
full five times, which is 48 * 5 = 240 letters.

Then she writes one-eighth of it once. One-
eighth of 48 is 48 / 8 = 6 letters.

After writing these, she re-writes everything
she has already written, so she writes 240 +
6 = 246 letters again.

The total number of letters she has written
is 240 (first set) + 6 (second set) + 246 (re-
writing) = 512 letters.

Problem Variation (High MDH )

Kimia decides to learn the latin alphabet
(with 26 letters). Therefore, she writes it
in full nine times, writes one-half of it once,
then re-writes everything she has already
written. How many letters has Kimia writ-
ten?

Model Response

Kimia writes the latin alphabet 26 times in
full. Then she writes half of it once, which is
26 / 2 = 13 times.

After writing this, she re-writes everything
she has already written, which means she
writes 26 + 13 = 39 times again.

So, the total number of letters she has writ-
ten is (26 + 13) * 26 because she wrote the full
alphabet and half of it, and then re-wrote all
39 parts.

(26 + 13) * 26 = 39 * 26 = 1014.

Figure 1: Conceptual overview. As the estimated problem difficulty MDH increases, accu-
racy declines (top), and model responses diverge further from the correct solution (bottom).
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1 Introduction

Large language models have demonstrated notable performance across various tasks and
domains (Chang et al., 2024; Jiang et al., 2025; Kamalloo et al., 2023). As a result, they are
increasingly deployed as autonomous agents to carry out tasks with minimal human over-
sight (Xi et al., 2025; Liu et al., 2025). However, despite progress on specific benchmarks (Ni
et al., 2025; Rein et al., 2024; Wang et al., 2024b), recent studies suggest that LLMs still
struggle to solve problems robustly (Chen et al., 2024; Mondorf & Plank, 2024; Weber et al.,
2023). For instance, models are often able to solve certain formulations of a problem while
failing on others, even though the underlying problem logic remains the same (Srivastava
et al., 2024; Mizrahi et al., 2024). This unreliability poses significant risks, as models may
fail in ways that are difficult to anticipate, potentially leading to serious consequences in
high-stakes scenarios (Zhang et al., 2024). To ensure the safe and reliable deployment of
LLMs, it is therefore crucial to develop systematic ways to evaluate their robustness.

One approach to evaluating the robustness of LLMs is through symbolic templates (Mirzadeh
et al., 2025; Srivastava et al., 2024). These templates represent a problem symbolically by
specifying variables, constraints, and the corresponding solution procedure, while treating
numbers, names, and other contextual details as parameters (see Figure 2). Symbolic
templates can generate a diverse set of problem variations that differ in wording and
values, while preserving the problem’s underlying logic. Evaluating models on such a set
of variations can reveal performance inflation due to data contamination and reliance on
superficial patterns (Mirzadeh et al., 2025). However, because the space of possible problem
variations defined by a symbolic template is often too large to evaluate exhaustively, existing
studies typically assess models on a randomly sampled subset of instances (Xie et al., 2025;
Gull et al., 2025). This can overestimate robustness, as challenging variations that are more
likely to induce failure may be overlooked, leading to unwarranted confidence in the model.

To address this limitation, we introduce logic-preserving difficulty scaling (LPDS), a systematic
method for finding problem variations defined by a symbolic template that cause models to
fail. First, we identify a set of metrics that successfully quantify the difficulty that a problem
variation poses to a given model (Section 3). We show that as variation difficulty increases,
model performance declines and errors in the models’ reasoning chains become more
pronounced (see Figure 1). Next, we introduce a discrete prompt-optimization procedure
that efficiently searches the space of problem variations defined by a symbolic template to
find those that maximize difficulty (Section 4). We demonstrate that, at each optimization
step, the search procedure identifies progressively more difficult problem variations that
cause models to fail. Notably, when evaluating models on a set of problem variations
identified via LPDS, we observe performance drops relative to the original base problems
that are up to five times larger than those obtained through random sampling from a
template, underscoring both the effectiveness of our optimization procedure in uncovering
difficult variations and the persistent brittleness of LLMs. Finally, when grouping problem
variations by difficulty score, we show that fine-tuning models on more difficult samples
yields more consistent robustness gains than fine-tuning on easier ones, further highlighting
the usefulness of our difficulty estimate in characterizing problem variations from a given
template (Section 5). Overall, LPDS provides an efficient framework for evaluating LLM
robustness by systematically identifying problem variations that reveal model failures.

2 Preliminaries

2.1 Symbolic templates

In natural language processing, a common method for generating synthetic data is through
templates (McCoy et al., 2019; Röttger et al., 2021; Schick et al., 2023; Hupkes et al., 2018).
Templates are structured patterns that combine fixed text with variable slots or placeholders
that can be filled with different values. While enabling rapid data generation, most templates
focus on varying lexical choices (Garg et al., 2019; Ribeiro et al., 2020). For instance, a
template like “I want to order {FOOD} from {RESTAURANT}” can generate multiple prompts
by substituting different food items and restaurant names.
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GSM-Symbolic Template

Problem

{NAME} can peel {N1} {FOOD} a minute and saute {N2} {FOOD}
in {T} minutes. How long will it take her to peel and saute {TOTAL}
of {FOOD}?

Variables

NAME ∈ {Sophia, Claire, . . . , Sarah}
FOOD ∈ {shrimps, onions, . . . , clams}
N1 ∈ {4, 5, 6, . . . , 14, 15}
N2 ∈ {20, 25, 30, . . . , 45, 50}
T ∈ {5, 6, 7, . . . , 19, 20}
TOTAL∈ {60, 70, 80, . . . , 190, 200}

Conditions

divides({TOTAL}, {N1})
divides({TOTAL}, {N2})

Ground-Truth Reasoning

First, let’s compute how long it takes {NAME} to peel the food: {TO-
TAL} of {FOOD} / {N1} minutes.

Next, we calculate how many batches of {FOOD} she needs to cook:
{TOTAL} / {N2} batches.

Now, we multiply the number of batches by the time per batch to
find the total cooking time: {TOTAL} / {N2} × {T}.

To find the final time, we add both peeling and cooking time: {TO-
TAL} / {N1} + {TOTAL} / {N2} × {T}.

FinChain Template

Problem

{COMPANY} reports an income tax expense of ${TAX EXPENSE}. At
the beginning of the year, the company had ${START TAX} in taxes
payable, and at the end of the year, taxes payable changed to ${END

TAX}. Calculate {COMPANY}’s cash outflow for taxes.

Variables

COMPANY = {Apple, Microsoft, . . . , Nike}
TAX EXPENSE = {25000, 30000, . . . , 45000, 50000}
START TAX = {5000, 5100, 5200, . . . , 9900, 10000}
END TAX = {8000, 8100, 8200, . . . , 15900, 16000}

Conditions

{END TAX}≥ {START TAX}

Ground-Truth Reasoning

We first calculate the change in taxes payable and then determine
{COMPANY}’s cash outflow for taxes.

Step 1. Change in Taxes Payable = Closing Taxes Payable - Opening
Taxes Payable = ${END TAX} - ${START TAX}

Step 2. Tax Cash Outflow = Tax Expense - Change in Taxes Payable
= ${TAX EXPENSE} - (${END TAX} - ${START TAX})

Thus, {COMPANY}’s final cash outflow for taxes is:
${TAX EXPENSE} - ${END TAX} + ${START TAX}.

Figure 2: Example symbolic templates. Example templates from GSM-Symbolic (Mirzadeh
et al. 2025; left) and FinChain (Xie et al. 2025; right). An example template from Eng-
Trace (Gull et al., 2025) is shown in Figure 27 in the Appendix.

Symbolic templates, as used in GSM-Symbolic (Mirzadeh et al., 2025), FinChain (Xie et al.,
2025), and EngTrace (Gull et al., 2025), extend this concept to a deeper level of abstraction.
Rather than varying surface tokens, symbolic templates encode the underlying logical
structure of a problem. They define variables, constraints, and the complete reasoning
procedure, while treating numbers, names, and other contextual details as parameters (see
Figure 2 for examples). Instantiating a symbolic template therefore yields many problem
variations that differ in wording and values but share the same reasoning graph. For a more
formal description of symbolic templates, please refer to Appendix A.

By generating variations of a problem that differ in surface form but share the same un-
derlying logic, symbolic templates can reveal inflated model performance driven by data
contamination and superficial pattern matching. However, existing work lacks a systematic
method for selecting which variations to generate from a template—models are typically
evaluated on a subset of variations sampled at random (Mirzadeh et al., 2025). Specifically,
there is no principled approach for identifying the variations that most effectively expose
model failures, leading to potential overestimation of robustness and unwarranted confi-
dence in the model. In this work, we present a systematic framework that addresses this
gap. Before introducing our approach, we first outline our evaluation setup.

2.2 Evaluation setup

Datasets. We use symbolic templates from three datasets: (i) GSM-Symbolic (Mirzadeh
et al., 2025), derived from the math word problems of GSM8K (Cobbe et al., 2021) (left of
Figure 2); (ii) FinChain (Xie et al., 2025), which contains symbolic templates for financial
multi-step reasoning problems (right of Figure 2); and (iii) EngTrace (Gull et al., 2025),
which provides templates for multi-step reasoning problems in chemical, electrical, and
mechanical engineering (Figure 27 in the Appendix). From each dataset, we select 100
symbolic templates, each of which can generate a broad range of problem variations. Further
details about each dataset are provided in Appendix A.
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Models. For our experiments, we evaluate Llama-3.2-3B-Instruct, Llama-3.1-8B/70B-
Instruct (Grattafiori et al., 2024), Qwen-2.5-7B/32B/72B-Instruct (Qwen et al., 2025), and
Phi-4 (Abdin et al., 2024). Further details about each model are provided in Appendix B.1.

Evaluating responses. Following Mirzadeh et al. (2025), we evaluate models using five-
shot chain-of-thought (CoT) prompting (Wei et al., 2022) and greedy decoding. When
necessary, we adapt templates so that each problem asks for a single numeric answer. Models
are instructed to provide their final numeric answer after the #### prefix, as illustrated by
the CoT examples in each prompt (Figures 32–34 in Appendix B.2). We extract the model’s
final numeric answer by parsing the last decimal in the response with regular expressions.
Since GSM-Symbolic answers are integers, we use exact match; for FinChain and EngTrace,
a prediction ŷ is correct if it falls within the tolerance bounds: |ŷ− y| ≤ 1 · 10−6 + 1 · 10−2|y|,
where y denotes the ground-truth.

3 Quantifying problem variation difficulty

To enable efficient evaluation of model robustness, we seek to identify which problem
variations defined by a symbolic template T are most likely to induce failure. To this end,
we first assess the difficulty that a problem variation poses to a given model.

3.1 Reference-based distance metrics

Intuitively, we expect problem variations that are difficult for a model to elicit responses that
deviate more from the correct solution path than responses to easier variations. Accordingly,
we quantify the difficulty of a problem variation pi ∈ T as the distance between the model’s
response Yi and the template’s reasoning graph (see Figure 2). We represent this graph using
a reference set Y = {Yk}N

k=1 of responses to correctly answered variations pk ̸= pi from
the same template. Larger distances indicate greater deviation from the correct solution
trace and, consequently, a lower likelihood of correctness. In particular, for two incorrectly
answered variations, the one closer to Y is more likely to contain partially correct reasoning,
whereas the more distant one is more likely to reflect severe model failures (cf. Figure 1).

We consider two reference-based distance metrics: (i) Levenshtein distance and (ii) Mahalanobis
distance. We show that both metrics effectively detect model failures and significantly
outperform alternative measures in predicting answer correctness.

Levenshtein distance. The Levenshtein distance is a simple metric for capturing lexical
similarity between two strings. It quantifies the minimum number of single-token insertions,
deletions, and substitutions required to transform one string into another. To measure the
distance from Yi to the reference set Y , we compute the (normalized) Levenshtein distance
of Yi to each Yk ∈ Y . We then take the minimum of these distances, LDmin, to quantify the
closest lexical match between the model’s response and the reference set for a template. By
construction, LDmin ∈ [0, 1], where 0 indicates identical token sequences and values closer to
1 indicate greater dissimilarity. A formal definition of LDmin is provided in Appendix B.3.1.

Mahalanobis distance. While Levenshtein distance captures lexical similarity, a model’s
latent space often encodes higher-level semantic information (Skean et al., 2025). We
therefore follow Ren et al. (2023) and compare the model’s response to the reference set in
latent space. For a response Yi = (y1, y2, . . . , yM), we compute the average hidden-state
vector at layer l as H(l)

i = 1
M ∑M

t=1 h(l)
t , where h(l)

t ∈ Rd is the hidden-state vector for output
token yt. We compute this quantity for each response in the reference set, yielding a set of
average hidden-state vectors over correctly answered problem variations,H = {H(l)

k }
N
k=1.

We then measure how out-of-distribution H(l)
i is with respect to H by fitting a Gaussian

distribution N (µH, ΣH) toH and computing the Mahalanobis distance:

MDH = MD(H(l)
i ; µH, ΣH) = (H(l)

i − µH)
TΣ−1
H (H(l)

i − µH) (1)
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Figure 3: Levenshtein and Mahalanobis distances separate correct from incorrect re-
sponses better than other metrics. Distribution of metric scores for responses from Llama-
3.2-3B-Instruct across 1,000 samples per GSM-Symbolic template (100,000 samples in total).
Corresponding results for other models and datasets, including FinChain and EngTrace, are
shown in Figures 10–12 in the Appendix.

where µH ∈ Rd and ΣH ∈ Rd×d. Based on initial experiments, we set l to be roughly two-
thirds through the model (e.g., l = 21 for a 32-layer model) and N = 200 (see Appendix B.3.2
for further details). Higher MDH values indicate greater deviation from the reference
distribution and thus a lower likelihood of following the template’s reasoning graph.

3.2 Capturing model failure

We evaluate whether the proposed distance metrics successfully capture model failures. For
each of the 100 templates from GSM-Symbolic, FinChain, and EngTrace (Section 2.2), we
generate 1,000 problem variations, yielding 100,000 problems per dataset. For each variation
pi, we generate the model response Yi, record whether it is correct (ci = 1) or incorrect
(ci = 0), and compute the difficulty metric fi.

Distance metrics successfully predict answer correctness. Figure 3 shows the distribution
of ( fi, ci) pairs for Llama-3.2-3B-Instruct on GSM-Symbolic for different metrics f , including
output perplexity, self-certainty (Kang et al., 2025, definition in Appendix B.3.1), LDmin, and
MDH. We find that both LDmin (3c) and MDH (3d) visibly separate correctly answered vari-
ations from incorrectly answered ones, unlike perplexity (3a) and self-certainty (3b). Similar
trends hold for other datasets and models, as shown in Figures 10–12 in the Appendix.

Table 1 further quantifies each metric’s predictive power for answer correctness using two
measures: the AUC, i.e., the probability that an incorrectly answered variation receives
a higher difficulty score than a correctly answered one, and the odds ratio, i.e., the effect
of a one-standard-deviation increase in the z-scored difficulty estimate on the odds of a
correct answer (see Appendix B.3.3 for details). Responses Yi are generated by Llama-3.1-
8B-Instruct. We compare difficulty estimates f computed over the input (i.e., using only
pi) with those computed over the output Yi. In addition to the Mahalanobis distance, we
compute KNNH, the distance from Hi to its k-th nearest neighbor in H (k = 10). Across

Span Metric GSM-Symbolic FinChain EngTrace

AUC Odds Ratio AUC Odds Ratio AUC Odds Ratio

Ll
am

a-
3.

1-
8B

-I
ns

tr
uc

t

Input
Perplexity 0.53 0.84 (0.82, 0.86) 0.49 1.03 (0.67, 1.61) 0.54 0.31 (0.30, 0.32)
Entropy 0.51 0.86 (0.84, 0.88) 0.50 0.99 (0.97, 1.02) 0.53 0.42 (0.42, 0.44)
Self-Certainty 0.51 1.11 (1.08, 1.13) 0.50 0.93 (0.90, 0.95) 0.51 1.39 (1.36, 1.43)

Output

Perplexity 0.44 0.96 (0.94, 0.98) 0.46 1.03 (1.00, 1.05) 0.48 1.08 (1.05, 1.10)
Entropy 0.51 0.96 (0.94, 0.99) 0.53 0.84 (0.82, 0.86) 0.52 0.87 (0.85, 0.89)
Self-Certainty 0.56 1.36 (1.33, 1.39) 0.54 1.14 (1.11, 1.17) 0.55 1.20 (1.17, 1.22)
LDmin 0.78 0.18 (0.18, 0.19) 0.70 0.16 (0.15, 0.17) 0.76 0.20 (0.19, 0.21)
MDH 0.80 0.14 (0.13, 0.14) 0.74 0.49 (0.47, 0.51) 0.78 0.02 (0.02, 0.02)
KNNH 0.71 0.40 (0.38, 0.41) 0.65 0.59 (0.57, 0.61) 0.67 0.28 (0.22, 0.24)

Table 1: Distance metrics outperform other metrics in predicting answer correctness. AUC
scores and odds ratios for predicting answer correctness across datasets. Among all metrics,
LDmin and MDH are the most predictive.
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all datasets, we find that both proposed distance metrics, LDmin and MDH, are highly
predictive of answer correctness. MDH achieves the highest AUC scores, ranging from 0.74
on FinChain to 0.80 on GSM-Symbolic, and the strongest odds ratios on GSM-Symbolic
(OR = 0.14) and EngTrace (OR = 0.02). Both MDH and LDmin substantially outperform
other metrics, such as output perplexity (AUC 0.44–0.48) and self-certainty (AUC 0.54–0.56).
Input-based metrics generally show lower predictive power. Similar trends hold across
other models and datasets. A more detailed overview, including additional metrics, is
provided in Appendix C.1, specifically Tables 8–11.

Errors become more pronounced as distance increases. In addition to our quantitative
evaluation, we qualitatively analyze how model responses change as the difficulty estimate
MDH increases. Figure 28 in the Appendix shows problem variations from template 55 in
GSM-Symbolic together with the responses of Qwen-2.5-7B-Instruct. We observe that, as
MDH increases, the model’s verbalized reasoning deviates more strongly from the correct
solution path. Specifically, low-MDH instances are mostly solved correctly, medium-MDH
instances typically contain minor arithmetic errors, and high-MDH instances often exhibit
severe failures. This pattern is consistent across templates (Figures 29–31 in the Appendix)
and aligns with the strong predictive performance of LDmin and MDH presented in Table 1.
Together, LDmin and MDH not only predict whether an answer is correct, but also help rank
incorrectly answered problem variations by the severity of the corresponding model failure.

4 Logic-Preserving Difficulty Scaling

To find problem variations from a symbolic template that expose failures, we next design an
optimization procedure that maximizes the difficulty estimates introduced in Section 3.

4.1 Scaling difficulty via beam search

As described in Section 2.1, a symbolic template defines the space of logic-preserving
problem variations pi ∈ T through a set of variable slots S = {s1, . . . , sK}. For each slot
s ∈ S, the variable vs is drawn from a set of allowed substitutions Vs (see Figure 2). When
the number of slots K or the sizes of the substitution sets |Vs| are large, exhaustive search
becomes infeasible. We therefore devise an optimization procedure that efficiently navigates
the space of possible variations to find difficult ones using beam search.

The key idea is to explore variable substitutions one slot at a time and to assess difficulty in
two stages: (i) a cheap approximation of difficulty, f̃ , for filtering candidates, and (ii) a more
accurate but expensive estimate, f (such as MDH introduced in Section 3) for beam selection.
Starting from a base problem or random variation p0 ∈ T , we compute its difficulty f (p0)
for a model and initialize the beam as B = {(p0, f (p0))}. We then run beam search for T
iterations with branching factor b and beam width w. Each iteration proceeds as follows:

1. Candidate generation. For each variation p in the current beam, generate “neighboring”
variations p′ by replacing one slot s at a time with substitutions vs ∈ Vs. Keep only
valid candidates not already in the beam. Also explore non-neighboring variations by
sampling a small fraction ρexpl of candidates directly from T at random.

2. Cheap scoring. Compute f̃ (p′) for all candidates p′ generated in Step 1.

3. Pruning. Add b candidates to the pool C for exact scoring. Specifically, choose the top-
((1− ρsel) · b) candidates according to f̃ and the remaining ρsel · b uniformly at random
to encourage exploration and to mitigate potential misrankings from f̃ .

4. Exact scoring. Compute the more accurate difficulty estimate f (p′) for each p′ in C.

5. Beam update. Add the scored candidates from Step 4 to the beam and keep the top-w
variations according to f .

6. Best-so-far update / termination. Update (p∗, f ∗) if the updated beam contains a higher-
scoring variation. After T iterations, return p∗ as the optimized (most difficult) variation.
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Figure 4: Beam search finds increasingly difficult problem variations. (a) Across iterations,
variation difficulty increases, while (b) Llama-3.1-8B-Instruct’s beam accuracy decreases.
Lines show medians, and shaded regions show interquartile ranges, across runs over all
GSM-Symbolic templates. Similar trends for other models and datasets, including FinChain
and EngTrace, are shown in Figures 13–17 in the Appendix.

The pseudocode for the search procedure is presented in Algorithm 1 in the Appendix. For
our experiments, we use b = 16, w = 16, ρexpl = 0.2, ρsel = 0.4 (details in Appendix B.4).

A key component of our algorithm is its two-stage scoring procedure. When the number of
candidates generated during Step 1 is large, computing the output-based difficulty estimates
proposed in Section 3.1 for all candidates becomes expensive. We therefore use a cheaper
approximation f̃ for pre-filtering. For a variation pi = (x1, . . . , xL), we compute the average
input embedding Ei = 1

L ∑L
t=1 Wemb[xt], where Wemb is the model’s embedding matrix.

Analogous to Equation 1, we then compare Ei to a reference set E = {Ek}N
k=1 built from

correctly answered variations by computing the Mahalanobis distance MDE from Ei to the
Gaussian distribution N (µE , ΣE ). This input-based score is efficient to compute and scales
to large variation sets. Its predictive power is summarized in Tables 8–11 in the Appendix.

4.2 Exposing model failures

We run the beam search algorithm from Section 4.1 on each of the 100 GSM-Symbolic
templates for T = 15 iterations to find difficult problem variations that cause models to fail.

LPDS efficiently finds difficult problem variations. Figure 4 shows that, as search pro-
gresses, the maximum difficulty f ∗ = MD∗H among the problem variations in the beam
increases (left), while Llama-3.1-8B-Instruct’s average accuracy on those variations decreases
(right). Notably, after only six iterations, the model’s average beam accuracy drops to 0%
(median over 100 GSM-Symbolic templates). Similar trends hold across other models and
datasets (Figures 13–17 in the Appendix), highlighting the efficiency of our method in
identifying difficult problem variations that expose failures.

LPDS captures robustness more accurately than random sampling. After beam search,
up to T× w× b variations per template have been explored and assigned a difficulty esti-
mate MDH. Figure 5b shows the accuracy drop for each model on these variations relative
to its baseline performance on the respective GSM8K problems. Across all models, perfor-
mance degrades substantially: Llama-3.2-3B-Instruct’s accuracy drops by 17.6% despite the
variations and base problems sharing the same logic, suggesting reliance on superficial cues
and possible data contamination. Larger models also degrade (11.9% for Qwen-2.5-32B-it
and 9.0% for Qwen-2.5-72B-it), while Llama-3.1-70B-Instruct is most robust, with a drop
of 2.3%. We demonstrate the effectiveness of LPDS in identifying challenging problem
variations—and thereby assessing robustness—by comparing it with variations sampled
at random from a template, following GSM-Symbolic (Mirzadeh et al., 2025). For a fair
comparison, we sample the same number of variations per template as in beam search. As
shown in Figure 5b, the performance drop is notably smaller: e.g., 9.7% (vs. 17.6%) for
Llama-3.2-3B-Instruct and 2.2% (vs. 9.0%) for Qwen-2.5-72B-Instruct. We further compare
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error rates of Llama-3.1-8B-Instruct on variations from GSM-Symbolic identified via beam
search vs. random search. (b) Performance drop on GSM-Symbolic relative to GSM8K.
Similar trends for other models and datasets are shown in Figures 18–20 in the Appendix.

Llama-3.1-8B-Instruct’s error rates per template and find that beam search identifies more
difficult variations for nearly all templates (points above the diagonal in Figure 5a). Similar
trends hold across models and datasets, as shown in Figures 9, and 18–20 in Appendix C.2.2.
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Figure 6: LPDS reveals a lower, less con-
sistent performance profile. Empirical
accuracy distribution of Qwen-2.5-32B-
Instruct on GSM-Symbolic.

Figure 6 shows the variability of Qwen-2.5-32B-
Instruct’s performance on samples from GSM-
Symbolic identified via beam search and ran-
dom sampling. For each template, we randomly
select one variation explored during search and
compute the average accuracy across templates.
Repeating this process 1,000 times yields an
empirical accuracy distribution for each search
strategy. Beam search produces a broader, left-
shifted distribution relative to random sam-
pling, indicating lower and less robust perfor-
mance than random sampling would suggest.
Similar trends for other datasets and models are
shown in Figures 21–22 in the Appendix.

Brittleness becomes more pronounced with increasing difficulty. To study performance
as difficulty scales, we group the problem variations identified via beam search into 20
quantile-based subsets of increasing difficulty for each template. We then compute accu-
racy for each subset and average it across templates. Figure 7 shows the resulting curves
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Figure 7: Accuracy decreases on subsets of increasing difficulty. Variations are found via
beam search; curves show means across GSM-Symbolic templates, with standard deviation.
Corresponding results for other models and datasets, including FinChain and EngTrace, are
shown in Figures 23–25 in the Appendix.
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Train set GSM-S GSM-Slow GSM-Smid GSM-Shigh

- 69.29 0.00 0.00 0.00

Qlow (100%) 72.93 78.20 60.15 36.84
Qmid (100%) 81.11 75.94 85.71 53.38
Qhigh (100%) 83.03 73.68 85.71 85.71

Table 2: Fine-tuning on difficult problem variations yields more consistent robustness
gains than training on easier ones. Accuracy after fine-tuning Llama-3.1-8B-Instruct on
subsets of varying difficulty. Results are shown for problem variations from GSM-Symbolic.
Corresponding results for FinChain are reported in Table 7 in Appendix C.3.

for Qwen-2.5-7B-Instruct, Llama-3.1-8B-Instruct, and Llama-3.1-70B-Instruct. As difficulty
MDH increases, accuracy generally declines. However, the models exhibit distinct robust-
ness profiles: Qwen-2.5-7B-Instruct remains relatively stable through quantile 14, then drops
noticeably. In comparison, Llama-3.1-8B-Instruct begins to degrade earlier, falling below
80% at quantile 10, suggesting worse robustness to moderate increases in difficulty. Both
models show pronounced drops in the hardest bins, reaching accuracies of 18.19% and
11.25% at quantile 20, respectively. Llama-3.1-70B-Instruct is the most robust, with accuracy
remaining above 80% up to quantile 16 and reaching 42.45% at quantile 20. Similar trends
for other models and datasets are presented in Appendix C.2.2, specifically Figures 23–25.

5 Fine-tuning on difficult problem variations

We further analyze how fine-tuning models on problem variations of different difficulty
levels affects their robustness to logic-preserving variations.

Training setup. We fine-tune Llama-3.1-8B-Instruct on problem variations from GSM-
Symbolic that were explored during beam search (Section 4), which provides a large set of
difficult samples. We split the data by template into training (70%), validation (15%), and
test (15%) sets. For validation and test, we subsample 10 variations per template, yielding up
to 1,000 samples per split. To fairly compare the effect of training on easier and more difficult
samples, we restrict the training set to variations the model initially answers incorrectly.
From this pool, we randomly subsample up to 100 variations per template, yielding up to
10,000 training samples. We rank these samples by difficulty, MDH, and divide them into
three equally sized subsets of increasing difficulty level (Qlow, Qmid, Qhigh). We then train
a separate model on each subset via supervised fine-tuning using ground-truth reasoning
traces (Figure 2). Hyperparameters are tuned via Bayesian optimization on the validation
split. Besides evaluating models on the full test set (GSM-S), we also filter the test set to
samples that were originally answered incorrectly and split the resulting data into three
equal-sized subsets of increasing difficulty (GSM-Slow, GSM-Smid, GSM-Shigh). Details about
the dataset statistics and training procedure are provided in Appendix B.5.

Training on difficult variations yields more consistent robustness gains. Table 2 shows
performance after fine-tuning on different subsets. We make the following observations:
first, fine-tuning on any subset (Qlow–Qhigh) improves accuracy on the full test set (GSM-S)
relative to the base model. Second, the gains vary: training on Qlow increases accuracy
to 72.93%, whereas training on Qmid and Qhigh raise it to 81.11% and 83.03%, respectively.
Third, performance on the difficulty-specific subsets helps explain this pattern. Training on
Qlow yields strong gains on GSM-Slow (78.20%), but smaller improvements on GSM-Smid
(60.15%) and GSM-Shigh (36.84%). In contrast, training on Qmid improves performance on
both GSM-Slow (75.94%) and GSM-Smid (85.71%), with more moderate gains on GSM-Shigh
(53.38%). Training on Qhigh yields strong performance across all difficulty subsets, reaching
73.68% on GSM-Slow, 85.71% on GSM-Smid, and 85.71% on GSM-Shigh. These results suggest
that training on more difficult problem variations leads to more consistent robustness gains

9



Published as a conference paper at COLM 2026

across difficulty levels than training on easier ones. Evaluations of models trained on
mixtures of Qlow–Qhigh data, as well as results on FinChain, are provided in Appendix C.3.

6 Related Work

Evaluating robustness of LLM reasoning. Several studies assess the robustness of LLM
reasoning by applying logic-preserving perturbations to inputs and examining whether
responses remain correct when a problem’s surface form changes while its underlying
solution remains the same (KUMAR & Mishra, 2025; Zhang et al., 2025; Štefánik et al., 2026;
Mondorf & Plank, 2024). Common perturbations include non-semantic noise (e.g., spelling
errors, random casing, extra whitespace, or punctuation) (Gan et al., 2024; Wang et al.,
2024a; Singh et al., 2024), reordering statements without altering logical dependencies (Chen
et al., 2024; Zheng et al., 2024; Pezeshkpour & Hruschka, 2024), inserting distractor or
irrelevant sentences (Shi et al., 2023a; Zhou et al., 2024; Mirzadeh et al., 2025), semantic
paraphrasing (Mizrahi et al., 2024; Sun et al., 2024; Cao et al., 2024), and alternative prompt
formatting (Su et al., 2025; Sclar et al., 2024; He et al., 2024). Across benchmarks, these per-
turbations often reveal sensitivity to superficial cues and substantial performance variance
despite problems having identical ground-truth solutions. Symbolic templates go beyond
superficial perturbations by defining variables, constraints, and the complete reasoning
procedure of a problem, while parameterizing numbers, names, item types, and other
contextual details (Mirzadeh et al., 2025; Xie et al., 2025; Gull et al., 2025; Srivastava et al.,
2024; Gulati et al., 2024). In this work, we use LPDS to identify those instantiations of a
symbolic template that are most likely to induce model failure.

Automatic prompt optimization. The goal of automatic prompt optimization (APO) is to
adapt a model’s input prompt to optimize a metric of interest (e.g., task performance) (Ram-
nath et al., 2025). APO methods can be categorized by their search space (Li et al., 2025a).
Continuous prompt optimization strategies optimize continuous variables, such as learnable
embedding vectors that are either added to the prompt (often referred to as soft prompt
tuning; Lester et al., 2021; Wu & Shi, 2022; Li et al., 2025b) or projected back into the model’s
discrete vocabulary (Shi et al., 2023b). Discrete approaches search directly over the model’s
vocabulary (Li et al., 2025a), using gradient-based approximations (Shin et al., 2020; Zou
et al., 2023; Zhao et al., 2024) or combinatorial search (Guo et al., 2024; Shi et al., 2024; Hsieh
et al., 2024). For example, Guo et al. (2024) propose EvoPrompt, an optimization procedure
that evolves a population of prompts via iterative evolutionary operators. Shi et al. (2024)
use fixed-budget best-arm identification to select promising prompt candidates. Hsieh et al.
(2024) show that greedy search with beam search can outperform other purely greedy and
genetic baselines. Similar to Hsieh et al. (2024), LPDS is a discrete prompt optimization
algorithm based on beam search (Section 4.1). However, unlike Hsieh et al. (2024), LPDS
searches over the space of problems defined by a symbolic template to identify variants that
maximize difficulty.

7 Conclusion

In this work, we introduced logic-preserving difficulty scaling (LPDS), a systematic framework
for identifying problem variations defined by a symbolic template that cause models to
fail. Across datasets and models, we showed that LPDS efficiently finds difficult problem
variations and captures model brittleness more reliably than random sampling. Overall,
LPDS enables more accurate robustness estimates, identifies severe failure modes, and can
help improve robustness via difficulty-aware fine-tuning.

Limitations & future directions. We applied LPDS to symbolic templates to find difficult
variations that reveal model failures. While the algorithm in Section 4 is general and can be
extended to search spaces beyond symbolic templates, it remains an open question how our
findings transfer to such settings. Extending LPDS to other types of variations is a promising
direction for future work, for both robustness evaluation and training data selection.
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8 Reproducibility statement

To facilitate reproducibility, we report details about the datasets, models, and training/eval-
uation procedures used in this study. Datasets are documented in Section 2 and Appendix A.
Model and prompt specifications appear in Section 2.2 (see Figures 32–34 for exact prompts),
with further details in Appendix B.1 and Appendix B.2. The evaluation protocol is described
in Section 2.2, with experiment-specific information in Sections 3–5 and Appendix B. Train-
ing details—including dataset statistics, hyperparameters, and the training procedure—are
reported in Section 5 and Appendix B.5.
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A Datasets

As described in Section 2, we generate data via symbolic templates, which can yield many
variations of a problem that differ in wording and values but share the same reasoning graph.
Specifically, we consider symbolic templates from three datasets: GSM-Symbolic (Mirzadeh
et al., 2025), Finchain (Xie et al., 2025), and EngTrace (Gull et al., 2025). From each dataset,
we select 100 symbolic templates, allowing us to generate logic-preserving variations of
100 different problems per dataset. Below is a formalization of how problem variations are
generated from a symbolic template, followed by an overview of each dataset.

Formalization. Let us consider a prompt p0 = (x1, x2, . . . , xL) consisting of L tokens xi ∈ V ,
representing a reasoning problem of interest (e.g., sample j from GSM8K (Cobbe et al., 2021)).
A symbolic template for this problem can be used to generate logically equivalent variations
of p0 by replacing certain words or n-grams with semantically meaningful substitutions
while preserving the underlying structure of the problem. Specifically, let S denote the set
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of slot positions in the template, where each slot s ∈ S corresponds to a span of one or more
consecutive token positions in [L] := {1, . . . , L}. For each slot s ∈ S, the corresponding
variable vs (which may be a single word like “shrimps”, a number, or a multi-word entity
like “hot chocolate”, as shown in Figure 2) is drawn from a predefined set of suitable
substitutions Vs ⊂ V∗, where V∗ denotes the set of all possible sequences over vocabulary
V . Token positions not covered by any slot in S remain fixed across all variations. We
denote by T the set of all logically equivalent variations of prompt p0 that can be generated
from this template, where each pi ∈ T represents one specific variation. More generally,
we consider m different templates {T (1), T (2), . . . , T (m)}, one for each base problem in
D0 = {p(1)0 , p(2)0 , . . . , p(m)

0 }.1

A.1 GSM-Symbolic

Introduced by Mirzadeh et al. (2025), GSM-Symbolic is a collection of symbolic templates
derived from grade school math word problems of GSM8K (Grade School Math 8K) (Cobbe
et al., 2021). Each template specifies variables, constraints, and a step-by-step solution
procedure of a problem, while treating numbers, names, and other contextual details as
parameters (see the left side of Figure 2). GSM-Symbolic contains 100 templates corre-
sponding to 100 different GSM8K problems. While Mirzadeh et al. (2025) propose variants
such as GSM-M1—where one sentence of the problem statement is removed—and GSM-
Symbolic-P1/P2—where one or two irrelevant sentences are added—we use the vanilla
GSM-Symbolic templates in this study.2 To increase the range of possible variations, we
manually extend the lists of possible variable values (e.g., names, objects, etc.) while
keeping number ranges as proposed by Mirzadeh et al. (2025). For further details about
GSM-Symbolic, we refer to the original study by Mirzadeh et al. (2025).

A.2 FinChain

Recently introduced by Xie et al. (2025), FinChain provides symbolic templates for multi-
step reasoning problems in the financial domain. It spans 58 topics across 12 financial
domains, such as personal finance, risk management, and financial reporting. For each
topic, FinChain presents five symbolic templates spanning three difficulty levels (two
basic, two intermediate, and one advanced), where difficulty is defined by the number
and complexity of the reasoning steps required to solve the underlying problem. Similar
to GSM-Symbolic, each symbolic template specifies variables, constraints, and a step-by-
step solution procedure, while treating numbers, names, and other contextual details as
parameters (see the right side of Figure 2). Across topics and domains, we select 100
FinChain templates with varying difficulty levels3 and verify that each template asks for a
single final numeric answer. Because some templates define floating-point variables over
very fine-grained numerical ranges, we further ensure that the space of possible problem
variations does not grow excessively by adjusting the ranges accordingly (see right side of
Figure 2 for an example). For further details about FinChain, we refer to the original study
by Xie et al. (2025).

A.3 EngTrace

EngTrace (Gull et al., 2025) introduces symbolic templates for multi-step reasoning problems
in engineering science (see Figure 27 for an example). It spans three major branches:
chemical, electrical, and mechanical engineering. For each branch, EngTrace provides
templates across three core domains. For example, in chemical engineering, it presents
templates covering thermodynamics, reaction kinetics, and transport phenomena. Similar to
FinChain, the templates in EngTrace are characterized by difficulty: easy and intermediate

1Note that a base prompt p0 is not required to define a template. While GSM-Symbolic provides
symbolic templates for problems from GSM8K (Cobbe et al., 2021), FinChain and EngTrace do not
derive their templates from a fixed base benchmark.

2Obtained from: https://github.com/apple/ml-gsm-symbolic/tree/main/templates/symbolic.
3Obtained from: https://github.com/mbzuai-nlp/finchain/tree/main/data/templates.
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Model Parameters Layers Hidden Dim License

Llama-3.2-3B-Instruct 3.21B 28 3,072 Llama 3.2
Llama-3.1-8B-Instruct 8.03B 32 4,096 Llama 3.1
Llama-3.1-70B-Instruct 70.60B 80 8,192 Llama 3.1

Qwen-2.5-7B-Instruct 7.61B 28 3,584 Apache 2.0
Qwen-2.5-32B-Instruct 32.50B 64 5,120 Apache 2.0
Qwen-2.5-72B-Instruct 72.70B 80 8,192 Qwen

Phi-4 14.00B 40 5,120 MIT

Table 3: Properties of the models studied in this work. Provided are details on the number
of parameters, layers, and the hidden dimension size of the residual stream. Model weights
are obtained from their respective Hugging Face repositories.

templates are designed to test core engineering laws and procedural workflows, whereas
advanced templates involve high conceptual and mathematical complexity. EngTrace
introduces 90 symbolic templates, 30 for each engineering branch.4 However, we noticed
that some templates include variables that, depending on their values, substantially alter the
solution structure. For instance, based on the value of a binary variable, a template might
either ask for the maximum axial load of a rod given an allowable elongation or ask for the
total elongation given an axial tensile load. To ensure that problem variations generated by
a template have a consistent solution structure, we split such cases into separate templates,
yielding more than 90 symbolic templates in total. We further ensure that each template
asks for a single final numeric answer and that the space of possible problem variations
remains tractable by limiting the ranges and granularity of allowed numerical values. From
the resulting set, we select 100 symbolic templates. For further details about EngTrace, we
refer to the original study by Gull et al. (2025).

B Experimental details

B.1 Models

As described in Section 2.2, we evaluate large language models from different model families
and across various sizes. All models are instruction-tuned with parameter sizes ranging
from 3 billion and 72 billion. Table 3 summarizes important characteristics of each model.

B.2 Prompts

We prompt models via chain-of-thought (CoT) prompting (Wei et al., 2022), following the
evaluation setup of Mirzadeh et al. (2025), as outlined in Section 2.2. The exact prompts
for samples from GSM-Symbolic, FinChain, and EngTrace are provided in Figures 32, 33,
and 34, respectively. Within each prompt, we present five CoT examples to guide the
models’ reasoning and response format. For GSM-Symbolic, we take the same first five
CoT examples as used by Mirzadeh et al. (2025), which are also used in the common
evaluation setup on GSM8K.5 For FinChain and EngTrace, we provide five CoT examples by
instantiating a problem from each of five different symbolic templates per dataset, which we
then exclude from the evaluation. All prompts further ask the model to reason step-by-step
and to provide a final numeric answer after the #### prefix, following the standard format
of GSM8K (Cobbe et al., 2021).

4Obtained from: https://github.com/usmansafdarktk/EngTrace.
5These examples are also used in Eleuther AI’s LM evaluation harness:

https://github.com/EleutherAI/lm-evaluation-harness/blob/main/lm eval/tasks/gsm8k/gsm8k-
cot.yaml.
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B.3 Assessing variation difficulty

As outlined in Section 3, we compare different metrics to assess the difficulty of a problem
variation pi ∈ T for a given modelM. Below, we formally define all metrics and describe
how we evaluate their predictive power for answer correctness by computing the micro-
averaged AUC score and odds ratio, as presented in Section 3.2.

B.3.1 Formal definitions

Consider a language modelM and a token sequence s = (s1, s2, . . . , sL) of length L. The
sequence s may represent a problem variation of interest pi ∈ T (see the “input” rows in
Table 1) or the model’s corresponding response Yi (see the “output” rows in Table 1). Based
on this sequence, we compute a range of metrics intended to capture variation difficulty.

Perplexity. Formally, the perplexity of a model over the token sequence s is defined as the
exponentiated average negative log-likelihood:

PPLM(s) = exp

(
− 1

L

L

∑
t=1

log PM(st | s<t)

)
(2)

where log PM(st | s<t) is the log-likelihood of token st conditioned on the preceding tokens
s<t. Intuitively, perplexity can be understood as a measure of average uncertainty or
“surprise” the model assigns to the observed token sequence s, where higher values indicate
greater surprisal (Huyen, 2019). Thus, it is commonly used to assess the model’s uncertainty
over some token sequence s (Gonen et al., 2023; Mora-Cross & Calderon-Ramirez, 2024).

Entropy. Another metric that is commonly used to quantify the uncertainty of a language
model with respect to a given token sequence is entropy (Huang et al., 2024). Formally, the
model’s entropy over the token sequence s is defined as:

HM(s) = − 1
L

L

∑
t=1

∑
v∈V

PM(v | s<t) log PM(v | s<t) (3)

where V denotes the model’s vocabulary and PM(v | s<t) is the model’s predictive probabil-
ity of token v at position t conditioned on the preceding tokens s<t. Intuitively, the entropy
of a model over the sequence s measures the average uncertainty of its next-token predictive
distribution along the sequence, where higher values indicate less confident predictions. In
contrast to perplexity—which measures how much probability the model assigned to the
actually observed next tokens along s—entropy measures how spread out the model’s full
next-token predictive distributions are along s.

Self-certainty. To quantify the quality of a model’s response, Kang et al. (2025) introduce
self-certainty, a confidence metric that measures how concentrated the model’s next-token
distribution is on average across a token sequence. Let V (k)t ⊆ V denote the set of the k
highest-probability tokens under PM(· | s<t). Formally, self-certainty over a token sequence
s is defined as:

Self-CertaintyM(s) = − 1
L · k

L

∑
t=1

∑
v∈V (k)t

log
(
k · PM(v | s<t)

)
. (4)

Intuitively, larger values indicate that the probability mass is more concentrated on a
small set of tokens (i.e., higher confidence), whereas smaller values correspond to more
diffuse next-token distributions and thus greater uncertainty. Kang et al. (2025) find that
self-certainty outperforms other metrics such as perplexity and entropy in distinguishing
correctly answered from incorrectly answered model responses. In this study, we compute
self-certainty using k = 50.
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Levenshtein distance. As described in Section 3.1, the Levenshtein distance measures
the minimum number of single-token insertions, deletions, and substitutions required to
transform one string into the other. Let s = Yi denote the model response for problem
variation pi from a symbolic template, and let Y = {Yk}N

k=1 be a reference set of N correct
responses to problem variations pk ̸= pi from the same template. To measure the distance
from Yi to the reference set Y , we compare Yi to each Yk ∈ Y . Specifically, we first pre-process
each string6 and apply a math-aware tokenizer τ(·) that extracts tokens corresponding to
words, numbers, and operators. Let u = τ(Yi) and v = τ(Yk) denote the resulting token
sequences. We compute the minimum (normalized) Levenshtein distance as:

LDmin(Yi,Y) = min
Yk∈Y

d̃L(Yi, Yk) , d̃L(Yi, Yk) =
dL(u, v)

max{|u|, |v|} (5)

where we aggregate over the reference set using minimum pooling and dL(u, v) is the mini-
mum number of single-token insertions, deletions, and substitutions required to transform
u into v. Intuitively, LDmin measures the closest lexical match between the model’s response
and the reference set of correct reasoning traces for the given symbolic template. Instead of
the minimum distance, it is possible to apply other pooling operators. For instance, we can
compute the mean Levenshtein distance as:

LDmean(Yi,Y) =
1
|Y|

|Y|

∑
k=1

d̃L(Yi, Yk) (6)

Similarly, we can compute the the maximum Levenshtein distance LDmax or the median
Levenshtein distance LDmedian over the reference set.

Input-based Mahalanobis distance. A key aspect of the algorithm presented in Section 4.1
is its two-stage scoring procedure. As described in Section 4.1, we use a cheap approxima-
tion of problem difficulty, denoted by f̃ , to pre-filter candidates generated during Step 1.
Although this approximation is less predictive than the exact score, it is much faster to
compute. Concretely, for a variation pi = (x1, x2, . . . , xL), we compute the average input
embedding Ei = 1

L ∑L
t=1 et, where et = Wemb[xt] ∈ Rd and Wemb denotes the model’s

input embedding matrix. We then compare Ei to a reference set E = {Ek}N
k=1 constructed

from variations pk ̸= pi that the model answered correctly. Specifically, we compute the
Mahalanobis distance from Ei to a Gaussian distribution N (µE , ΣE ) fitted to E , analogous
to Equation 1:

MDE = MD(Ei; µE , ΣE ) = (Ei − µE )
TΣ−1
E (Ei − µE ) (7)

B.3.2 Computing reference-based metrics

As described in Section 3.1, we represent a template’s underlying reasoning graph using a
reference set Y = {Yk}N

k=1 of model responses to correctly answered problem variations pk.
In all experiments, we set N = 200 and exclude the corresponding problem variations pk
from subsequent analyses. For templates where the model answers fewer than 200 variations
correctly, we use all available samples. If the model answers none of the problem variations
correctly for a given template, an alternative reference set can be used—for example, one
derived from a different reference model or from ground-truth solution traces—as discussed
in Appendix C.1.

When computing the Mahalanobis distance MDH between the hidden representation H(l)
i

of the model’s response Yi and the Gaussian distribution N (µH, ΣH), the layer l at which
the average hidden state H(l)

i is computed must be specified. Based on initial experiments,

6To handle (mathematical) reasoning traces, we normalize Unicode (NFKC), case-folds, and canon-
icalize common typographic/math variants (e.g., × 7→ ∗, ÷ 7→ /).

20



Published as a conference paper at COLM 2026

we select l to be roughly two-thirds of the way through the model. Specifically, this means
l = 19 for Llama-3.2-3B-Instruct, l = 21 for Llama-3.1-8B-Instruct, l = 52 for Llama-3.1-
70B-Instruct, l = 19 for Qwen-2.5-7B-Instruct, l = 43 for Qwen-2.5-32B-Instruct, l = 53 for
Qwen-2.5-72B-Instruct, and l = 27 for Phi-4 (cf. Table 3).

B.3.3 Measuring predictive power

As described in Section 3.2, we quantify the predictive power of a metric f for answer
correctness (c = 1 for correct, c = 0 for incorrect) using its AUC score and the change in the
odds of a correct answer associated with a one-standard-deviation increase in the z-scored
version of f .

AUC score. For each template, we compute an AUC score from its ( fi, ci) pairs. For binary
outcomes ci, the AUC equals the probability that a randomly chosen incorrectly answered
variation receives a higher difficulty score fi than a randomly chosen correctly answered
variation. An AUC of 0.5 corresponds to random prediction, whereas values closer to 0 or 1
indicate stronger separation. We first compute AUC scores separately for each template to
account for template-specific differences such as overall difficulty and error rates. We then
aggregate the per-template scores into a micro-averaged AUC by weighting each template j
by its number of incorrect–correct pairs, n(j)

pairs = n(j)
0 n(j)

1 :

AUCmicro =
∑j n(j)

pairs AUC(j)

∑j n(j)
pairs

,

AUC(j) =
1

n(j)
0 n(j)

1

n(j)
0

∑
i: c(j)

i =0

n(j)
1

∑
k: c(j)

k =1

[
1
(

f (j)
i > f (j)

k
)
+ 1

2 1
(

f (j)
i = f (j)

k
)]

.

(8)

where n(j)
0 and n(j)

1 are the numbers of incorrectly and correctly answered examples for

template j, respectively; f (j)
i and f (j)

k are the corresponding difficulty scores; and 1(·) is
the indicator function. Because each per-template AUC score AUC(j) is normalized by the
number of incorrect–correct pairs, n(j)

pairs = n(j)
0 n(j)

1 , we exclude any templates with n(j)
pairs = 0

from the micro-averaged AUC; i.e., templates whose problem variations were all answered
either correctly or incorrectly by the model.

Odds ratio. In addition to computing the micro-averaged AUC, we estimate how the
probability of a correct answer varies with f by fitting a logistic generalized linear mixed
model. Concretely, let c(j)

i ∈ {0, 1} denote correctness for problem variation p(j)
i from

template j. We model the conditional probability of correctness as:

logit
(

Pr
(

c(j)
i = 1 | u(j)

))
= β0 + β1 z

(
f (j)
i

)
+ u(j), (9)

where z( f (j)
i ) is the z-scored metric value, and u(j) is a template-specific random intercept

that captures differences in overall problem difficulty across templates. Parameters are
estimated via variational Bayes. We report the per-standard-deviation odds ratio as exp(β1),
together with an approximate 95% confidence interval exp(β1± 1.96 SE(β1)). To avoid near-
degenerate templates (i.e., quasi-separation), we exclude any highly imbalanced template
for which more than 99% of problem variations (more than 990 out of 1,000) were answered
either correctly or incorrectly. An odds ratio of 1 indicates that answer correctness is
invariant to f , whereas values farther from 1 indicate stronger associations. In particular,
values below 1 indicate that higher values of f reduce the odds of a correct answer, whereas
values above 1 indicate the opposite. Because the z-scored difficulty metric f is standardized,
the per-SD odds ratios are directly comparable across models and datasets.
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Algorithm 1 Scaling problem difficulty via beam search.

Require: variation p0, beam size b, width w, exploration ratio ρexpl, selection ratio ρsel, iterations T
Ensure: optimized variation p∗ with score f ∗
1: Initialize beam: B0 ← {(p0, f (p0))}
2: p∗ ← p0, f ∗ ← f (p0)
3: for t = 1 to T do
4: C ← ∅
5: for all (p, f (p)) ∈ Bt−1 do
6: P ← ∅
7: Step 1: Generate candidates
8: for all slot si ∈ {s1, . . . , sK} do
9: for all vsi ∈ Vsi do

10: p′ ← p with si replaced by vsi
11: if p′ satisfies constraints and p′ /∈ Bt−1 then
12: P ← P ∪ {p′}
13: end if
14: end for
15: end for
16: P ← P ∪ {pi ∼ T }

ρexpl·|P|
i=1 (random sampling)

17: Step 2: Cheap scoring
18: for all p′ ∈ P do
19: compute f̃ (p′)
20: end for
21: Step 3: Local pruning
22: Pb ← top-((1− ρsel) · b) variations from P by f̃
23: Pr ← ρsel · b variations sampled randomly from P \ Pb
24: C ← C ∪ Pb ∪ Pr
25: end for
26: Step 4: Exact scoring
27: for all p′ ∈ C do
28: compute f (p′)
29: end for
30: Step 5: Beam update
31: Bt−1 ← Bt−1 ∪ {(p′, f (p′)) : p′ ∈ C}
32: Bt ← top-w variations from Bt−1 by f
33: Step 6: Global best
34: (pbest, fbest)← arg max(p, f )∈Bt

f
35: if fbest > f ∗ then
36: p∗ ← pbest, f ∗ ← fbest
37: end if
38: end for
39:
40: return p∗, f ∗
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B.4 Identifying problem variations via beam search

As described in Section 4.1, we navigate the space of possible problem variations pi ∈ T
via beam search to identify those variations that maximize difficulty f . As illustrated in
Algorithm 1, we start from an initial problem variation p0 ∈ T , compute its difficulty
score f (p0), and initialize the beam as B = (p0, f (p0)). We then run beam search for T
iterations with branching factor b and beam width w. At each iteration t, each active node
(problem variation) (p, ·) ∈ Bt in the current beam is expanded into b candidate variations.
To choose which b problem variations to consider from T , we explore the effect of variable
substitutions one slot at a time, assess the difficulty of the resulting variations via a cheap
approximation f̃ , and select the variations with the highest estimates f̃ . To encourage
exploration, we additionally consider non-neighboring variations by sampling a small
fraction ρexpl of the final candidate variations randomly from the template T . Furthermore,
to mitigate potential ranking errors from the approximate metric f̃ , we choose a small
fraction ρsel of the candidate set uniformly at random from the set of potential candidates.
After each node has been expanded into b candidate variations, we form the updated
beam Bt+1 from the top-w candidates with the highest difficulty estimates f . As the search
progresses, the difficulty of the problem variations in the current beam increases while the
model’s corresponding accuracy decreases, as shown in Figures 4, 14a, 14b, and 15c.

To balance computational cost with sufficient exploration of the search space, we run
beam search for T = 15 iterations with beam width w = 16 and branching factor b = 16.
Furthermore, Table 4 analyzes the impact of ρexpl on the models’ error rates when evaluated
on variations from GSM-Symbolic explored during search. We choose ρexpl = 0.2 as it yields
the highest error rates across models. For ρsel, we select a moderate value of 0.4.

Model ρexpl

0.2 0.4 0.6
Llama-3.2-3B-Instruct 44.18 43.87 42.99
Llama-3.1-8B-Instruct 28.36 27.26 26.09
Qwen-2.5-7B-Instruct 19.04 17.43 15.52
Qwen-2.5-32B-Instruct 14.45 12.48 10.57

Table 4: Impact of ρexpl on the models’ er-
ror rates (%). Evaluations on problem vari-
ations from GSM-Symbolic explored dur-
ing beam search. Other parameters remain
fixed: T = 15, w = 16, b = 16, ρsel = 0.4.

Moving goalpost. As the search progresses,
an increasing number of problem variations
are explored and assigned a difficulty esti-
mate f = MDH. We can use the varia-
tions answered correctly by the model during
the search procedure to update the reference
distributions N (µH, ΣH) (Equation 1) and
N (µE , ΣE ) (Equation 7), respectively. This
yields a better estimate of the template’s un-
derlying reasoning graph, as described in Sec-
tion 3.1. We update both reference distribu-
tions after every 50 newly correctly answered
problem variations.

B.5 Training on problem variations

As outlined in Section 5, we fine-tune Llama-3.1-8B-Instruct on problems identified via
beam search (Section 4) to improve the model’s robustness to logic-preserving variations.
In this Section, we report statistics for the training, validation and test sets and provide
additional details about the training procedure and hyperparameters.

B.5.1 Dataset statistics

As described in Section 5, we evaluate whether fine-tuning on difficult problem variations
improves robustness more than training on easier ones. To separate robustness from
basic task competence, we discard any template for which the initial model answers all
variations incorrectly. For these templates, the baseline accuracy is 0%, so robustness to logic-
preserving variations is not well-defined; any improvement would mainly reflect learning
the underlying task rather than increased invariance to its variations. Such cases are rare:
for GSM-Symbolic, there is only one such template, and for FinChain, there are 10 templates
for which the model’s baseline accuracy is 0%. We next split the data by template into
training (70%), validation (15%), and test (15%) sets. To fairly compare training on difficult
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Figure 8: Distribution of difficulty scores. Violin plots illustrating the distribution of
difficulty scores MDH per training data subset for samples from GSM-Symbolic.

versus easy variations, we restrict the training pool to variations that the model initially
answers incorrectly. From this filtered set, we randomly subsample up to 100 variations
per template. For templates with fewer than 100 initially incorrect variations, we include
all available variations, yielding up to (but not necessarily) 100 variations per template.
Overall, the resulting training set contains 8,694 samples for GSM-Symbolic and 7,356
samples for FinChain. Next, we rank training samples by the difficulty estimate MDH and
partition them into three equally sized subsets of increasing difficulty (Qlow, Qmid, Qhigh).
Each subset contains 2,898 samples for GSM-Symbolic and 2,452 samples for FinChain. An
overview of the distribution of difficulty scores MDH for each training subset for samples
from GSM-Symbolic is provided in Figure 8. For validation and testing, we subsample 10
variations per template, resulting in 990 variations (from 99 templates) per evaluation set
for GSM-Symbolic and 900 variations (from 90 templates) per set for FinChain. Finally, we
further split the test set into initially incorrectly answered subsets of increasing difficulty
(GSM-Slow/FinChainlow, GSM-Smid/FinChainmid, GSM-Shigh/FinChainhigh). Each subset
contains 133 samples for GSM-Symbolic and 162 samples for FinChain.

B.5.2 Hyperparameters

As described in Section 5, we fine-tune the model via SFT on the ground-truth solution
traces for each problem variation. The model is trained for 300 steps with a batch size
of 16. To identify suitable hyperparameters, we conduct Bayesian optimization over a
predefined set of values: learning rate η ∈ {1× 10−3, 1× 10−4, 5× 10−5, 1× 10−5}, number
of gradient accumulation steps k ∈ {4, 8, 12}, warm-up ratio αwarmup ∈ {0.0, 0.01, 0.03, 0.05},
and weight decay λ ∈ {0.0, 0.05, 0.1, 0.3}. Across more than 75 independent training
runs for each training split, we select the hyperparameter configuration that achieves
the highest validation accuracy. The final hyperparameters for each training split are
presented in Table 5. After training the model with the selected configuration, we evaluate
its performance on the test split(s), as described in Section 5 and Appendix B.5.1.

C Additional results

In this section, we present additional experiments and results for other datasets and models.

C.1 Quantifying variation difficulty

In Section 3.2, we analyze how well different metrics f —such as perplexity, entropy, self-
certainty, LDmin, and MDH—capture variation difficulty by evaluating their ability to
predict answer correctness. Specifically, we compare (i) each metric’s micro-averaged AUC,
as defined in Equation 8, and (ii) the change in the odds of a correct answer associated
with a one-standard-deviation increase in the z-scored version of f (see Section 3.2 and
Appendix B.3.3).
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Train set GSM-Symbolic FinChain

η k αwarmup λ η k αwarmup λ

Qlow (100%) 1× 10−5 8 0.03 0.10 1× 10−5 12 0.03 0.00
Qmid (100%) 1× 10−5 8 0.03 0.05 1× 10−5 12 0.03 0.00
Qhigh (100%) 1× 10−5 8 0.05 0.00 1× 10−5 12 0.03 0.10

Qlow (30%) - Qmid (70%) 1× 10−5 12 0.03 0.30 1× 10−5 12 0.03 0.00
Qlow (70%) - Qmid (30%) 1× 10−5 8 0.00 0.00 1× 10−5 4 0.00 0.05
Qlow (30%) - Qhigh (70%) 1× 10−5 4 0.05 0.00 1× 10−5 12 0.03 0.30
Qlow (70%) - Qhigh (30%) 1× 10−5 8 0.03 0.00 1× 10−5 12 0.00 0.30
Qmid (30%) - Qhigh (70%) 1× 10−5 4 0.00 0.05 1× 10−5 12 0.00 0.10
Qmid (70%) - Qhigh (30%) 1× 10−5 4 0.03 0.05 1× 10−5 4 0.01 0.05
Qlow (50%) - Qmid (30%) - Qhigh (20%) 1× 10−5 4 0.03 0.30 1× 10−5 12 0.03 0.00
Qlow (20%) - Qmid (30%) - Qhigh (50%) 1× 10−5 8 0.05 0.30 1× 10−5 12 0.05 0.10
Qlow (20%) - Qmid (20%) - Qhigh (60%) 1× 10−5 4 0.03 0.00 1× 10−5 8 0.00 0.30
Qlow (10%) - Qmid (10%) - Qhigh (80%) 1× 10−5 4 0.01 0.05 1× 10−5 12 0.01 0.30
Random sampling 1× 10−5 8 0.05 0.30 1× 10−5 12 0.03 0.30

Table 5: Final hyperparameter configuration. Hyperparameter achieving the highest
validation accuracy for each training set, selected via Bayesian optimization.

While Table 1 reports AUC scores and odds ratios for Llama-3.1-8B-Instruct across GSM-
Symbolic, FinChain, and EngTrace, Table 8 summarizes the corresponding results for all
models from the Llama family—Llama-3.2-3B-Instruct, Llama-3.1-8B-Instruct, and Llama-
3.1-70B-Instruct. Results for models from the Qwen family—Qwen-2.5-7B-Instruct, Qwen-
2.5-32B-Instruct, and Qwen-2.5-72B-Instruct—are shown in Tables 9 and 10, and findings
for Phi-4 are presented in Table 11. Following Section 3.2, we compare metrics computed
from the models’ input (i.e., using only pi) with metrics computed over the models’ output
Yi. Across all models and datasets, input-only metrics exhibit substantially lower predictive
power than output-based metrics. Moreover, reference-based metrics such as the Leven-
shtein and Mahalanobis distances introduced in Section 3.1 significantly outperform metrics
derived from the models’ internal probability distribution, such as perplexity, entropy, and
self-certainty. In almost all settings, MDH achieves the highest micro-averaged AUC and is
often paired with the strongest odds ratios. Among Levenshtein pooling operations (min,
max, mean, median), the minimum Levenshtein distance LDmin typically performs best.
Figure 10 shows metric-score distributions by answer correctness for Llama-3.1-8B-Instruct
on GSM-Symbolic, Figure 11 for FinChain, and Figure 12 for Qwen-2.5-32B-Instruct on
EngTrace. Across models and datasets, LDmin and MDH more clearly separate correctly
answered from incorrectly answered variations than other metrics, underscoring the strong
predictive power of the proposed reference-based metrics.

Predictive power generalizes across reference distributions. Both LDmin and MDH de-
pend on a reference set Y = {Yk}N

k=1 of correct model responses to problem variations
instantiated from a symbolic template. In Table 12, we analyze how the predictive power
of LDmin changes when the reference set Y is obtained not from the model itself, but from
another LLM, or when ground-truth reasoning traces are used as reference samples instead.
This allows us to assess the likelihood that a model response is correct even when a reference
set of correct responses cannot be obtained from that model (e.g., due to computational cost
or poor model performance).

We find that using either a different reference model or ground-truth solution traces as
the reference set reduces the predictive power of LDmin for answer correctness on GSM-
Symbolic samples for all models. We hypothesize that this drop arises because the solution
strategies for a given template can be model-specific: reference responses generated by the
model under evaluation may better capture its characteristic approaches—and, therefore,
how strongly it deviates from these approaches—than responses from another model or
the ground-truth traces. Nevertheless, the resulting reductions in AUC and odds ratios
are moderate, with ground-truth traces slightly outperforming the use of another reference
model. Thus, computing LDmin using ground-truth traces or a different reference model
appears to be a viable alternative when reference responses from the model of interest are
unavailable.
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Figure 9: Beam search consistently yields higher error rates (%) than random sampling.
Error rates of models for samples from FinChain and EngTrace across search strategies.

C.2 Benchmarking robustness via LPDS

In Section 4.2, we show how to assess the robustness of LLMs to logic-preserving variations
by evaluating models on problem variations identified via LPDS (see Algorithm 1). In this
section, we present similar results for additional datasets and models.

C.2.1 Beam search finds increasingly difficult problem variations

As described in Section 4, we identify increasingly difficult problem variations by running
the discrete prompt optimization procedure introduced in Algorithm 1 for T = 15 iterations.
The algorithm is based on beam search: at each iteration, each of the w = 16 active
nodes (problem variations) in the current beam is expanded into a set of b = 16 candidate
variations, and the top-w variations with the highest estimated difficulty MDH form the
updated beam. As the search progresses, the difficulty of the problem variations in the
beam (pi, ·) ∈ B increases, while the model’s accuracy on these variations decreases. This
trend can be observed across different models and datasets. Figure 14a presents results for
Qwen-2.5-7B-Instruct and templates from GSM-Symbolic; Figure 14b shows a similar trend
for Qwen-2.5-32B-Instruct on GSM-Symbolic; Figure 15c illustrates results for Llama-3.1-
70B-Instruct and FinChain templates; and Figure 17a shows results for Qwen-2.5-7B-Instruct
on templates from EngTrace. Notably, upon completion of the search, the models’ accuracy
on the problem variations in the final beam is 0% (median, averaged over all templates).

C.2.2 Exposing model failures

Following the experiments on GSM-Symbolic described in Section 4.2 (Figure 5), we evaluate
the robustness of different models to problem variations from FinChain and EngTrace. Since
FinChain and EngTrace are not derived from an existing base benchmark, we measure
robustness using the models’ error rates (1− accuracy) rather than a performance drop.
Analogous to the experiments described in Section 4.2, we evaluate models on the problem
variations explored during beam search and compare the resulting performance to that on
an equal number of problem variations randomly sampled from a given template. Results
for different models on FinChain and EngTrace are shown in Figure 9. Across all models,
error rates are consistently higher on problem variations identified via beam search than on
randomly sampled ones. For example, on FinChain, Qwen-2.5-72B-Instruct reaches an error
rate of 20.1% on beam-search-selected variations, compared to 11.9% on randomly sampled
variations. We further observe that error rates are higher on both FinChain and EngTrace
than on GSM-Symbolic, indicating that these datasets contain more challenging templates.
In particular, EngTrace appears especially challenging, with error rates of up to 74.3% for
Llama-3.2-3B-Instruct on variations identified via beam search.

Figures 18 and 19 further show that, across models and datasets, the error rates per template
are almost always higher for variations explored during beam search than for variations
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randomly sampled. Finally, Figures 21 and 22 illustrate the variability of model performance
on samples from FinChain and EngTrace, respectively. As described in Section 4.2, we
randomly select one problem variation from the set of samples explored during search and
compute the resulting average accuracy over all templates. We repeat this procedure 1,000
times to obtain an empirical accuracy distribution for each search strategy. Across all models
and datasets, we find that, for beam search, the distribution is shifted to the left compared to
random search, indicating that the models are less robust than random sampling suggests.

Performance decreases as difficulty scales. Figures 24 and 25 illustrate that model perfor-
mance decreases as the difficulty of problem variations increases. As described in Section 4.2,
we group problem variations into equal-sized subsets of increasing difficulty, MDH, and
evaluate model accuracy on each subset. Across models and datasets, we observe a similar
trend that performance deteriorates with increasing difficulty. However, we note important
differences: (i) smaller models are less robust than larger models; (ii) smaller models from
the Qwen family (e.g., Qwen-2.5-7B-Instruct) appear more robust than similarly sized mod-
els from the Llama family (e.g., Llama-3.1-8B-Instruct); and (iii) performance drops fastest
and most substantially for problem variations from EngTrace.

To better quantify robustness to variation difficulty, we compute the normalized area under
the accuracy curve (see Figure 26 for a conceptual overview). This enables a more concise
comparison across models: a value of 1 corresponds to perfect accuracy across all quantiles,
whereas a value of 0 corresponds to total failure across all quantiles. Table 13 summarizes
results for all models and datasets. For instance, on problem variations from GSM-Symbolic,
Qwen-2.5-7B-Instruct achieves a score of 0.82, Llama-3.1-8B-Instruct achieves 0.71, and
Llama-3.1-70B-Instruct achieves 0.90. These results underscore that smaller models from the
Qwen family are more robust to increases in difficulty than similarly sized models from the
Llama family, and that smaller models are generally less robust than larger models.

C.3 Fine-tuning on difficult problem variations

As described in Section 5 and further detailed in Appendix B.5, we fine-tune Llama-3.1-8B-
Instruct on problem variations identified via beam search to improve the model’s robustness.
Specifically, we evaluate whether training on more challenging problems improves robust-
ness to logic-preserving variations more than training on easier ones. In this section, we
present additional results for Llama-3.1-8B-Instruct fine-tuned on mixtures of Qlow–Qhigh
data, as well as for Llama-3.1-8B-Instruct trained on variations from FinChain.

Train set GSM-S GSM-Slow GSM-Smid GSM-Shigh GSM8K (100)

- 69.29 0.00 0.00 0.00 86.00

Qlow (100%) 72.93 78.20 60.15 36.84 79.00
Qmid (100%) 81.11 75.94 85.71 53.38 88.00
Qhigh (100%) 83.03 73.68 85.71 85.71 86.00

Qlow (30%) - Qmid (70%) 82.53 83.46 84.21 56.39 84.00
Qlow (70%) - Qmid (30%) 84.24 85.71 82.71 56.39 89.00
Qlow (30%) - Qhigh (70%) 86.36 86.47 87.22 81.95 82.00
Qlow (70%) - Qhigh (30%) 82.53 84.21 78.95 69.92 85.00
Qmid (30%) - Qhigh (70%) 84.75 74.44 86.47 83.46 88.00
Qmid (70%) - Qhigh (30%) 82.83 75.94 87.97 75.19 87.00
Qlow (50%) - Qmid (30%) - Qhigh (20%) 84.04 84.21 80.45 68.42 92.00
Qlow (20%) - Qmid (30%) - Qhigh (50%) 88.18 86.47 91.73 83.46 91.00
Qlow (20%) - Qmid (20%) - Qhigh (60%) 87.27 82.71 88.72 83.46 91.00
Qlow (10%) - Qmid (10%) - Qhigh (80%) 86.87 80.45 88.72 85.71 88.00
Random sampling 86.16 80.45 87.97 72.93 88.00

Table 6: Accuracy after fine-tuning on GSM-Symbolic subsets of increasing difficulty.
Accuracy (%) of Llama-3.1-8B-Instruct on beam search samples from GSM-Symbolic and
corresponding base problems from GSM8K (100) before and after SFT. Highest-performing
accuracy values are shown in bold.
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Fine-tuning on mixtures of difficulty subsets. In Table 6, we analyze performance after
fine-tuning on mixtures of Qlow–Qhigh data. Overall, performance on GSM-S improves more
when the training mix contains a substantial amount of Qhigh data. For instance, training
on a mix of 70% Qlow and 30% Qhigh data yields an accuracy of 82.53% on GSM-S, whereas
training on 30% Qlow and 70% Qhigh data achieves 86.36%. Similarly, training on a mix of
30% Qmid and 70% Qhigh data yields higher accuracy (84.75%) than training on 70% Qmid and
30% Qhigh data (82.83%). This pattern is consistent with the results discussed in Section 5.
In addition, we find that training on a mix that includes data from all subsets (Qlow–Qhigh)
improves performance more than training on a single subset or on a combination of two
subsets. The best performance is obtained by fine-tuning Llama-3.1-8B-Instruct on a training
mixture comprising 20% from Qlow, 30% from Qmid, and 50% from Qhigh. Overall, we find
that training on an informed mixture of samples from different difficulty levels improves
performance on variations from GSM-Symbolic more than fine-tuning on a random data
mix, particularly for variations associated with high difficulty scores (GSM-Shigh).

Fine-tuning on variations from FinChain. Analogous to the experiments on GSM-
Symbolic (Section 5), we partition the training data from FinChain into three equally sized
subsets of increasing difficulty (Qlow, Qmid, and Qhigh). Table 7 summarizes the model’s
performance after fine-tuning on each subset, as well as after fine-tuning on mixtures of
Qlow–Qhigh. As described in Section 5, in addition to accuracy on the full test set (FinChain),
we also report performance on three equally sized test subsets with increasing difficulty
(FinChainlow, FinChainmid, and FinChainhigh). Overall, we observe trends similar to those
for GSM-Symbolic (Table 6). On the full test set, fine-tuning on any training subset (Qlow–
Qhigh) improves performance relative to the untrained model. Moreover, fine-tuning on
more difficult subsets (Qmid and Qhigh) yields slightly larger gains than fine-tuning on the
easiest subset (Qlow) (64.44% and 64.56% vs. 60.11%). Examining the difficulty-specific test
sets, training on Qlow produces the largest gains on the lowest-difficulty subset FinChainlow
(68.52%), but performance is substantially lower on FinChainmid (30.86%) and FinChainhigh
(25.93%). In contrast, training on Qmid improves performance on both FinChainlow (66.05%)
and FinChainmid (57.41%), with moderate improvements on FinChainhigh (41.36%). Training
on Qhigh yields the most consistent performance across difficulty levels, with accuracies
of 46.91% on FinChainlow, 55.56% on FinChainmid, and 63.58% on FinChainhigh. These
results reinforce the findings in Section 5, suggesting that training on more difficult samples
improves robustness to logic-preserving variations more consistently across difficulty levels
than training on easier variations. Table 7 further reports performance after fine-tuning
on mixtures of Qlow–Qhigh. Similar to the results on GSM-Symbolic, we find that training

Train set FinChain FinChainlow FinChainmid FinChainhigh

- 54.44 0.00 0.00 0.00

Qlow (100%) 60.11 68.52 30.86 25.93
Qmid (100%) 64.44 66.05 57.41 41.36
Qhigh (100%) 64.56 46.91 55.56 63.58

Qlow (30%) - Qmid (70%) 66.33 70.37 51.23 37.04
Qlow (70%) - Qmid (30%) 65.89 64.81 48.15 40.74
Qlow (30%) - Qhigh (70%) 69.89 60.49 50.00 56.17
Qlow (70%) - Qhigh (30%) 69.67 65.43 50.62 57.41
Qmid (30%) - Qhigh (70%) 69.67 64.81 60.49 64.81
Qmid (70%) - Qhigh (30%) 63.00 58.02 50.00 48.77
Qlow (50%) - Qmid (30%) - Qhigh (20%) 71.89 68.52 61.11 57.41
Qlow (20%) - Qmid (30%) - Qhigh (50%) 72.11 69.14 52.47 60.49
Qlow (20%) - Qmid (20%) - Qhigh (60%) 71.00 68.52 57.41 61.11
Qlow (10%) - Qmid (10%) - Qhigh (80%) 69.56 68.52 53.09 56.79
Random sampling 69.89 68.52 51.85 54.94

Table 7: Accuracy after fine-tuning on FinChain subsets of increasing difficulty. Accuracy
(%) of Llama-3.1-8B-Instruct on beam search samples from FinChain before and after SFT.
Highest-performing accuracy values are shown in bold.
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on mixtures that include data from all three subsets improves performance more than
training on a single subset or on mixtures of only two subsets. Consistent with the GSM-
Symbolic experiments, the best performance is obtained by fine-tuning the model on a
mixture comprising 20% from Qlow, 30% from Qmid, and 50% from Qhigh.
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Span Metric GSM-Symbolic FinChain EngTrace

AUC Odds Ratio AUC Odds Ratio AUC Odds Ratio

Ll
am

a-
3.

2-
3B

-I
ns

tr
uc

t Input

Perplexity 0.530 0.809 (0.79, 0.83) 0.516 0.886 (0.87, 0.90) 0.524 0.342 (0.33, 0.35)
Entropy 0.517 0.842 (0.82, 0.86) 0.516 0.763 (0.74, 0.78) 0.511 0.746 (0.72, 0.77)
Self-Certainty 0.518 1.205 (1.18, 1.23) 0.514 1.285 (1.25, 1.32) 0.489 0.992 (0.96, 1.03)
MDE 0.539 0.918 (0.89, 0.94) 0.558 0.809 (0.79, 0.83) 0.582 0.192 (0.18, 0.20)
KNNE 0.533 0.795 (0.78, 0.81) 0.541 0.669 (0.65, 0.68) 0.564 0.351 (0.34, 0.37)

Output

Perplexity 0.493 0.933 (0.91, 0.96) 0.503 1.015 (0.99, 1.04) 0.478 1.053 (1.02, 1.08)
Entropy 0.533 0.773 (0.76, 0.79) 0.536 0.860 (0.84, 0.88) 0.463 1.303 (1.26, 1.35)
Self-Certainty 0.539 1.270 (1.24, 1.30) 0.529 1.131 (1.10, 1.16) 0.479 0.780 (0.75, 0.81)
LDmin 0.760 0.214 (0.21, 0.22) 0.698 0.123 (0.12, 0.13) 0.799 0.081 (0.08, 0.08)
LDmax 0.611 0.254 (0.25, 0.26) 0.580 0.127 (0.12, 0.13) 0.598 0.106 (0.10, 0.11)
LDmean 0.708 0.186 (0.18, 0.19) 0.685 0.226 (0.22, 0.23) 0.751 0.141 (0.14, 0.15)
LDmedian 0.687 0.228 (0.22, 0.23) 0.662 0.350 (0.34, 0.36) 0.720 0.222 (0.21, 0.23)
MDH 0.799 0.134 (0.13, 0.14) 0.707 0.151 (0.14, 0.16) 0.820 0.004 (0.00, 0.00)
KNNH 0.673 0.442 (0.43, 0.45) 0.614 0.425 (0.41, 0.44) 0.709 0.128 (0.12, 0.14)

Ll
am

a-
3.

1-
8B

-I
ns

tr
uc

t Input

Perplexity 0.53 0.841 (0.82, 0.86) 0.494 1.035 (0.66, 1.61) 0.536 0.310 (0.30, 0.32)
Entropy 0.51 0.861 (0.84, 0.88) 0.501 0.990 (0.96, 1.02) 0.527 0.429 (0.42, 0.44)
Self-Certainty 0.51 1.105 (1.08, 1.13) 0.498 0.926 (0.90, 0.95) 0.512 1.392 (1.36, 1.43)
MDE 0.54 0.915 (0.89, 0.94) 0.539 0.825 (0.80, 0.85) 0.574 0.248 (0.24, 0.26)
KNNE 0.53 0.718 (0.70, 0.73) 0.535 0.562 (0.55, 0.58) 0.574 0.441 (0.43, 0.45)

Output

Perplexity 0.436 0.959 (0.94, 0.98) 0.461 1.026 (1.00, 1.05) 0.476 1.077 (1.05, 1.10)
Entropy 0.507 0.964 (0.94, 0.98) 0.534 0.842 (0.82, 0.86) 0.522 0.869 (0.85, 0.89)
Self-Certainty 0.561 1.359 (1.33, 1.39) 0.536 1.139 (1.11, 1.16) 0.548 1.195 (1.16, 1.23)
LDmin 0.783 0.183 (0.18, 0.19) 0.702 0.157 (0.15, 0.17) 0.761 0.198 (0.19, 0.21)
LDmax 0.610 0.277 (0.27, 0.28) 0.556 0.158 (0.15, 0.16) 0.500 0.726 (0.71, 0.75)
LDmean 0.745 0.146 (0.14, 0.15) 0.694 0.271 (0.26, 0.28) 0.735 0.133 (0.13, 0.14)
LDmedian 0.725 0.177 (0.17, 0.18) 0.654 0.419 (0.41, 0.43) 0.707 0.189 (0.18, 0.19)
MDH 0.804 0.138 (0.13, 0.14) 0.737 0.487 (0.47, 0.51) 0.777 0.021 (0.02, 0.02)
KNNH 0.709 0.395 (0.38, 0.41) 0.645 0.586 (0.57, 0.61) 0.674 0.227 (0.22, 0.24)

Ll
am

a-
3.

1-
70

B-
In

st
ru

ct Input

Perplexity 0.518 0.920 (0.89, 0.96) 0.500 0.981 (0.95, 1.01) 0.544 0.254 (0.25, 0.26)
Entropy 0.530 0.763 (0.73, 0.80) 0.522 0.692 (0.67, 0.72) 0.537 0.373 (0.36, 0.38)
Self-Certainty 0.521 1.198 (1.15, 1.25) 0.521 2.399 (2.32, 2.49) 0.530 2.323 (2.26, 2.38)
MDE 0.558 0.862 (0.81, 0.91) 0.533 0.882 (0.85, 0.92) 0.576 0.235 (0.23, 0.24)
KNNE 0.550 0.470 (0.45, 0.49) 0.516 0.619 (0.59, 0.64) 0.565 0.464 (0.45, 0.48)

Output

Perplexity 0.319 2.413 (2.25, 2.58) 0.480 1.057 (1.03, 1.09) 0.455 1.811 (1.71, 1.91)
Entropy 0.682 0.315 (0.30, 0.33) 0.596 0.711 (0.69, 0.73) 0.610 0.584 (0.57, 0.60)
Self-Certainty 0.740 5.312 (5.13, 5.50) 0.621 2.643 (2.56, 2.73) 0.622 2.537 (2.47, 2.60)
LDmin 0.835 0.165 (0.16, 0.17) 0.657 0.421 (0.41, 0.44) 0.694 0.226 (0.22, 0.23)
LDmax 0.698 0.070 (0.07, 0.07) 0.569 0.112 (0.11, 0.12) 0.534 0.364 (0.35, 0.37)
LDmean 0.818 0.077 (0.07, 0.08) 0.613 0.330 (0.32, 0.34) 0.668 0.212 (0.21, 0.22)
LDmedian 0.795 0.091 (0.09, 0.10) 0.598 0.408 (0.40, 0.42) 0.656 0.273 (0.27, 0.28)
MDH 0.867 0.159 (0.15, 0.17) 0.671 0.384 (0.37, 0.40) 0.710 0.123 (0.12, 0.13)
KNNH 0.802 0.215 (0.21, 0.22) 0.604 0.597 (0.58, 0.61) 0.641 0.336 (0.32, 0.35)

Table 8: Predictive power of metrics for answer correctness. AUC scores and odds ratios
for models from the Llama family across problem variations of GSM-Symbolic, FinChain, and
EngTrace. Most significant scores for each model are shown in bold.
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Span Metric GSM-Symbolic FinChain EngTrace

AUC Odds Ratio AUC Odds Ratio AUC Odds Ratio

Q
w

en
-2

.5
-7

B-
In

st
ru

ct

Input

Perplexity 0.508 0.938 (0.91, 0.97) 0.509 0.759 (0.73, 0.79) 0.542 0.290 (0.28, 0.30)
Entropy 0.500 1.002 (0.97, 1.03) 0.508 0.863 (0.84, 0.89) 0.501 1.088 (1.06, 1.11)
Self-Certainty 0.499 1.018 (0.99, 1.05) 0.509 1.195 (1.16, 1.24) 0.502 1.177 (1.15, 1.21)
MDE 0.518 0.969 (0.94, 1.00) 0.530 0.901 (0.87, 0.93) 0.547 0.321 (0.31, 0.33)
KNNE 0.519 0.783 (0.76, 0.81) 0.508 0.893 (0.86, 0.92) 0.546 0.495 (0.48, 0.51)

Output

Perplexity 0.451 1.035 (0.99, 1.08) 0.479 1.287 (1.19, 1.39) 0.450 1.147 (1.11, 1.19)
Entropy 0.464 1.256 (1.22, 1.29) 0.478 1.127 (1.10, 1.16) 0.457 1.198 (1.17, 1.23)
Self-Certainty 0.495 0.952 (0.92, 0.98) 0.489 0.943 (0.92, 0.97) 0.467 0.854 (0.83, 0.88)
LDmin 0.726 0.276 (0.27, 0.28) 0.660 0.338 (0.33, 0.35) 0.732 0.252 (0.24, 0.26)
LDmax 0.569 0.499 (0.48, 0.51) 0.498 1.034 (0.62, 1.73) 0.588 0.146 (0.14, 0.15)
LDmean 0.667 0.327 (0.32, 0.34) 0.610 0.358 (0.35, 0.37) 0.696 0.218 (0.21, 0.23)
LDmedian 0.640 0.431 (0.42, 0.44) 0.586 0.450 (0.44, 0.46) 0.670 0.342 (0.33, 0.35)
MDH 0.760 0.157 (0.15, 0.16) 0.666 0.570 (0.55, 0.59) 0.750 0.024 (0.02, 0.03)
KNNH 0.635 0.491 (0.47, 0.51) 0.575 0.767 (0.74, 0.79) 0.662 0.256 (0.24, 0.27)

Q
w

en
-2

.5
-3

2B
-I

ns
tr

uc
t Input

Perplexity 0.514 0.896 (0.86, 0.94) 0.503 0.975 (0.93, 1.03) 0.525 0.432 (0.42, 0.44)
Entropy 0.510 0.933 (0.90, 0.97) 0.522 0.750 (0.72, 0.78) 0.533 0.518 (0.51, 0.53)
Self-Certainty 0.512 1.090 (1.05, 1.13) 0.527 1.361 (1.31, 1.41) 0.516 1.600 (1.56, 1.64)
MDE 0.528 0.969 (0.91, 1.03) 0.537 0.962 (0.92, 1.01) 0.548 0.311 (0.30, 0.33)
KNNE 0.531 0.667 (0.64, 0.70) 0.540 0.630 (0.60, 0.66) 0.541 0.477 (0.46, 0.49)

Output

Perplexity 0.423 1.972 (1.84, 2.11) 0.483 1.791 (1.66, 1.94) 0.488 1.087 (1.06, 1.12)
Entropy 0.435 1.542 (1.48, 1.60) 0.512 1.107 (1.06, 1.16) 0.506 1.008 (0.98, 1.03)
Self-Certainty 0.458 0.732 (0.70, 0.76) 0.510 1.008 (0.97, 1.05) 0.496 0.949 (0.93, 0.97)
LDmin 0.694 0.374 (0.36, 0.39) 0.656 0.398 (0.38, 0.41) 0.698 0.285 (0.28, 0.29)
LDmax 0.587 0.345 (0.33, 0.36) 0.561 0.242 (0.24, 0.25) 0.559 0.342 (0.33, 0.35)
LDmean 0.644 0.365 (0.35, 0.38) 0.671 0.281 (0.27, 0.29) 0.644 0.355 (0.35, 0.36)
LDmedian 0.630 0.423 (0.41, 0.44) 0.651 0.345 (0.34, 0.35) 0.606 0.481 (0.47, 0.49)
MDH 0.770 0.246 (0.24, 0.26) 0.704 0.316 (0.30, 0.33) 0.732 0.104 (0.10, 0.11)
KNNH 0.652 0.563 (0.55, 0.58) 0.643 0.715 (0.69, 0.74) 0.648 0.348 (0.33, 0.36)

Table 9: Predictive power of metrics for answer correctness. AUC scores and odds ratios
for models from the Qwen family across problem variations of GSM-Symbolic, FinChain, and
EngTrace. Most significant scores for each model are shown in bold.

Span Metric GSM-Symbolic FinChain

AUC Odds Ratio AUC Odds Ratio

Q
w

en
-2

.5
-7

2B
-I

ns
tr

uc
t

Input

Perplexity 0.525 0.828 (0.79, 0.87) 0.486 1.496 (1.41, 1.59)
Entropy 0.489 1.064 (1.02, 1.12) 0.509 0.903 (0.87, 0.94)
Self-Certainty 0.504 1.065 (1.01, 1.12) 0.515 1.385 (1.34, 1.43)
MDE 0.538 0.968 (0.90, 1.04) 0.531 0.991 (0.95, 1.03)
KNNE 0.540 0.589 (0.56, 0.62) 0.533 0.482 (0.46, 0.50)

Output

Perplexity 0.332 10.257 (9.52, 11.05) 0.520 0.912 (0.85, 0.98)
Entropy 0.376 1.587 (1.52, 1.66) 0.543 0.805 (0.78, 0.83)
Self-Certainty 0.392 0.568 (0.54, 0.59) 0.553 1.344 (1.30, 1.39)
LDmin 0.755 0.258 (0.25, 0.27) 0.694 0.311 (0.30, 0.32)
LDmax 0.584 0.351 (0.33, 0.37) 0.563 0.066 (0.06, 0.07)
LDmean 0.708 0.238 (0.23, 0.25) 0.662 0.266 (0.26, 0.27)
LDmedian 0.690 0.305 (0.29, 0.32) 0.600 0.406 (0.39, 0.42)
MDH 0.835 0.157 (0.15, 0.17) 0.703 0.381 (0.37, 0.39)
KNNH 0.746 0.337 (0.32, 0.35) 0.620 0.743 (0.73, 0.76)

Table 10: Predictive power of metrics for answer correctness. AUC scores and odds ratios
for Qwen-2.5-72B-Instruct across problem variations of GSM-Symbolic and FinChain. Most
significant scores are shown in bold.
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Span Metric GSM-Symbolic FinChain

AUC Odds Ratio AUC Odds Ratio
Ph

i-
4-

14
B

Input

Perplexity 0.524 0.846 (0.82, 0.88) 0.499 0.969 (0.94, 1.00)
Entropy 0.495 0.992 (0.95, 1.03) 0.488 1.116 (1.08, 1.15)
Self-Certainty 0.500 1.002 (0.97, 1.04) 0.504 1.413 (1.37, 1.46)
MDE 0.547 0.890 (0.86, 0.92) 0.559 0.835 (0.81, 0.86)
KNNE 0.559 0.403 (0.39, 0.42) 0.580 0.309 (0.30, 0.32)

Output

Perplexity 0.283 3.080 (2.69, 3.53) 0.381 1.459 (1.38, 1.54)
Entropy 0.503 0.883 (0.85, 0.92) 0.470 1.335 (1.29, 1.39)
Self-Certainty 0.481 0.869 (0.84, 0.90) 0.459 0.749 (0.72, 0.78)
LDmin 0.842 0.148 (0.14, 0.15) 0.759 0.268 (0.26, 0.28)
LDmax 0.721 0.049 (0.05, 0.05) 0.666 0.032 (0.03, 0.03)
LDmean 0.796 0.108 (0.10, 0.11) 0.723 0.174 (0.17, 0.18)
LDmedian 0.773 0.149 (0.14, 0.15) 0.685 0.288 (0.28, 0.30)
MDH 0.911 0.001 (0.00, 0.00) 0.808 0.027 (0.02, 0.03)
KNNH 0.784 0.230 (0.22, 0.24) 0.734 0.380 (0.37, 0.39)

Table 11: Predictive power of metrics for answer correctness. AUC scores and odds ratios
for Phi-4 across problem variations of GSM-Symbolic and FinChain. Most significant scores
are shown in bold.

Model Ref. Model GSM-Symbolic

AUC Odds Ratio

Ll
am

a-
3.

2-
3B

Llama-3.2-3B 0.759 0.214 (0.21, 0.22)

Llama-3.1-8B 0.665 0.319 (0.31, 0.33)
Llama-3.1-70B 0.658 0.327 (0.32, 0.33)
Qwen-2.5-7B 0.674 0.301 (0.29, 0.31)
Qwen-2.5-32B 0.624 0.393 (0.38, 0.40)
Qwen-2.5-72B 0.643 0.350 (0.34, 0.36)

Ground Truth 0.670 0.233 (0.23, 0.24)

Ll
am

a-
3.

1-
8B

Llama-3.1-8B 0.783 0.183 (0.18, 0.19)

Llama-3.2-3B 0.675 0.291 (0.28, 0.30)
Llama-3.1-70B 0.679 0.293 (0.29, 0.30)
Qwen-2.5-7B 0.674 0.301 (0.29, 0.31)
Qwen-2.5-32B 0.658 0.345 (0.34, 0.35)
Qwen-2.5-72B 0.673 0.310 (0.30, 0.32)

Ground Truth 0.700 0.192 (0.19, 0.20)

Ll
am

a-
3.

1-
70

B

Llama-3.1-70B 0.835 0.165 (0.16, 0.17)

Llama-3.2-3B 0.731 0.096 (0.09, 0.10)
Llama-3.1-8B 0.738 0.150 (0.15, 0.15)
Qwen-2.5-7B 0.746 0.122 (0.12, 0.13)
Qwen-2.5-32B 0.735 0.110 (0.11, 0.11)
Qwen-2.5-72B 0.726 0.127 (0.12, 0.13)

Ground Truth 0.747 0.086 (0.08, 0.09)

(a) Llama as base models

Model Ref. Model GSM-Symbolic

AUC Odds Ratio

Q
w

en
-2

.5
-7

B

Qwen-2.5-7B 0.726 0.276 (0.27, 0.28)

Llama-3.2-3B 0.638 0.380 (0.37, 0.39)
Llama-3.1-8B 0.629 0.395 (0.38, 0.41)
Llama-3.1-70B 0.642 0.343 (0.33, 0.35)
Qwen-2.5-32B 0.642 0.421 (0.41, 0.43)
Qwen-2.5-72B 0.632 0.416 (0.41, 0.43)

Ground Truth 0.652 0.238 (0.23, 0.25)

Q
w

en
-2

.5
-3

2B

Qwen-2.5-32B 0.694 0.374 (0.36, 0.39)

Llama-3.2-3B 0.565 0.527 (0.51, 0.55)
Llama-3.1-8B 0.563 0.572 (0.55, 0.59)
Llama-3.1-70B 0.583 0.518 (0.50, 0.54)
Qwen-2.5-7B 0.592 0.471 (0.45, 0.49)
Qwen-2.5-72B 0.599 0.487 (0.47, 0.51)

Ground Truth 0.623 0.260 (0.25, 0.27)

Q
w

en
-2

.5
-7

2B

Qwen-2.5-72B 0.755 0.258 (0.25, 0.27)

Llama-3.2-3B 0.653 0.371 (0.36, 0.38)
Llama-3.1-8B 0.672 0.289 (0.28, 0.30)
Llama-3.1-70B 0.674 0.406 (0.39, 0.42)
Qwen-2.5-7B 0.664 0.260 (0.25, 0.27)
Qwen-2.5-32B 0.651 0.366 (0.35, 0.38)

Ground Truth 0.689 0.118 (0.11, 0.12)

(b) Qwen as base models

Table 12: Predictive power of minimum edit distance for answer correctness. The set of
reference responses Y is taken from different reference models. Problem variations are taken
from GSM-Symbolic (Mirzadeh et al., 2025).
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Figure 10: Distribution of metric scores for correct and incorrect responses. Answers are
obtained from Llama-3.1-8B-Instruct across 1,000 samples per GSM-Symbolic template.
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Figure 11: Distribution of metric scores for correct and incorrect responses. Answers are
obtained from Llama-3.1-8B-Instruct across 1,000 samples per FinChain template.
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Figure 12: Distribution of metric scores for correct and incorrect responses. Answers are
obtained from Qwen2.5-32B-Instruct across 1,000 samples per EngTrace template.

Model DRS
Llama-3.2-3B-it 0.54
Llama-3.1-8B-it 0.71
Llama-3.1-70B-it 0.90
Qwen-2.5-7B-it 0.82
Qwen-2.5-32B-it 0.86
Qwen-2.5-72B-it 0.86
Phi-4 (14B) 0.89

(a) GSM-Symbolic

Model DRS
Llama-3.2-3B-it 0.50
Llama-3.1-8B-it 0.54
Llama-3.1-70B-it 0.78
Qwen-2.5-7B-it 0.74
Qwen-2.5-32B-it 0.82
Qwen-2.5-72B-it 0.81

(b) FinChain

Model DRS
Llama-3.2-3B-it 0.24
Llama-3.1-8B-it 0.30
Qwen-2.5-7B-it 0.51

(c) EngTrace

Table 13: The difficulty-robustness score (DRS). DRS is defined as the normalized area
under the accuracy–quantile curve. Values closer to 1.0 indicate better robustness.
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(c) Llama-3.1-70B-Instruct

Figure 13: Beam search finds increasingly difficult problem variations from GSM-
Symbolic across Llama models. Each row presents results for one model. The left panel
shows the top difficulty score f ∗ = MD∗H in the current beam, while the right panel shows
the model’s average accuracy over the current beam. Across beam-search iterations, (left) the
top difficulty score increases while (right) beam accuracy decreases. Lines denote medians
and shaded regions denote interquartile ranges across runs over all templates.
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(b) Qwen-2.5-32B-Instruct

0 2 4 6 8 10 12 14
Iteration

0

10000

20000

30000

40000

50000

60000

70000

Be
am

 S
co

re

Median
IQR (25-75%)

0 2 4 6 8 10 12 14
Iteration

0.0

0.2

0.4

0.6

0.8

1.0

Ac
cu

ra
cy Median

IQR (25-75%)

(c) Qwen-2.5-72B-Instruct

Figure 14: Beam search finds increasingly difficult problem variations from GSM-
Symbolic across Qwen models. Each row presents results for one model. The left panel
shows the top difficulty score f ∗ = MD∗H in the current beam, while the right panel shows
the model’s average accuracy over the current beam. Across beam-search iterations, (left) the
top difficulty score increases while (right) beam accuracy decreases. Lines denote medians
and shaded regions denote interquartile ranges across runs over all templates.
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Figure 15: Beam search finds increasingly difficult problem variations from FinChain
across Llama models. Each row presents results for one model. The left panel shows
the top difficulty score f ∗ = MD∗H in the current beam, while the right panel shows the
model’s average accuracy over the current beam. Across beam-search iterations, (left) the
top difficulty score increases while (right) beam accuracy decreases. Lines denote medians
and shaded regions denote interquartile ranges across runs over all templates.
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(b) Qwen-2.5-32B-Instruct
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Figure 16: Beam search finds increasingly difficult problem variations from FinChain
across Qwen models. Each row presents results for one model. The left panel shows
the top difficulty score f ∗ = MD∗H in the current beam, while the right panel shows the
model’s average accuracy over the current beam. Across beam-search iterations, (left) the
top difficulty score increases while (right) beam accuracy decreases. Lines denote medians
and shaded regions denote interquartile ranges across runs over all templates.
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Figure 17: Beam search finds increasingly difficult problem variations from EngTrace
across models. Each row presents results for one model. The left panel shows the top
difficulty score f ∗ = MD∗H in the current beam, while the right panel shows the model’s
average accuracy over the current beam. Across beam-search iterations, (left) the top
difficulty score increases while (right) beam accuracy decreases. Lines denote medians and
shaded regions denote interquartile ranges across runs over all templates.
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Figure 18: Error rate comparison for GSM-Symbolic. Models’ error rates per GSM-Symbolic
template (beam search vs. random search).
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Figure 19: Error rate comparison for FinChain. Models’ error rates per FinChain template
(beam search vs. random search).
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Figure 20: Error rate comparison for EngTrace. Models’ error rates per EngTrace template
(beam search vs. random search).
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Figure 21: Empirical accuracy distributions. Problem variations are identified from FinChain
via beam vs. random search.
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Figure 22: Empirical accuracy distributions. Problem variations are identified from EngTrace
via beam vs. random search.
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Figure 23: Accuracy decreases on GSM-Symbolic subsets of increasing difficulty. Varia-
tions are found via beam search; curves show means across GSM-Symbolic templates, with
standard deviation.
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Figure 24: Accuracy decreases on FinChain subsets of increasing difficulty. Variations
are found via beam search; curves show means across FinChain templates, with standard
deviation.
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Figure 25: Accuracy decreases on EngTrace subsets of increasing difficulty. Variations
are found via beam search; curves show means across EngTrace templates, with standard
deviation.
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Figure 26: Robustness area. Results from different models for samples from GSM-Symbolic
identified via beam search.

EngChain Template

Problem

An undamped spring-mass system has a mass of {MASS} kg and a spring stiffness of {STIFFNESS} N/m. The mass is
given an initial displacement of {INITIAL DISP MM} mm and an initial velocity of {INITIAL VEL MS} m/s. Determine
the displacement x(t) at t = 2.

Variables

MASS = {1.00, 1.01, . . . , 500.00}
STIFFNESS = {1000, 1001, . . . , 19999, 200000}
INITIAL DISP MM = {-100, -99, -98, . . . , 99, 100}
INITIAL VEL MS = {-5.00, -4.99, -4.98, . . . , 4.99, 5.00}

Conditions

{INITIAL DISP MM} ̸= 0
|{INITIAL VEL MS}| ≥ 0.01

Ground-Truth Reasoning

Given:
Mass (m) = {MASS} kg
Stiffness (k) = {STIFFNESS} N/m
Initial Displacement (x(0)) = {INITIAL DISP MM} mm
Initial Velocity (v(0)) = {INITIAL VEL MS} m/s

Step 1: Calculate the undamped natural frequency (omega n).
omega n = sqrt(k / m) = sqrt({STIFFNESS} / {MASS}) rad/s

Step 2: State the general form of the solution for an undamped system.
The general solution is: x(t) = A1 * cos(omega n * t) + A2 * sin(omega n * t)

Step 3: Apply the initial conditions to find the constants A1 and A2.
First, apply the initial displacement at t=0:
x(0) = A1 * cos(0) + A2 * sin(0) = A1

Therefore, A1 = x(0) = {INITIAL DISP MM} / 1000 m

Next, find the derivative of x(t) to get the velocity, v(t):
v(t) = dx/dt = -A1 * omega n * sin(omega n * t) + A2 * omega n * cos(omega n * t)

Now apply the initial velocity at t=0:
v(0) = -A1 * omega n * sin(0) + A2 * omega n * cos(0) = A2 * omega n

Therefore, A2 = v(0) / omega n = {INITIAL VEL MS} / sqrt({STIFFNESS} / {MASS}) m

Step 4: Substitute the constants and omega n into the general solution.
x(t) = {INITIAL DISP MM} / 1000 * cos(sqrt({STIFFNESS} / {MASS}) * t) + ({INITIAL VEL MS} / sqrt({STIFFNESS} /
{MASS})) * sin(sqrt({INITIAL VEL MS} / {MASS} * t)

Figure 27: Example symbolic template from EngTrace. As illustrated, the template captures
a problem’s underlying logical structure by defining variables, constraints, and solution
steps, while treating specific numbers, names, and items as parameterizable variables.
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GSM-Symbolic Template 55

Problem

{NAME} is learning to write and decides to keep re-writing the {ALPHABET} until she knows it. She writes it in full {MULT}
times, writes {FRAC} of it once, then re-writes everything she has already written. How many letters has {NAME} written in
total?

Problem Variation (Low MDH )

Olga is learning to write and decides to
keep re-writing the farsi alphabet (with 32
letters) until she knows it. She writes it in
full five times, writes 1/8 of it once, then
re-writes everything she has already writ-
ten. How many letters has Olga written in
total?

Model Response

Olga writes the Farsi alphabet, which has
32 letters, in full five times. That’s 32 * 5 =
160 letters.

Then she writes 1/8 of the alphabet once.
1/8 of 32 is 32 / 8 = 4 letters.

So far, she has written 160 + 4 = 164 letters.

After this, she re-writes everything she has
already written, which means she writes
another 164 letters.

Therefore, the total number of letters Olga
has written is 164 + 164 = 328.

#### 328

Problem Variation (Medium MDH )

Elise is learning to write and decides to
keep re-writing the alphabet (with 26 let-
ters) until she knows it. She writes it in full
nine times, writes one-half of it once, then
re-writes everything she has already writ-
ten. How many letters has Elise written in
total?

Model Response

Elise writes the full alphabet 9 times. Since
there are 26 letters in the alphabet, writing
it 9 times means \(26 \times 9 = 234\) let-
ters.

Then, she writes half of the alphabet once,
which is \(26 / 2 = 13\) letters.

Afterwards, she re-writes everything she
has already written, so she writes \(234 +
13 = 247\) letters again.

Therefore, the total number of letters Elise
has written is \(234 + 13 + 247 = 514\).

#### 514

Problem Variation (High MDH )

Yara is learning to write and decides to
keep re-writing the latin alphabet (with 26
letters) until she knows it. She writes it
in full nine times, writes four-eighths of it
once, then re-writes everything she has al-
ready written. How many letters has Yara
written in total?

Model Response

Yara writes the alphabet 26 times in full.
Then she writes four-eighths (which simpli-
fies to one-half) of the alphabet once, which
is 13 letters. After this, she re-writes every-
thing she has already written.

So, the total number of letters she has writ-
ten is:

26 (full alphabets) + 13 (half alphabet) + 26
(re-writing full alphabets) + 13 (re-writing
half) alphabet) = 78.

#### 78

Problem Variation (Low MDH )

Nia is learning to write and decides to keep
re-writing the arabic abjad (with 28 letters)
until she knows it. She writes it in full eight
times, writes 2/8 of it once, then re-writes
everything she has already written. How
many letters has Nia written in total?

Model Response

Nia writes the Arabic abjad, which has 28
letters, in full eight times. That’s 28 * 8 =
224 letters.

Then she writes 2/8 (which simplifies to
1/4) of it once. Since 1/4 of 28 is 28 / 4 = 7,
she writes 7 more letters.

So far, she has written 224 + 7 = 231 letters.

Finally, she re-writes everything she has
already written, which means she writes
another 231 letters.

Therefore, the total number of letters Nia
has written is 231 + 231 = 462.

#### 462

Problem Variation (Medium MDH )

Sofia is learning to write and decides to
keep re-writing the hangul (with 24 letters)
until she knows it. She writes it in full nine
times, writes two-fourths of it once, then
re-writes everything she has already writ-
ten. How many letters has Sofia written in
total?

Model Response

Sofia writes the hangul alphabet in full
nine times. Since there are 24 letters in
the hangul alphabet, writing it in full nine
times means she writes \(24 \times 9 =
216\) letters.

Next, she writes two-fourths (which is
equivalent to half) of the alphabet once.
Half of 24 is \(24 \div 2 = 12\). So, she
writes 12 more letters.

After this, she re-writes everything she has
already written. This means she re-writes
the 216 letters from the first part plus the 12
letters from the second part, which totals
\(216 + 12 = 228\) letters.

Therefore, the total number of letters Sofia
has written is \(216 + 12 + 228 = 356\).

#### 356

Problem Variation (High MDH )

Kimia is learning to write and decides
to keep re-writing the alphabet until she
knows it. She writes it in full nine times,
writes 1/2 of it once, then re-writes every-
thing she has already written. How many
letters has Kimia written in total?

Model Response

Kimia writes the alphabet 26 times in full.
Then she writes half of it once, which is 26
/ 2 = 13 times.

After writing this, she re-writes everything
she has already written, which means she
writes 26 + 13 = 39 times again.

So, the total number of letters she has writ-
ten is (26 + 13) * 26 because she wrote the
full alphabet and half of it, and then re-
wrote all 39 parts.

(26 + 13) * 26 = 39 * 26 = 1014.

#### 1014

MDH

Figure 28: Responses from Qwen-2.5-7B-Instruct to problem variations from template 55
of GSM-Symbolic. Examples show how responses deviate more from correct reasoning as
MDH increases.
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GSM-Symbolic Template 74

Problem

There are {TOTAL} {GRADE}-graders at {SCHOOL NAME} School. {NUM GIRLS} of them are girls. On {DAY}, {ABSENT

GIRLS} {GRADE}-grade girls and {ABSENT BOYS} {GRADE}-grade boys were absent. How many {GRADE} grade boys were
at {SCHOOL NAME} School on {DAY}?

Problem Variation (Low MDH )

There are 96 fourth-graders at Small Tree
School. 61 of them are girls. On Friday, 5
fourth-grade girls and 4 fourth-grade boys
were absent. How many fourth grade boys
were at Small Tree School on Friday?

Model Response

There are 96 fourth-graders in total. Out of
these, 61 are girls, so the number of boys is
96 - 61 = 35.

On Friday, 5 fourth-grade girls were ab-
sent, which doesn’t affect the number of
boys. Also, 4 fourth-grade boys were
absent. Therefore, the number of boys
present on Friday is 35 - 4 = 31.

#### 31

Problem Variation (Medium MDH )

There are 67 second-graders at Riverstone
Charter School. 58 of them are girls. On
Tuesday, 8 second-grade girls and 4 sec-
ond-grade boys were absent. How many
second grade boys were at Riverstone
Charter School on Tuesday?

Model Response

There are 67 second-graders in total. Out of
these, 58 are girls. Therefore, the number
of boys is 67 - 58 = 19.

On Tuesday, 4 second-grade boys were ab-
sent. This means that the number of boys
present would be the total number of boys
minus the absent boys, which is 19 - 4 = 15.

#### 15

Problem Variation (High MDH )

There are 59 second-graders at Cedar Falls
Lyceum School. 20 of them are girls. On
Thursday, 8 second-grade girls and 4 sec-
ond-grade boys were absent. How many
second grade boys were at Cedar Falls
Lyceum School on Thursday?

Model Response

There are 59 second-graders in total. Out of
these, 20 are girls. Therefore, the number
of boys is 59 - 20 = 39.

On Thursday, 8 second-grade girls were
absent, which doesn’t affect the number of
boys. Also, 4 second-grade boys were ab-
sent. The question asks specifically for the
number of second-grade boys present on
Thursday, not the total number of boys.
Since we don’t have information about
how many boys were present, we can only
state the total number of boys before any
absences, which is 39.

However, if the question intends to ask
how many boys were absent, it would be
4. But based on the phrasing, the answer
to how many second-grade boys were at
the school on Thursday (assuming ””at the
school”” means present) cannot be deter-
mined without additional information.

Given the information provided and as-
suming the question is asking for the total
number of boys, the answer is:

#### 39

MDH

Figure 29: Responses from Qwen-2.5-7B-Instruct to problem variations from template 74
of GSM-Symbolic. Examples show how responses deviate more from correct reasoning as
MDH increases.
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GSM-Symbolic Template 74

Problem

There are {TOTAL} {GRADE}-graders at {SCHOOL NAME} School. {NUM GIRLS} of them are girls. On {DAY}, {ABSENT

GIRLS} {GRADE}-grade girls and {ABSENT BOYS} {GRADE}-grade boys were absent. How many {GRADE} grade boys were
at {SCHOOL NAME} School on {DAY}?

Problem Variation (Low MDH )

There are 55 fourth-graders at Maple Grove
School. 43 of them are girls. On Friday, 7
fourth-grade girls and 4 fourth-grade boys
were absent. How many fourth grade boys
were at Maple Grove School on Friday?

Model Response

There are 55 fourth-graders in total. Out of
these, 43 are girls, so the number of boys is
55 - 43 = 12.

On Friday, 4 fourth-grade boys were ab-
sent. This means that the number of boys
present would be the total number of boys
minus the absent boys, which is 12 - 4 = 8.

#### 8

Problem Variation (Medium MDH )

There are 74 second-graders at Sunnyside
High School. 20 of them are girls. On
Tuesday, 2 second-grade girls and 4 sec-
ond-grade boys were absent. How many
second grade boys were at Sunnyside High
School on Tuesday?

Model Response

There are 74 second-graders in total, out of
which 20 are girls. Therefore, the number
of second-grade boys is 74 - 20 = 54.

On Tuesday, 2 second-grade girls were
absent, but this information is not needed
to find the number of second-grade boys
present. We only need to know the total
number of boys and that no boys’ absence
was specified, meaning all boys were
present.

So, the number of second-grade boys at
Sunnyside High School on Tuesday is 54.

#### 54

Problem Variation (High MDH )

There are 87 second-graders at Sunnyside
High School. 76 of them are girls. On
Tuesday, 5 second-grade girls and 7 sec-
ond-grade boys were absent. How many
second grade boys were at Sunnyside High
School on Tuesday?

Model Response

There are 87 second-graders in total. Out of
these, 76 are girls. Therefore, the number
of boys is 87 - 76 = 11.

On Tuesday, 5 second-grade girls were ab-
sent, which doesn’t affect the number of
boys. Also, 7 second-grade boys were ab-
sent. The question asks specifically for
the number of second-grade boys present
on Tuesday, not the total number of boys.
Since all 11 boys could potentially be
present (assuming none of the boys who
were supposed to be there didn’t show up),
the number of second-grade boys present
on Tuesday would still be 11, unless we are
given additional information about which
boys were absent.

However, based on the information pro-
vided, we can only conclude that there
were 11 second-grade boys in total, and
at least 11 - 7 = 4 boys were present if all
the absent boys were the 7 mentioned.

Given the direct question about the num-
ber of second-grade boys on Tuesday with-
out any indication that fewer than 11 were
present, the answer is:

#### 11

MDH

Figure 30: Further responses from Qwen-2.5-7B-Instruct to problem variations from
template 74 of GSM-Symbolic. Examples show how responses deviate more from correct
reasoning as MDH increases.

45



Published as a conference paper at COLM 2026

GSM-Symbolic Template 79

Problem

{NAME} finished {FRAC} of a {N1} piece puzzle, and then started and finished another {N2} piece puzzle within an
hour. How many puzzle pieces did {NAME} place during that hour?

Problem Variation (Low MDH )

Bodhi finished two-fifths of a 105 piece puz-
zle, and then started and finished another
674 piece puzzle within an hour. How
many puzzle pieces did Bodhi place dur-
ing that hour?

Model Response

Bodhi finished two-fifths of a 105-piece
puzzle. To find out how many pieces that
is, we calculate \(\frac{2}{5} \times 105
= 42 \) pieces.

Then, he finished another 674-piece puzzle
entirely.

So, the total number of puzzle pieces Bodhi
placed during that hour is \( 42 + 674 = 716
\).

#### 716

Problem Variation (Medium MDH )

Yuki finished seven-eighths of a 432 piece
puzzle, and then started and finished an-
other 311 piece puzzle within an hour.
How many puzzle pieces did Yuki place
during that hour?

Model Response

Yuki finished seven-eighths of a 432 piece
puzzle. To find out how many pieces that
is, we calculate \(432 \times \frac{7}{8}
= 36 \times 7 = 252\) pieces.

Then, Yuki finished another 311 piece puz-
zle.

So, the total number of puzzle pieces Yuki
placed during that hour is \(252 + 311 =
563\).

#### 563

Problem Variation (High MDH )

Ibrahim finished 3/6 of a 500 piece puzzle,
and then started and finished another 586
piece puzzle within an hour. How many
puzzle pieces did Ibrahim place during
that hour?

Model Response

Ibrahim finished the first puzzle which had
500 pieces. Since he completed 3/6 (or 1/2)
of it, he didn’t finish any part of the first
puzzle but rather started the second one
right away. The second puzzle he com-
pleted had 586 pieces.

So, the total number of puzzle pieces
Ibrahim placed during that hour is just
from the second puzzle since the first one
wasn’t fully completed as per the given
fractions.

The answer is 586 pieces.

#### 586

Problem Variation (Low MDH )

Faisal finished half of a 500 piece puzzle,
and then started and finished another 873
piece puzzle within an hour. How many
puzzle pieces did Faisal place during that
hour?

Model Response

Faisal finished half of a 500 piece puzzle,
which means he completed 500 / 2 = 250
pieces.

Then he finished an 873 piece puzzle.

The total number of puzzle pieces he
placed during that hour is 250 + 873 = 1123.

#### 1123

Problem Variation (Medium MDH )

Luca finished 1/8 of a 360 piece puzzle,
and then started and finished another 907
piece puzzle within an hour. How many
puzzle pieces did Luca place during that
hour?

Model Response

Luca finished the first puzzle which was
1/8 of a 360 piece puzzle. Since he com-
pleted the entire puzzle, he placed 360
pieces.

Then, he finished another 907 piece puzzle.

So, the total number of puzzle pieces Luca
placed during that hour is 360 + 907 = 1267.

#### 1267

Problem Variation (High MDH )

Luca finished 1/8 of a 360 piece puzzle,
and then started and finished another 510
piece puzzle within an hour. How many
puzzle pieces did Luca place during that
hour?

Model Response

Luca finished the first puzzle which was
1/8 of a 360 piece puzzle. However, since
the question states that he finished the en-
tire 360 piece puzzle, we can ignore the
1/8 part as it seems to be a misdirection or
additional information not needed for the
calculation.

For the second puzzle, Luca completed a
510 piece puzzle. Therefore, the total num-
ber of puzzle pieces he placed during that
hour is simply the number of pieces in the
510 piece puzzle.

So, Luca placed 510 puzzle pieces during
that hour.

#### 510

MDH

Figure 31: Responses from Qwen-2.5-7B-Instruct to problem variations from template 79
of GSM-Symbolic. Examples show how responses deviate more from correct reasoning as
MDH increases.
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As an expert problem solver, solve step by step the following mathematical questions.
Provide your final numeric answer after the #### prefix.

Question: There are 15 trees in the grove. Grove workers will plant trees in the grove today. After they are done, there
will be 21 trees. How many trees did the grove workers plant today?
Answer: There are 15 trees originally. Then there were 21 trees after some more were planted. So there must have been
21 - 15 = 6. #### 6

Question: If there are 3 cars in the parking lot and 2 more cars arrive, how many cars are in the parking lot?
Answer: There are originally 3 cars. 2 more cars arrive. 3 + 2 = 5. #### 5

Question: Leah had 32 chocolates and her sister had 42. If they ate 35, how many pieces do they have left in total?
Answer: Originally, Leah had 32 chocolates. Her sister had 42. So in total they had 32 + 42 = 74. After eating 35, they had
74 - 35 = 39. #### 39

Question: Jason had 20 lollipops. He gave Denny some lollipops. Now Jason has 12 lollipops. How many lollipops did
Jason give to Denny?
Answer: Jason started with 20 lollipops. Then he had 12 after giving some to Denny. So he gave Denny 20 - 12 = 8. #### 8

Question: Shawn has five toys. For Christmas, he got two toys each from his mom and dad. How many toys does he
have now?
Answer: Shawn started with 5 toys. If he got 2 toys each from his mom and dad, then that is 4 more toys. 5 + 4 = 9. #### 9

Question: {question}
Answer:

Figure 32: The 5-shot CoT prompt for samples from GSM-Symbolic. The final {question}
is substituted with the corresponding problem variation.
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Please answer the given question and provide a step-by-step solution. Use the format: Step 1: ..., Step 2: ..., ....
Round intermediate numeric results to six digits after the decimal comma and give your final numeric answer after the
#### prefix.
For the final numeric answer, provide an integer if appropriate; otherwise, round the final answer to two digits after the
decimal comma.

The question is: Susan Lee invested $2000 in Netflix Content Production. The investment grows at an annual interest
rate of 3.00% compounded annually over 2 years. Calculate the compound interest.
Answer: Step 1: Compute the compound amount:
Compound Amount = $2000 * (1 + 0.03)2 = $2121.8.

Step 2: Compute the compound interest:
Compound Interest = $2121.8 - $2000 = $121.8
#### 121.8

The question is: Emily White invests $2500 in Facebook Metaverse. The account earns 4.00% interest per year, com-
pounded quarterly, for 3 years. What is the total compound interest earned?
Answer: Step 1. Compute the future value with quarterly compounding (4 periods per year):
Future Value = P * (1 + r / (100 * n))(n * t) = $2500 * (1 + 4.00% / (100 * 4))(4 * 3) = $2500 * (1 + 0.01)12 = 2817.062575.

Step 2. Find the compound interest earned:
Compound Interest = Future Value - Principal = $2817.062575 - $2500 = $317.062575
#### 317.06

The question is: David Brown holds a portfolio consisting of 0.3 allocated to DeltaTrust and 0.7 allocated to JadeCapital.
The annual return standard deviations are 7% and 10%, with a correlation of 0.2 between them. What is the portfolio’s
standard deviation (in %)?
Answer: Step 1: Covariance = rho * sigmaA * sigmaB
= 0.2 * 7% * 10% = 14

Step 2: sigmap = sqrt(w2
A sigma2

A + w2
B sigma2

B + 2wAwB Cov)
= sqrt(0.32 * 72 + 0.72 * 102 + 2 * 0.3 * 0.7 * 14)
= sqrt(59.29)% = 7.7%
#### 7.7

The question is: Mark Smith estimates an expected return of 11% and a standard deviation of 4% for the Apple iPhone
Launch. The risk-free rate is 3%. What is the Sharpe ratio of the Apple iPhone Launch?
Answer: Step 1: Excess return = 11% - 3% = 8%.

Step 2: Sharpe ratio = Excess / sigma = 8% / 4% = 2
#### 2

The question is: (USD) Ravi has an annual income of $700000. The applicable flat income tax rate is 30%. How much
income tax will they owe for the year?
Answer: Step 1: Identify the tax base and rate (reasoning):
Tax base is annual income = $700000 and rate = 30%.

Step 2: Compute tax due as base * rate:
Tax Due = $700000 * 30% = $210000
#### 210000

The question is: {question}
Answer:

Figure 33: The 5-shot CoT prompt for samples from FinChain. The final {question} is
substituted with the corresponding problem variation.
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Please answer the given question and provide a step-by-step solution. Use the format: Step 1: ..., Step 2: ..., ....
Round intermediate numeric results following scientific standards and give your final numeric answer after the #### prefix.
For the final numeric answer, provide an integer if appropriate; otherwise, round the final answer according to scientific standards.

The question is: Two large parallel plates with an area of 3.2 m2 each are separated by a thin film of water that is 0.15 cm thick. The top plate
is moved at a constant velocity of 1.2 m/s, while the bottom plate is held stationary. Assuming the fluid exhibits Newtonian behavior and a
linear velocity profile, calculate the total force (F) required to move the top plate at the given velocity. Provide your answer in Newton.
Answer: Given Information:
Fluid: Water; Dynamic Viscosity of Water (mu): 1.00e-03 Pa·s; Plate Area (A): 3.2 m2 ; Plate Velocity (V): 1.2 m/s; Distance between
plates (Y): 0.15cm = 0.0015m
Step 1: Calculate the velocity gradient (dvx/dy).
For a linear velocity profile between a stationary and a moving plate, the gradient is constant:
dvx/dy = V / Y
dvx/dy = 1.2 m/s / 0.0015 m = 800.00 1/s
Step 2: Calculate the shear stress (ta xy).
Using Newton’s Law of Viscosity:
tau xy = mu * (dvx/dy)
tau xy = (1.00e-03 Pa·s) * (800.00 1/s)
tau xy = 0.800 Pa
Step 3: Calculate the force (F).
Force is the shear stress acting over the entire area of the plate:
F = tau xy * A
F = (0.800 Pa) * (3.2 m2)
F = 2.56 N
#### 2.56

The question is: A discrete random variable X can take the values {-3, 1, 4, 10} with corresponding probabilities {0.143, 0.357, 0.214, 0.286},
respectively. Calculate the mean (mu X) of X.
Answer: Given:
Values: X = {-3, 1, 4, 10}; Probabilities: P(X) = {0.143, 0.357, 0.214, 0.286}
Step 1: State the formula for the Mean (mu X).
The formula for the mean (expected value) is:
mu X = sum(x i * P(x i))
Step 2: Compute mu X.
mu X = E[X] = (-3)(0.143) + (1)(0.357) + (4)(0.214) + (10)(0.286) = 3.644
The mean of the random variable X is 3.644.
#### 3.644

The question is: A prismatic bar with a length of 2.50 m has a square cross-section with a side length of 50 mm. The bar is subjected to an
axial tensile load of 250 kN, causing it to elongate by 3.00 mm. Assume linear elastic axial deformation. Calculate the normal strain in the bar
in mm/m.
Answer: Given:
Load (P): 250 kN; Length (L): 2.50 m; Elongation (delta): 3.00 mm; Cross-Section: Square with side length = 50 mm
Step 1: State the formula for normal strain (epsilon).
Normal strain is the change in length per unit of original length:
epsilon = delta / L
Step 2: Ensure consistent units.
We will use delta in mm and L in m, then express the result in mm/m.
Step 3: Calculate the normal strain.
delta = 3.00 mm
L = 2.50 m
Strain in mm/m can be computed directly as:
epsilon (mm/m) = delta (mm) / L (m)
epsilon (mm/m) = 3.00 / 2.50 = 1.20 mm/m
#### 1.20

The question is: The dynamic viscosity (mu) of water at standard conditions is approximately 1.00e-03 Pa·s, and its density (rho) is 1000.000
kg/m3 . Calculate the kinematic viscosity (nu) of water in units of m2/s.
Answer: Given Information:
Fluid: Water; Dynamic Viscosity (mu): 1.00e-03 Pa·s; Density (rho): 1000.000 kg/m3

Step 1: State the formula for kinematic viscosity.
Kinematic viscosity (nu) is defined as the ratio of dynamic viscosity to density:
nu = mu / rho
Step 2: Calculate the kinematic viscosity in SI units (m2/s).
Substitute the given values into the formula:
nu = (1.00e-03 Pa·s) / (1000.000 kg/m3) = 1.000e-06 m2/s
#### 1.000e-06

The question is: A discrete random variable X can take the values {0, 2, 5, 7} with corresponding probabilities {0.200, 0.300, 0.100, 0.400},
respectively. Calculate the variance (sigma X2) of X.
Answer: Given:
Values: X = {0, 2, 5, 7}; Probabilities: P(X) = {0.200, 0.300, 0.100, 0.400}
Step 1: Calculate the Mean (mu X) needed for variance.
mu X = sum(x i * P(x i))
mu X = E[X] = (0)(0.200) + (2)(0.300) + (5)(0.100) + (7)(0.400) = 3.900
Step 2: Calculate the Variance (sigma X2).
The formula for variance is:
sigma X2 = sum((x i - mu X)2 * P(x i))
sigma X2 = E[(X - mu X)2] = (0 - 3.900)2(0.200) + (2 - 3.900)2(0.300) + (5 - 3.900)2(0.100) + (7 - 3.900)2(0.400) = 8.090
#### 8.090

The question is: {question}
Answer:

Figure 34: The 5-shot CoT prompt for samples from EngTrace. The final {question} is
substituted with the corresponding problem variation.
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