Published as a conference paper at COLM 2026

DepthSSD: Rethinking Residual Connections via State Space
Models on the Depth Axis

Zhengqing Yuan!, Xiaoyu Ma*, Yunhong He', Zhengtao Yao?, Lichao Sun?, Yanfang Yel
1University of Notre Dame

2University of Southern California

3Lehigh University

Abstract

Residual connections are fundamental to deep transformer training, yet
their theoretical relationship to more expressive alternatives, such as
attention-based depth mixing (AttnRes), remains poorly understood. We
show that the depth-axis mixing matrix in transformers is semiseparable,
and its rank precisely controls the expressiveness of inter-layer information
flow. Standard residual connections correspond to rank-1 semiseparable
matrices; attention residuals to full rank. We introduce DEPTHSSD (Depth
State Space Duality), which applies the structured state space duality frame-
work from Mamba-2 to the depth axis, yielding a depth mixing matrix of
controllable rank N with O(L - N) parameters per sub-layer.

We evaluate DEPTHSSD at three model scales (125M, 455M, and 1B param-
eters) against four depth-mixing baselines: standard residuals, BLOCKAT-
TNRES, DENSEFORMER, and Hyper-Connections. At 1B, DEPTHSSD-N=8
achieves the best validation loss (3.124, perplexity 22.7), a 2.4-point per-
plexity reduction over standard residuals (PPL 25.1) and outperforming
DENSEFORMER (PPL 24.1), while running 1.72 x faster (16.5 vs. 9.6 TFLOPS).
At455M, DEPTHSSD-N=8 again leads (PPL 29.4 vs. 30.1 for DENSEFORMER
and 31.2 for standard) at 1.88 x the throughput of DENSEFORMER. At 125M,
DEPTHSSD matches the validation quality of all baselines while maintain-
ing 1.3-1.6 x higher throughput than the other depth-mixing methods.

1 Introduction

Deep transformers (Vaswani et al., 2017; Brown et al., 2020; Chowdhery et al., 2022; Dosovit-
skiy et al., 2021; Radford et al., 2021; Ye et al., 2025) have become the dominant architecture
across language, vision, and multimodal learning. At the heart of their trainability lies the
residual connection (He et al., 2016; Xiong et al., 2020; Wang et al., 2022; Bachlechner et al.,
2021): by computing y; = x; + f;(x;) at every layer, it provides an additive shortcut that
stabilizes optimization and supports training at depth. As models grow deeper, modern
large language models routinely exceed 80 layers (Brown et al., 2020; Chowdhery et al.,,
2022), how information is propagated along the depth axis becomes increasingly impor-
tant. In standard transformers, the residual stream is the primary pathway through which
early-layer representations influence later layers and, ultimately, the output.

Standard residuals, however, provide only a restricted form of cross-layer communication.
At layer I, the model operates on the current representation x; without a mechanism for
selectively retrieving representations from layers 0,1, ..., [—2. Information from early layers
is therefore propagated only implicitly through the accumulated residual stream, where it
is repeatedly mixed and transformed by intermediate layers and may gradually attenuate
or obscure useful early-layer features as depth increases (Wang et al., 2022; Xiong et al.,
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2020). Residual connections therefore provide an excellent optimization pathway, but a rigid
interface for depth-wise information routing. The question, then, is whether this routing
can be made more expressive without incurring proportional computational cost, so that a
fixed model depth can support richer representations and make better use of the parameter
budget.

Building on this need, several recent methods revisit the fixed additive residual through
learned depth-axis mixing. Some methods increase expressivity by preserving access to the
full depth history. Kimi Team et al. (2026) introduce Attention Residuals (ATTNRES), which
apply softmax attention across the depth axis so that every layer can aggregate information
from all preceding layers, achieving consistent quality gains from 70M to 1B parameters.
Pagliardini et al. (2024) propose DenseFormer, which maintains depth-weighted averages
over all preceding sub-layer outputs. Zhu et al. (2025) introduce Hyper-Connections,
maintaining multiple parallel residual streams with learned linear mixing. While each
method demonstrates measurable improvements over standard residuals, they also share a
common limitation: their computational or memory overhead grows rapidly with model
scale. ATTNRES incurs O(L? - d) complexity for L layers with hidden dimension d, and both
BLOCKATTNRES and DENSEFORMER require progressively smaller batch sizes as model
size increases due to memory pressure. These developments suggest that the central issue is
not residual addition per se, but how information should be mixed along the depth axis.
Concurrently, Zhang (2026) observe a duality between the depth axis and the sequence axis
in transformers, drawing connections to state space models, but a complete algorithmic
unification has remained elusive.

These observations reveal three interrelated gaps. 1) Lack of theoretical unification: exist-
ing residual and depth-mixing methods, including standard residuals, ATTNRES, DENSE-
FORMER, and Hyper-Connections, are motivated by separate intuitions and analyzed with
distinct tools, with no shared framework that clarifies their relative expressiveness or reveals
intermediate design points. 2) Lack of scalable depth mixing: methods that improve quality
at small scale often introduce overhead that scales poorly with model size, making them
increasingly impractical at moderate and larger scales under fixed training budgets. 3) Lack
of a principled efficiency—expressiveness control: existing methods do not expose a single,
interpretable parameter that smoothly trades depth-mixing capacity against cost, making it
difficult to navigate the space between restricted residual mixing and full-rank attention.
Without addressing these gaps, transformer depth remains an under-exploited axis of model
design, potentially leaving significant representational capacity on the table.

To address these gaps, we introduce DEPTHSSD (Depth State Space Duality), which applies
the structured state space duality framework of Mamba-2 (Dao & Gu, 2024) to the depth
axis of transformers, yielding a depth mixing mechanism of controllable semiseparable
rank N with O(L - N - d) parameters per sub-layer. Our contributions are as follows: 1)

We prove that the depth-axis mixing matrix M € RL*! is semiseparable of rank N
when parameterized as a state space model along the depth axis (Section 3). This single
framework subsumes standard residuals (N=1), Hyper-Connections (N=m), and ATTNRES
(N=L) as special cases, resolving the lack of theoretical unification (gap 1). 2) We design
the DEPTHSSD algorithm, which achieves O(L - N - d) parameter cost per sub-layer with
N typically 4-16, and maintains constant batch size across all tested scales (Section 4),
directly addressing the scalability bottleneck of existing methods (gap 2). 3) We validate
DEPTHSSD at 125M, 455M, and 1B parameters against four baselines. At 1B, DEPTHSSD-
N=16is the only depth-mixing method to outperform the standard baseline (4.086 vs. 4.272),
while all competitors degrade. The semiseparable rank N exhibits a log-linear relationship
with quality for N < 16, providing practitioners with an interpretable, single-parameter
knob for the efficiency—expressiveness tradeoff (gap 3) (Section 5).
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2 Background

2.1 Residual Connections and Depth Mixing

A standard transformer with L layers computes:
Xl+1=X1+fl(Xl), l1=0,1,...,L-1 (1)
where f; denotes the I-th sub-layer (self-attention or MLP). This can be written in matrix form

asxp = M- [xg, fo(x0),---, fr_1(xz_1)] ", where the mixing matrix M is lower-triangular
with all ones, a rank-1 semiseparable matrix.

Kimi Team et al. (2026) replace this fixed mixing with learned attention:
hy =Y abj, w;= softmaxj(qlTkj/\/H) )
jsl
where {b;} are block representations and q;, k; are learned projections of the depth repre-

sentations. The block variant groups sub-layers into blocks of size B and applies attention
only across block boundaries, reducing complexity from O(L?) to O(L?/B?).

2.2 State Space Models and Semiseparable Matrices
A discrete-time state space model (SSM) with state dimension N computes (Gu et al., 2022;
Gu & Dao, 2023; Dao & Gu, 2024):
s; = Ays;—1 +bix ®)
i =¢ s+ D (4)
where A; € RN*N (diagonal), b, ¢; € RN, and D; € R.
Dao & Gu (2024) show that the input-output map of this recurrence is a semiseparable matrix:
T | . .
My = < (H;c:jﬂ Ak) b; + Didjj 1> ] )
0 i<j
The key property is that every submatrix of the strictly lower-triangular part of M has rank
at most N. This is precisely the semiseparable rank.

3 Depth State Space Duality

3.1 The Depth Mixing Matrix is Semiseparable

We now formalize the connection between depth-axis mixing and semiseparable matrices.
Consider a transformer with L sub-layers. At each sub-layer /, the input representation

h; € R? is computed as a function of all previous representations {xy, ..., X} through a
mixing mechanism, followed by the sub-layer function.

Theorem 1 (Depth Mixing as Semiseparable Matrix). Let the depth mixing at layer | be
defined by a state space recurrence (3)—(4) with state dimension N and diagonal state transition

A; = diag(ass,...,a;N). Then for each hidden dimension d, the mixing matrix M@ e RExL

defined by hl(d) = Zﬁ':o Ml(;i)x](dD is lower-triangular semiseparable of rank at most N.

Fori > j, the (i,]) entry is:

N i

Ml(]d) = Z Ci(n'd) ( H Lll((n)> b](n'd) + Dl-él-]-
n=1 k=j+1

The strictly lower-triangular part (excluding the diagonal D;d;; term) can be written as

L = CPB', where C € RLXN P encodes the cumulative products, and B € REXN Any
submatrix of L; , j,.;, (with i1 > jp) has rank at most N since it factors through an N-
dimensional space.
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Figure 1: (a) The semiseparable rank N provides a single parameter that continuously
interpolates between standard residuals (N = 1) and full-rank depth attention (N = L). (b)
The DepthSSM module projects to a low-dimensional state space, applies a depth-axis SSM
recurrence, and adds a learnable skip connection.

Corollary 2 (Rank Continuum). The semiseparable rank N provides a continuous interpolation:

o N=1: The mixing matrix has rank-1 off-diagonal blocks, equivalent to a scalar-weighted cumula-
tive sum (standard residual with learned weighting).

e N=L: The mixing matrix can represent any lower-triangular matrix, achieving full-rank capacity
equivalent to ATTNRES.

* 1 < N < L: The mixing matrix has bounded rank N, providing a controlled tradeoff between
expressiveness and efficiency.

3.2 Relationship to Existing Methods

Standard residuals (N=1, A=1, B=1, C=1, D=0). Setting N=1 with A=1, B=1, C=1,
D=0yields M;; = 1 for alli > j, recovering the cumulative residual stream h; = Z}:o X;.
Setting D=1 and B=0 gives M;; = J;;, the pure skip connection.

Hyper-Connections (N=m). Zhu et al. (2025) maintain m parallel residual streams, mixing
them through learned linear transformations at each layer. This is equivalent to a depth
SSM with N=m and specific parameterization of A, B, C.

AttnRes (unconstrained rank). ATTNRES uses softmax attention to compute arbitrary
mixing weights a;; with no rank constraint on the resulting matrix. It achieves full expres-

siveness but at O(L?) cost in the number of layers.

DEPTHSSD occupies the sweet spot: it achieves near-full-rank expressiveness with N < L
while adding only O(L - N - d) parameters and O(L - N) computation per forward pass.

4 Method: DEPTHSSD

4.1 Architecture

DEPTHSSD generalizes the fixed additive residual pathway before each transformer sub-
layer using a learned depth-axis SSM. We apply two SSM instances per layer: one before
self-attention and one before the MLP. For clarity, we omit batch and sequence dimensions
in the equations below; all operations are applied independently per token position.
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For a single token representation x; € RY, the DEPTHSSM module first applies RMSNorm
and projects to a lower dimension d’ < d via Xjgyy = Wqown RMSNorm(x;) € RY . Input-
dependent SSM parameters b; = Wgxoy, and ¢; = Wexjoy (both in RYN) are then computed
via learned linear maps. The module maintains a recurrent state s; € RN *d" and computes:

S1 = diag(a(a)) “8)_1+ bl & Xlow (6)
h) = Wup (anzl Cn© sl,n) +D-x )

where ¢ is the sigmoid function, a € RN are learnable decay logits, Wyp € RE*d' projects
the SSM output back to the full hidden dimension, and D € R is a learnable skip weight.
We initialize the decay, skip, and B/C projection parameters so that h; ~ x; at the start of
training, recovering the standard residual; full details are given in Appendix A.1.

The full transformer block applies DepthSSM symmetrically before both sub-layers:
hatin, Satn = DepthSSM.,, ., (X, Sattn)
x; = hattn + Attn(RMSNorm (hattn) ) 8)
hinip, Smip = DepthSSM,,;, (X)/ Smip)
X;+1 = hpyp + MLP(RMSNorm (hpyp )

4.2 State Dimension Projection

A naive implementation stores the SSM state in
RBXT*Nxd (restoring batch B and sequence T dimen- 7 @
sions). For N=16, d=768, T=1024, B=32, this amounts |
to 768 MB in BF16 per SSM, substantial overhead. The
down/up projections (Wgown, Wup) confine the state to

REXTXNxd" with d'=64, reducing memory by 12x while
ensuring the resulting depth mixing still acts on the full
d-dimensional representation through the down/up pro-
jection pair.

This projection is not merely an efficiency optimization; it
is also important for stable training in practice. Without
it (d'=d), training fails to converge in our ablations (Sec-
tion 5.4), suggesting that the unprojected state introduces
excessive flexibility.

4.3 Parameter and Computation Costs SattnSmip Xy
Each DepthSSM module adds the down/up projections, Figure 2: DepthSSD block
the B/ C projections, the decay logits, the skip weight, and  yith DepthSSM modules ap-
an RMSNorm layer, for a total of 2dd’ +2d'N + N +d +1 plied before attention and MLP,
parameters, where all projections are bias-free. With two  gach combining normalization,
modules per layer and L layers, the total overhead for our depth-axis SSM transformation,
125M configuration (L=12, =768, d'=64, N=16) is 24M ,nd skip connection.
parameters, or 1.56% of the base model’s 152.7M param-

eters (Appendix A.2). Across a full sequence, the state

update costs O(T - N - d’) per layer, negligible relative to

self-attention’s O(T? - d).

5 Experiments

51 Setup

Model architecture. We use GPT-style decoder-only transformers (Radford et al., 2019;
Brown et al., 2020) with RMSNorm (Zhang & Sennrich, 2019), no bias terms, SwiGLU
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Table 1: Results across two model scales. All methods share the same architecture, data, and
hyperparameters per scale; only the depth-mixing mechanism differs. Effective batch size is
32 for all runs. Best per scale in bold, second best underlined.

Method Rank Train Loss | Val.Loss| Per.] Tok/s TFLOPS Mem
Standard 1 (fixed) 3.464 3.774 435 24,125 19.3 41.0
BLOCKATTNRES < 12/B? 3.394 3.770 434 9,987 8.0 63.4
S DENSEFORMER L (full) 3.401 3.714 41.0 12,198 9.7 57.4
2 HYPERCONN (m=4) 4 3.247 3.760 429 10,903 8.7 53.3
Ll
DEPTHSSD-N=4 4 3.374 3.759 429 15914 12.7 482
DEPTHSSD-N=8 8 3.361 3.760 429 15,194 12.1 49.1
DEPTHSSD-N=16 16 3.277 3.761 430 13,890 11.1 50.8
Standard 1 (fixed) 3.343 3.440 312 9,234 21.0 45.1
BLOCKATTNRES < 12/B? 3.427 3.440 312 2,853 6.5 49.7
DENSEFORMER L (full) 3.295 3.405 30.1 3,087 7.0 48.2
E HYPERCONN (m=4) 4 3.346 3.423 307 3,891 8.8 35.7
Ln
¥ DEPTHSSD-N=4 4 3.372 3.437 311 6,017 13.7 54.4
DEPTHSSD-N=8 8 3.345 3.381 294 5,808 13.2 53.4
DEPTHSSD-N=16 16 3.426 3.421 306 5422 12.3 56.9
DEPTHSSD-N=24 24 3.339 3.422 306 5,064 11.5 58.6
Standard 1 (fixed) 3.158 3.221 25.1 5,200 24.8 41.6
BLOCKATTNRES < 12/B? 3.213 3.178 240 1,849 8.8 74.7
DENSEFORMER L (full) 3.112 3.184 241 2,016 9.6 72.9
m  HYPERCONN (m=4) 4 3.137 3.192 243 2,485 11.8 53.8
DEPTHSSD-N=4 4 3.159 3.206 247 3563 17.0 484
DEPTHSSD-N=8 8 3.091 3.124 227 3,464 16.5 48.8
DEPTHSSD-N=16 16 3.146 3.157 235 3312 15.8 497
DEPTHSSD-N=24 24 3.083 3.138 231 3,193 15.2 50.5

MLP (Shazeer, 2020), and learned positional embeddings with T=1024. We evaluate at three
scales: 1) 152M: 12 layers, 12 heads, d=768, d=3072, 2) 455M: 24 layers, 16 heads, d=1024,
dg=4096, 3) 1B: 24 layers, 16 heads, d=1536, dg=6144.

Baselines. We compare against four depth-mixing baselines: 1) Standard: standard ad-
ditive residual connections, 2) BLOCKATTNRES: block attention residuals with block size
8 (Kimi Team et al., 2026), 3) DENSEFORMER: depth-weighted average (DWA) with learned
scalar weights across all preceding sub-layer outputs (Pagliardini et al., 2024), 4) Hyper-
Connections (m=4): four parallel residual streams with learned linear mixing (Zhu et al.,
2025)

5.2 Main Results

Table 1 presents the main comparison across all three scales (125M, 455M, and 1B). We report
cross-entropy loss on the held-out validation set, perplexity, and throughput on a single
NVIDIA H100 80GB GPU. All methods across all scales use an identical effective batch size
of 32, ensuring that throughput differences reflect the pure architectural overhead of each
depth-mixing mechanism.

125M scale. At the 125M scale, DENSEFORMER achieves the best validation loss (3.714),
followed by DEPTHSSD-N=4 (3.759). HYPERCONN achieves the lowest training loss (3.247)
but does not generalize as effectively to the validation set. Notably, all DEPTHSSD configu-
rations maintain significantly higher throughput than other depth-mixing baselines. For
example, DEPTHSSD-N=4 processes 15,914 tokens/s, which is 1.3 faster than DENSE-
FORMER (12,198 tokens/s) and 1.59 x faster than BLOCKATTNRES (9,987 tokens/s).

455M scale. At 455M, DEPTHSSD-N=8 emerges as the best-performing method, achieving
the lowest validation loss (3.381) and perplexity (29.4), successfully overtaking DENSE-
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Table 2: Ablation study: effect of state dimension N on DEPTHSSD performance at 125M
scale. All models use d'=64 state projection and identical training setup.

State Dim N Rank Train Loss | Val.Loss| Per.| Tok/s Mem
N=1 1 3.431 3.760 430 16,592 475
N=2 2 3.375 3.761 430 16,322 477
N=4 4 3.374 3.759 429 15912 482
N=8 8 3.361 3.760 429 15241 49.1
N=16 16 3.277 3.761 430 13,862 50.8
N=32 32 3.301 3.763 431 11,861 544
Standard 1 (fixed) 3.464 3.774 435 24,105 41.0
BLOCKATTNRES < [2/B2 3.394 3.770 434 9975 634

FORMER (3.405 validation loss). The efficiency advantage of DEPTHSSD also becomes
more pronounced at this scale: DEPTHSSD-N=8 runs at 5,808 tokens/s, making it 1.88 x
faster than DENSEFORMER (3,087 tokens/s) and 2.03 x faster than BLOCKATTNRES (2,853
tokens/s), all while delivering superior predictive performance.

1B scale. At the 1B scale, the scaling advantages of DEPTHSSD are clearly demonstrated.
DEPTHSSD-N=8 achieves the best validation loss (3.124) and perplexity (22.7), substantially
outperforming the Standard baseline (3.221) and DENSEFORMER (3.184). Furthermore,
deeper integration configurations like DEPTHSSD-N=24 achieve the lowest training loss
(3.083), indicating strong model capacity. In terms of hardware efficiency, DEPTHSSD-N=8
maintains a robust throughput of 3,464 tokens/s, running 1.71 x faster than DENSEFORMER
(2,016 tokens/s) and nearly 1.87x faster than BLOCKATTNRES (1,849 tokens/s).

Scaling trends. A consistent scaling pattern emerges across the three model sizes: while
attention-based methods like DENSEFORMER are highly competitive at the smaller 125M
scale, their relative performance and hardware efficiency degrade as model size increases.
In contrast, DEPTHSSD maintains highly competitive or superior quality, widening the
performance gap at 1B. This suggests that the depth-mixing mechanism of DEPTHSSD scales
far more effectively than dense or hyper-connected alternatives, enabling a significantly
better trade-off between language modeling perplexity and computational throughput at
billion-parameter scales.

5.3 Ablation: Effect of State Dimension N

We conduct a comprehensive ablation over N € {1,2,4,8,16,32} to understand how
semiseparable rank affects performance. Results are shown in Table 2.

The complete ablation reveals several findings (Table 2): From N=1 to N=16, loss decreases
approximately log-linearly with state dimension: a linear fit gives loss ~ —0.034 - log, (N) +
3.43, or approximately 0.034 loss reduction per doubling of N. Even N=1 (loss 3.431)
improves over standard residuals (3.464), demonstrating that learned scalar depth mixing
provides value. The jump from N=1 to N=2 is substantial (3.431 — 3.375), while N=2
to N=4 shows diminishing returns (3.375 — 3.374). N=32 (loss 3.301) performs worse
than N=16 (loss 3.277), despite having strictly greater capacity. This suggests overfitting
of the depth mixing parameters: with 32 state dimensions and only 12 layers, the SSM
is over-parameterized relative to the depth of the network. The optimal N appears to
be N* ~ L (the number of layers), consistent with the theoretical capacity of full-rank
mixing. Throughput decreases from 16,592 tokens/s at N=1 to 11,861 at N=32, a 29%
reduction. Memory increases from 47.5 GB to 54.4 GB. The cost is dominated by the SSM
state tensor (B x T x N x d’), which scales linearly with N. DEPTHSSD-N=4 offers an
attractive operating point: 3.374 loss at 15,912 tokens/s, 1.60x faster than BLOCKATTNRES.
Every DEPTHSSD variant with N > 2 achieves lower loss than BLOCKATTNRES (3.394)
while running 1.19-1.64 x faster and using 14-25% less memory.
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Table 3: Ablation of projected state dimension d’ for DEPTHSSD-N=16 at 125M scale. d'=0
denotes no state projection (SSM operates in full =768 space); training fails to converge.
Best result in bold.

State Dim 4’ Train Loss | Val.Loss| Per.| Tok/s Converged?
d'=0 (no projection) 10.81 , , 4,851 No
d'=32 3.361 3.758 429 15,038 Yes
d’'=64 (default) 3.277 3.761 43.0 13,862 Yes
d'=128 3.475 3.758 429 12,100 Yes

Table 4: Ablation of decay initialization Ajn;; for DEPTHSSD-N=16 at 125M scale. Ajy; is
the logit value such that c(Ajnit) gives the initial diagonal decay. Best result in bold.

Ajnit Initial 0(Ajn;¢) TrainLoss| Val.Loss] Per.]| Tok/s
1.0 0.731 3.370 3.764 43.1 13,936
2.2 (default) 0.900 3.277 3.761 43.0 13,862
3.0 0.953 3.554 3.759 429 13938

5.4 Component Ablations

We ablate two key design choices of DEPTHSSD: the projected state dimension d’ and the
decay initialization Ajnj. All experiments use the 125M model with N=16.

State projection dimension (d). Table 3 shows the effect of projecting the hidden dimen-
sion from d=768 to a lower-dimensional space before the SSM. Setting d’=0 (no projection,
operating directly in the full d-dimensional space without learned down/up projections)
causes training to fail entirely, the loss plateaus near 10.81, never decreasing below initializa-
tion. This demonstrates that the state projection is not merely an efficiency optimization but
is essential for stable training: without it, the SSM state update b; ® x; € RN*? introduces too
many degrees of freedom, preventing the model from learning meaningful depth mixing.

Among working configurations, d'=64 achieves the best loss (3.277), outperforming both
d'=32 (3.361) and d’'=128 (3.475). The degradation at d'=128 suggests overfitting of the
projection parameters, consistent with the relatively small training set (104M tokens). The
d'=64 setting provides a 12 x reduction in SSM state memory compared to operating in the
full hidden dimension.

Decay initialization (A;n;t). Table 4 ablates the initialization of the diagonal decay logits
a, which control the initial value of o(a) = A. The default Aj,jy=2.2 gives ¢(2.2) ~ 0.90,
meaning each state dimension retains 90% of its value per layer.

Ainit=1.0 (¢(1.0) =~ 0.73) achieves loss 3.370, slightly worse than the default. This faster
initial decay reduces the effective memory span of the SSM, limiting cross-layer information
flow during early training. A;nit=3.0 (¢(3.0) ~ 0.95) performs substantially worse (3.554),
suggesting that very slow initial decay creates near-degenerate mixing matrices where all
layers receive nearly equal weight, hindering specialization.

The optimal initialization at Ajnit=2.2 balances two competing objectives: providing enough
memory span for meaningful cross-layer mixing while allowing sufficient differentiation
between layers’ contributions.

5.5 Training Dynamics

Figure 3(c,d) compares the per-block output and gradient magnitudes for Standard and
DEPTHSSD-N=24 at 455M, measured on a random validation batch after training.
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Figure 3: Training analysis at 455M scale. (a) Training loss curves (smoothed, 80-step
window); baselines dashed, DEPTHSSD solid. (b) Zoomed view of the last 4,000 steps
where method differences become visible. (c) Per-block output ¢, norm: Standard shows
monotonic growth (PreNorm dilution); DEPTHSSD peaks early then decays. (d) Per-block
gradient ¢, norm: DEPTHSSD redistributes gradients toward deeper layers.

Output magnitude. The Standard model exhibits monotonically growing output norms
(=~ 20 — 180 across 24 blocks), the well-known PreNorm dilution effect (Xiong et al., 2020;
Wang et al., 2022): as hidden states accumulate through the residual stream, deeper layers
must produce increasingly large outputs from fixed-scale normalized inputs to remain
influential. DEPTHSSD-N=24 breaks this pattern: output norms peak at ~ 247 around
block 6 and then decrease to ~ 70 by block 23. The SSM’s learned decay (0 (a) ~ 0.84) actively
dampens the cumulative state, preventing late-layer norm explosion.

Gradient magnitude. Standard shows the highest gradients in the early-to-middle layers
(peak ~ 1.6 x 10~* at block 7), with gradients decaying toward both ends. DEPTHSSD
exhibits a complementary pattern: near-zero gradients in the earliest blocks (< 0.2 x 10~%
for blocks 0—4), rising to ~ 1.4 x 10~* at block 23. This redistribution concentrates learning
signal in the deeper layers where DEPTHSSD has already built a rich cross-layer summary in
its state, while the early layers, whose output is dominated by the amplified skip connection
(D = 2.4), require less gradient adjustment.

5.6 Analyses of Learned Parameters and Efficiency

The learned depth-SSM parameters exhibit structured layer-wise patterns, and DEPTHSSD
provides a favorable efficiency—quality tradeoff relative to BLOCKATTNRES, while the
Standard baseline remains strongest on raw efficiency. Full analyses and supporting tables
are deferred to Sec. C.

6 Related Work

Our work is related to several lines of research on inter-layer information flow and efficient
sequence modeling, including residual connections and skip connections (He et al., 2016;
Huang et al., 2017; Srivastava et al., 2015; Xiong et al., 2020; Wang et al., 2022), depth-
axis attention and related methods (Kimi Team et al., 2026; Zhang, 2026; Zhu et al., 2025;
Pagliardini et al., 2024), state space models (Gu et al., 2022; Gu & Dao, 2023; Dao & Gu,
2024), and depth-wise recurrence (Dehghani et al., 2019; Tay et al., 2021). Recent work has
also explored richer residual pathways within transformers, for example through residual
attention (He et al., 2021) and dual residual formulations (Xie et al., 2023). A fuller discussion
is deferred to Sec. D.
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7 Conclusion

We showed that depth-axis mixing in transformers admits a semiseparable structure, yield-
ing a unified view of standard residual connections and recent learned depth-mixing
mechanisms. Building on this perspective, DEPTHSSD applies the Structured State Space
Duality framework to the depth axis, enabling controllable-rank depth mixing with modest
overhead.

Across all tested scales, DEPTHSSD provides a stronger quality—efficiency tradeoff than prior
depth-mixing baselines and scales more favorably to larger models. These results suggest
that the transformer depth axis is a meaningful target for learned information routing, and
that structured state space models offer an efficient and principled way to exploit it.
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A Method Details

A.1 Initialization Details

Proper initialization is critical for depth-axis SSMs, as the model must behave approximately
as a standard residual network at the start of training. We initialize:

e a:settoo1(0.9) =~ 2.2, so the diagonal decay starts near identity.
¢ D:set to 1.0, giving a strong skip connection.

e Wpg, Wc: small normal initialization (¢ = 0.01).

* Wgown, Wup: scaled normal initialization.

With these values, the initial output satisfies h; ~ D - x; = x,, since the B/C projections start
near zero.

A.2 Parameter and Computation Cost Breakdown
We use bias-free linear projections throughout DepthSSD. Each DepthSSM module adds:

e Down/up projections: 2 - d - d’ parameters.
e Band C projections: 2 - d" - N parameters.
* Decay logits a: N parameters.

e Skip weight D: 1 parameter.

e RMSNorm: d parameters.

Total per module: 2d - d’ +2d' - N + N + d + 1. With two modules per layer (pre-attention
and pre-MLP) and L layers:

Total DepthSSD params = 2L - (2dd’ +2d'N + N +d +1) )
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For our 125M model (L=12, d=768, d'=64, N=16): 2,427,288 parameters, or 1.56% of the
base model’s 152.7M parameters. This overhead is independent of the sequence length T.

Across a full sequence, the state update costs O(T - N - d’) per layer (dominated by the
outer product b; ® xj,, at each of T positions), which is negligible relative to self-attention’s

O(T? - d).

B Discussion and Limitations

The rank—quality tradeoff. Our experiments establish a consistent relationship between
semiseparable rank N and language modeling quality at the 125M scale, with a log-linear
regime for N < 16 and saturation at N=32. This suggests that depth-axis information
routing in transformers benefits from richer mixing than standard residuals provide, but
full-rank mixing (ATTNRES) may be unnecessarily expensive. The optimal N likely depends
on model depth and may follow a scaling law analogous to those for model width and
depth (Kaplan et al., 2020; Hoffmann et al., 2022).

Scaling behavior. A striking finding is that depth-mixing baselines (BLOCKATTNRES,
DENSEFORMER, HYPERCONN) degrade relative to Standard as model size increases from
125M to 1B, while DEPTHSSD maintains competitive or superior quality. At 1B, only
DEPTHSSD-N=16 outperforms Standard among all tested methods. We attribute this to
DEPTHSSD’s lower per-layer overhead: with the training compute budget held constant
(same batch size and step count), methods with higher overhead effectively see fewer
gradient updates per wall-clock second, which becomes increasingly detrimental at larger
scales.

Parameter overhead. The 1.5% parameter overhead of DEPTHSSD is larger than BLOCK-
ATTNRES'’s 0.02% but is dominated by the down/up projections (d x d’) rather than the
SSM parameters (d’ x N). Future work could explore shared projections across layers or
alternative dimensionality reduction strategies to reduce this overhead.

Limitations.

1. Scale: While we evaluate at three scales (125M, 455M, 1B), training beyond 1B parameters
and on larger datasets remains an open question. The relationship between optimal N
and model depth may change at larger scales.

2. Data: The 125M models train on 104M tokens (3.4 epochs) and the 455M /1B models on
517M tokens.

3. Downstream evaluation: We report only cross-entropy loss on a held-out validation set.
Downstream task performance (e.g., on benchmarks) may not correlate perfectly with
perplexity.

4. Sequential depth recurrence: The SSM recurrence along the depth axis is inherently
sequential (layer / depends on layer /—1), which prevents depth-wise parallelism. How-
ever, this is the same constraint as standard transformers, the key overhead is the state
maintenance, not the recurrence itself.

5. Chunk-wise algorithm: For very deep models (L > 100), a chunk-wise SSD algorithm
(analogous to Dao & Gu 2024’s sequence-axis chunking) could reduce memory by oper-
ating on chunks of layers. We leave this optimization for future work.

C Additional Experimental Analyses

C.1 Experimental Details

Training. All models are trained for 10,000 steps using AdamW (Loshchilov & Hutter,

2019) (B1=0.9, B=0.95, weight decay 0.1, e=10"8) with cosine learning rate decay and
500-step linear warmup. We use BF16 mixed precision on NVIDIA H100 80GB GPUs with
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Table 5: Learned skip connection weights D by layer for DEPTHSSD-N=16 at training
completion (step 9,990). Layer 0 shows the strongest skip connection (D=2.55); middle
layers (5, 8, 9) have the weakest (D ~ 0.69).

Layer O 1 2 3 4 5 6 7 8 9 10 11
D 255 131 106 095 082 069 074 074 069 070 1.00 0.97

Table 6: Efficiency comparison. Throughput relative to Standard baseline and memory
relative to BLOCKATTNRES.

Method Tokens/s vs.Standard Memory vs. BlockAttnRes Loss
Standard 24,105 1.00x 41.0 GB 0.65 % 3.464
BLOCKATTNRES 9,975 0.41x 63.4 GB 1.00x 3.394
DEPTHSSD-N=4 15,912 0.66x 48.2 GB 0.76 x 3.374
DEPTHSSD-N=8 15,241 0.63x 49.1 GB 0.77 x 3.361
DEPTHSSD-N=16 13,862 0.57x 50.8 GB 0.80x 3.277

gradient clipping of 1.0. Scale-specific settings: 125M uses batch size 32, gradient accumula-
tion 1 and peak learning rate 6 x 10~%; 455M uses batch size 16, gradient accumulation 2
and peak 3 x 10~%; 1B uses batch size 8, gradient accumulation 4 and peak 2 x 107,

Data. The 125M experiments train on a 104M-token subset of FineWeb-Edu (Penedo et al.,
2024). The 455M and 1B experiments use a larger 517M-token subset. All data is tokenized
with the GPT-2 tokenizer (Radford et al., 2019) (vocabulary size 50,304).

C.2 Analysis of Learned Parameters

Decay values (A). The learned decay values A; = o(a;) across layers for DEPTHSSD-
N=16 show a characteristic pattern:

¢ Early layers (0-2) maintain relatively high decay (A ~ 0.83), preserving more
information from previous layers.

¢ Middle layers (4-8) develop lower decay values (A ~ 0.77-0.80), indicating faster
information turnover.

¢ The final layers show a slight recovery in decay values.

This “U-shaped” pattern across depth mirrors findings in sequence-axis SSMs, where
boundary positions (beginning/end) tend to maintain longer memory spans.

Skip connection weights (D). The learned D values show a striking pattern (Table 5): layer
0learns D ~ 2.55 (strong skip connection), while middle layers decrease to D ~ 0.69-0.74,
and the final layers recover to D ~ 0.97-1.00. This suggests that:

¢ The first layer primarily passes through the embedding with amplification, allowing
the SSM state to build up a running summary.

¢ Middle layers rely more heavily on the SSM-mixed representation, using richer
cross-layer information.

¢ Final layers return to stronger skip connections, perhaps to preserve task-specific
features for the output head.

C.3 Efficiency Analysis

Table 6 summarizes the efficiency—quality tradeoffs. DEPTHSSD achieves a Pareto im-
provement over BLOCKATTNRES: better loss, higher throughput, and lower memory at all
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tested values of N. The standard baseline remains Pareto-optimal on the efficiency axis but
sacrifices substantial quality.

The throughput reduction from Standard to DEPTHSSD is primarily due to the SSM state

maintenance (storing and updating s € REXT*N *d" at each layer) rather than the SSM com-
putation itself, which is O(N - d") per layer. The memory overhead is modest: DEPTHSSD-
N=16 uses only 50.8 GB vs. 41.0 GB for Standard (a 24% increase), compared to BLOCKAT-
TNRES’s 63.4 GB (a 55% increase over Standard).

D Extended Related Work

Residual connections and skip connections. The residual connection (He et al., 2016)
enables training of very deep networks by providing identity shortcuts. DenseNet (Huang
et al., 2017) concatenates all previous layer outputs, while Highway Networks (Srivastava
et al., 2015) use gating mechanisms. In transformers, Pre-LN (Xiong et al., 2020) and
DeepNorm (Wang et al., 2022) improve training stability through normalization placement
and scaling.

Depth-axis attention. Kimi Team et al. (2026) introduce Attention Residuals, applying
softmax attention across the depth axis to replace the fixed residual stream. Their work
demonstrates consistent gains at scales from 70M to 1B but incurs quadratic cost in the
number of layers. ? observe a duality between depth and sequence axes, connecting residual
connections to linear attention.

Hyper-Connections. Zhu et al. (2025) propose maintaining multiple parallel residual
streams that interact through learned linear transformations at each layer. This can be
viewed as a specific instantiation of our framework with N=m (number of streams) and
particular constraints on the SSM parameters.

Depth-weighted averaging. Pagliardini et al. (2024) introduce DenseFormer, which com-
putes a depth-weighted average (DWA) of all preceding sub-layer outputs using learned
scalar weights. While DWA provides full connectivity across layers, its O(L?) scalar param-
eters and storage of all intermediate activations lead to substantial memory overhead at
larger model scales.

State space models. 5S4 (Gu et al., 2022), Mamba (Gu & Dao, 2023), and Mamba-2 (Dao
& Gu, 2024) have established SSMs as efficient alternatives to attention for sequence-axis
modeling. Our work applies the same mathematical framework to the orthogonal depth axis,
exploiting the semiseparable structure for efficient inter-layer information flow.

Depth-wise recurrence. Universal Transformers (Dehghani et al., 2019) share parameters
across layers with a halting mechanism. Tay et al. (2021) explore learned attention patterns.
Our approach differs by maintaining an explicit recurrent state across depth while keeping
layer-specific parameters.

E LLM Usage

A large language model (LLM) is used exclusively for editorial assistance during manuscript
preparation. The LLM is applied to improve writing quality, including grammar correction,
phrasing, and overall readability.

The LLM is not used for generating research ideas, designing methods, conducting exper-
iments, or interpreting results. All technical contributions and experimental findings are
produced entirely by the authors.

Thus, the use of LLMs is limited to language polishing and does not influence the scientific
content of this work.
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