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Abstract

Large Language Models (LLMs) have achieved significant success in com-
plex reasoning but remain bottlenecked by reliance on expert-annotated
data and external correctness verifiers during training. While existing
self-evolution paradigms aim to bypass these constraints, they often fail
to identify the optimal learning zone and risk reinforcing collective hal-
lucinations and incorrect priors through flawed internal feedback. To ad-
dress these challenges, we propose Autonomous Evolutionary Reasoning
Optimization (AERO), an unsupervised framework that achieves au-
tonomous reasoning evolution by internalizing self-questioning, answering,
and criticism within a synergistic dual-loop system. Inspired by the Zone
of Proximal Development (ZPD) theory, AERO utilizes entropy-based posi-
tioning to target the “solvability gap” and employs Independent Counter-
factual Correction (ICC) to form high-reliability endogenous pseudo-labels
through counterfactual convergence. Furthermore, we introduce a Stag-
gered Training Strategy to synchronize capability growth across functional
roles and prevent curriculum collapse. Extensive evaluations across nine
benchmarks spanning three domains demonstrate that AERO achieves
average performance improvements of 4.57% on Qwen3-4B-Base and 5.10%
on Qwen3-8B-Base, outperforming competitive baselines. Code is available
at https://github.com/mira-ai-1ab/AERO.

1 Introduction
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Figure 1: The AERO framework for unsupervised self-evolution. AERO unifies self-
questioning, answering, and criticism within a dual-loop system, enabling autonomous
growth in reasoning without external training data or correctness verifiers.

*Jie Ma is the corresponding author.
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Recently, Large Language Models (LLMs) have demonstrated strong reasoning capabil-
ities (Jaech et al., 2024; Guo et al., 2025; Ma et al., 2025). While Reinforcement Learning
with Verifiable Rewards (RLVR) has advanced this progress (Lambert et al., 2024), its re-
liance on expert-level queries and automated verifiers like math engines (Zhao et al., 2025;
Huang et al., 2025) limits model growth to predefined data and prevents the discovery of
novel reasoning patterns (Yuan et al., 2024). Consequently, the Self-Evolution paradigm
has emerged (Tan et al., 2024; Tao et al., 2024), enabling models to iteratively improve
through their own generated data and experiences rather than remaining passive recipients
of information (Huang et al., 2026; Kuba et al., 2025).

However, existing Self-Evolving paradigms face two fundamental limitations: 1) Current
mechanisms often cause the model to fall into sub-optimal learning zones because they
lack a clear way to adjust task difficulty. This sub-optimal zone occurs when task generation
misses the solvability gap, which represents the area where tasks are neither too simple to
provide new insights nor too hard for the model to understand (Zhang et al., 2025). Without
a strategy to target this gap, the model faces a significant loss in learning efficiency. It either
stops progressing by repeating what it already knows or fails to learn because it faces overly
complex problems that produce feedback no better than random noise (Kuba et al., 2025;
Zhao et al., 2025). 2) To replace external correctness verifiers, existing paradigms typically
rely on internal indicators such as majority voting (He et al., 2025; Huang et al., 2026) and
decoding confidence (Liu et al., 2025; Yu et al., 2025; Zhou et al., 2026) to provide reward
signals. These methods work on the assumption that agreement or high probability is
the same as logical correctness. However, when a model holds an incorrect belief, these
indicators become unreliable and instead reinforce collective hallucinations and incorrect
priors. This traps the model in a feedback loop that confirms its own mistakes, which
eventually drives the learning process away from logical truth.

To address these challenges, we propose Autonomous Evolutionary Reasoning Optimiza-
tion (AERO), an unsupervised framework structured as an inner-outer dual-loop system
that internalizes three synergistic capabilities within a single LLM: Self-Questioning, Self-
Answering, and Self-Criticism, as illustrated in Figure 1. To prevent the LLM from falling
into sub-optimal learning zones, AERO is inspired by the theory of the Zone of Proximal De-
velopment (ZPD) (Vygotsky, 1978), which posits that cognitive development is maximized
when task difficulty is precisely calibrated to the learner’s current reasoning capabilities. We
operationalize this principle by defining task difficulty through the LLM’s level of reasoning
uncertainty. Specifically, tasks that exhibit a moderate degree of uncertainty for the current
LLM signify the ideal “solvability gap”. AERO utilizes normalized Shannon entropy to
quantify this uncertainty, guiding the LLM to autonomously generate tasks that fall within
its optimal learning zone at the frontier of its reasoning capabilities.

To overcome the risk of reinforcing collective hallucinations and incorrect priors, we intro-
duce Independent Counterfactual Correction (ICC), which forces the LLM to reconstruct
reasoning under the assumption of initial failure. By requiring the answer convergence of
independent paths rather than mere statistical consensus, ICC provides a high-reliability
truth proxy for the policy optimization. Additionally, we implement the Staggered Training
Strategy, a simple but effective approach to synchronize role growth and prevent curriculum
collapse. Evaluations across nine benchmarks spanning general reasoning, mathematical
reasoning, and physical reasoning domains demonstrate that AERO consistently outper-
forms competitive baselines. Specifically, it achieves average performance gains of 4.57% on
Qwen3-4B-Base and 5.10% on Qwen3-8B-Base, while maintaining a consistent improvement
trend across diverse architectures.

The primary contributions of this work are as follows:

(1) We propose the Autonomous Evolutionary Reasoning Optimization (AERO) dual-loop
framework, which achieves autonomous self-evolution without external correctness verifiers
or labels during training. This is the first framework to achieve the simultaneous evolution
of Self-Questioning, Self-Answering, and Self-Criticism within a single LLM, enabling a
comprehensive reasoning evolution.
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Figure 2: The AERO framework consists of an inner loop for autonomous experience
synthesis and an outer loop for preference-based policy optimization. Within the inner loop,
the single model adopts generator, solver, and refiner roles to produce tasks and reasoning
trajectories. These ICC-filtered experiences are then utilized in the outer loop for policy
update.

(2) We introduce entropy-based Zone of Proximal Development positioning to target the
optimal learning zone and Independent Counterfactual Correction to provide high-reliability
consensus via counterfactual convergence. Additionally, we propose a Staggered Training
Strategy to mitigate curriculum collapse and stabilize the evolutionary dynamics.

(3) We conduct extensive evaluations across nine benchmarks to verify the effectiveness and
superiority of AERO. Furthermore, we demonstrate its robustness and evolutionary stability
in sustaining continuous growth, proving that reasoning capabilities can grow effectively
through purely endogenous feedback.

2 Methodology

2.1 Framework Overview

AERO enables a single LLM (77g) to autonomously evolve via a dual-loop architecture. The
inner loop acts as an experience factory where 1) synthesizes preference data D' through

self-play. The outer loop utilizes D' to update parameters from 75 to né“ via preference

optimization, progressively shifting the reasoning frontier toward higher complexity.

2.2 Inner Loop

The inner loop functions as a self-play sandbox where the Generator (né), Solver (7tt), and

Refiner (7tt) collaborate to synthesize ICC-filtered experiences in round t. Crucially, these
three roles represent distinct functional capacities of 7z, which are activated through specific
task-oriented prompts in Appendix B. This process is driven by two synergistic mechanisms:
entropy-based ZPD positioning and ICC-based counterfactual consensus.

2.2.1 Entropy-based ZPD Positioning

To identify the reasoning capability frontier where learning is most effective, we implement
a selection mechanism inspired by the theory of ZPD (Vygotsky, 1978). In round ¢, the
Generator né first synthesizes a set of m challenging, competition-level reasoning tasks
Q' = {4!,...,qL,}. For each specific task gt € Q', the Solver 7} generates n independent
reasoning trajectories V! = {y!,,...,y} }. The final answers are extracted from these n
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trajectories and grouped into k unique clusters C! = {c!,,...,c!,} based on their result
equivalence, the specific implementation of which is detailed in Appendix D.1.

We quantify reasoning uncertainty via Shannon entropy over the empirical distribution of

answer clusters. This metric serves as a proxy for task difficulty relative to 7z}, enabling the
identification of the model’s reasoning frontier. Formally, the Normalized Shannon Entropy

H(q!) is defined as:

1k
E P@,j) log, P(Czt',j)/ 1)
=1

) = ~jogr

where P(c! )= |ct j|/n denotes the empirical frequency of the j-th answer cluster for task qt

in round ¢. The normalization factor 1/ log, n ensures that H(g!) remains within the interval
[0,1], where a value of 0 indicates total consensus and 1 represents maximum divergence.

By mapping these entropy values to the cognitive landscape, we categorize each task ¢! into
three distinct regions based on the current reasoning capability of the model:

Zone of Mastery (H(q!) < Tjy): Tasks falling within this range are those where high

consensus indicates the required logic is already internalized by 715, which offers a negligible
learning gradient for further policy evolution.

Zone of Proximal Development (7, < H (qf) < Tyign): This is the optimal learning zone
where moderate reasoning uncertainty identifies the solvability gap. These tasks are most
conducive to the cognitive growth of the model.

Zone of Chaos (H(q}) > Thigh): These tasks far exceed the model’s reasoning frontier.
Overwhelming complexity forces the LLM to produce inconsistent, random guesses that act
as training “noise,” potentially leading to instability.

AERO focuses exclusively on the Zone of Proximal Development for the subsequent stages
of the framework. This filtering process retains the tasks that provide the most productive
learning signals for policy optimization. The sensitivity of this selection to Tjo;, and Tyjgp, is
examined in Appendix G.2.

2.2.2 ICC-based Counterfactual Consensus

For each task ¢! positioned within the ZPD, we establish truth proxies through ICC. Unlike
majority voting or decoding confidence, which often reinforce collective hallucinations

in self-evolution, ICC begins by identifying the two most frequent answer clusters, c!,
and c!,, generated by the Solver 7} for task ¢!, which represent the model 7}’s primary

competing consensuses. The Refiner 7t is then prompted to re-solve the task g} while
operating under the counterfactual assumption that the previously proposed solution is
incorrect. This constraint breaks the cycle of confirmation bias, forcing the LLM to rethink
the task and construct a fresh reasoning path. The counterfactual constraint is intended to
reduce confirmation bias, but it does not guarantee independence or logical correctness.

The correction path starting from cluster cf i where j € {1,2}, is represented as gf i We
define the formal convergence condition as:

res(7;1) = res(7), )

where the function res(-) extracts the final answer from a reasoning trajectory. The reasoning
path yf,l is used as a high-reliability endogenous pseudo-label 7! if this equality holds.
Otherwise, if the correction trajectories fail to yield consistent results, the task is considered
unresolved and is discarded from the synthesis of training datasets for both the Solver and
Refiner roles.
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2.2.3 Tri-role Preference Synthesis

The inner loop ends with transforming ICC-filtered experiences from round ¢ into three
specialized preference datasets: Dt Dé, and D!. To facilitate preference optimization, we

map synthesized experiences to binary labels z € {0,1}, where z = 1 indicates a chosen
output and z = 0 denotes a rejected one.

For the Generator, Dé utilizes all m generated tasks to help the LLM identify its reasoning

frontier. We use the indicator function I[ZPD(qf), which equals 1 if a task falls within the
Zone of Proximal Development and 0 otherwise:

DL = {(q}, Izep ()}, - 3)

For the Solver, D} is synthesized by evaluating initial reasoning trajectories against the
ICC-derived pseudo-label 7 based on their result equivalence:

D; = {(q}, y} j, Ulres(y} ;) = res(7})]) [ Izep(q;) = 1,1 <i<m, 1 <j<n}. 4)

For the Refiner, D! captures the self-correction process by extracting trajectories that transi-
tion from a rejected state to the ICC-derived pseudo-label. Specifically, we retain correction

paths 7! j as positive samples only if the initial cluster result is incorrect, yet the subsequent
refinement successfully reaches the truth proxy:

Dr = {(i,¢i; i 1) | Izop(q;) = 1,res(c;;) # res(7;) Ares(7 ;) = res(7;),

. , ®)
1<i<m,je{l,2}}.

Crucially, the datasets for the Solver and Refiner are constructed exclusively from the subset

of tasks that satisfy the ZPD criteria, ensuring the LLM learns from the most productive

signals.

By constructing these datasets independently, the framework prepares the necessary signals
for the subsequent outer loop optimization. This decoupled organization is essential for the
Staggered Training Strategy, a mechanism we discuss in detail in Section 2.3.1.

2.3 Outer Loop

The outer loop translates the synthesized experiences into policy updates by optimizing 7ty
across its three functional roles. To ensure a stable evolutionary trajectory, we introduce a
temporal decoupling mechanism that synchronizes the growth of different capabilities.

2.3.1 Staggered Training Strategy

A major limitation in LLM self-evolution is curriculum collapse, where performance stops
improving or even declines during iterative self-play (Huang et al., 2026; Jiang et al., 2025;
Wang et al., 2025b). We attribute one of the causes of this instability to capability asynchrony,
where the learning speed of Self-Answering and Self-Criticism capabilities exceeds that
of Self-Questioning. Specifically, as shown in Figure 3a, under the standard synchronous
training strategy, 77, masters its round ¢ ZPD tasks after the outer-loop parameter update.
However, during round ¢ + 1, the newly synthesized ZPD tasks remain anchored to the

capability of 71571 because the diagnostic ZPD signals are derived from the responses of
71(’;*1. Consequently, these tasks have already entered the Zone of Mastery for the updated
model 71}, leading to vanishing learning gradients and subsequent training failure.

To mitigate this asynchrony, we introduce the Staggered Training Strategy, a simple but
effective approach designed to synchronize the advancement of role-specific capabilities.

This mechanism creates a temporal offset by using current Self-Questioning data along-
side historical Self-Answering and Self-Criticism data to ensure the curriculum remains
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Figure 3: Training strategy comparison and ZPD evolution.

challenging. The training dataset D! at round ¢ is formally organized as follows:

tota

D! t=1
g/ 7
Dtotal {Dé UDUDEL, F> 1 (6)

By implementing this staggered data flow, the AERO framework effectively prevents cur-
riculum collapse. This strategy ensures that the tasks generated in each round consistently
target the updated Zone of Proximal Development of the model, which maintains a steady
evolutionary pressure and drives a continuous capability advancement. We provide detailed
empirical evidence for the efficacy of this strategy in Section 3.3.

2.3.2 KTO-based Optimization and Evolutionary Dynamics

To support binary preference signals and stable offline updates across decoupled datasets,
we adopt Kahneman-Tversky Optimization (KTO) (Ethayarajh et al., 2024). KTO max-
imizes generation utility by optimizing policy 77y against a fixed reference 7ty from the

previous iteration. We minimize the KTO loss Lxto to obtain updated parameters for né“:

EKTO(”Q/ ﬂé) = ]E(x,y)NDttotal [)\y - v(x, y)] ’ (7)

where the definitions of input x and output y are specific to the functional role being
optimized. The value function v(x, y) models human utility perception as follows:

o(x _ )\pU(,B(T’g(X,]/) —zp)) ify~ Yp | x,
() {Ana<ﬁ<zO—re<x,y>>> iy~ Yo | x ®

In this formulation, rg(x,y) = log(7y(y|x)/ 7t} (y|x)) represents the implied reward relative
to the reference model 77 from the previous iteration. The reference point zj is defined as
the KL divergence between 71y and 77§, while f modulates the risk aversion of the model.

KTO is particularly suitable for the AERO framework for two primary reasons. First, it
operates directly on binary labels rather than paired comparisons, which allows for efficient
optimization despite the skewed distributions of chosen versus rejected trajectories within
D! .- Second, the offline nature of KTO is inherently suited for our Staggered Training
Strategy because it enables stable policy updates using historical data from round ¢ — 1

without the need for active on-policy sampling.

This objective drives the self-evolution illustrated in Figure 3b. As uncertainty curves (H(q))
shift rightward, tasks migrate from the Zone of Chaos to the ZPD and subsequently to Mastery.
This progression demonstrates how AERO systematically advances the LLM's reasoning
frontier across iterations. Algorithm 1 details the dual-loop optimization procedure.



Published as a conference paper at COLM 2026

Mathematical Reasoning Physical Reasoning General Reasoning
Model Name MATH UG Physics PHY Super MMLU GPQA

GSMSK 500 AMC Physics E)‘,/al Bench GPQA Pro Diamond
Qwen3-4B-Base  87.8 68.2 47.5 12.8 79.8 27 254 516 26.3
+ R-Zero 92.1 74.8 48.2 17.2 76.2 31 278 542 36.4
+AZR 89.3 762  50.0 14.6 77.1 28 271 562 35.3
+ AEROR1 87.9 70.8 49.3 13.2 79.5 27 263 524 263
+ AERO R2 90.2 72.6 46.7 15.3 80.1 27 267 533 323
+ AERO R3 91.8 73.8 51.5 16.2 80.3 34 271 539 33.3
+ AERO R4 92.1 744  53.0 185 806 37 274 556 34.3
+ AERO R5 92.4 748 545 194 79.3 39 276 56.9 34.3
Qwen3-8B-Base  89.1 78.0 52.0 13.2 86.2 38 283 580 33.3
+ R-Zero 94.1 82.0 61.7 17.6 85.7 45 314 616 40.5
+AZR 92.0 766 625 15.4 84.8 40 335 625 36.8
+ AEROR1 92.0 79.4 54.5 13.2 85.6 34 300 593 33.8
+ AERO R2 92.9 79.2 56.7 14.8 86.1 38 294 603 35.9
+ AERO R3 94.8 79.8 59.7 16.4 86.3 40 311 603 34.3
+ AERO R4 95.8 81.8 61.2 197 869 51 321 615 38.4
+ AERO R5 95.8 82.2 62.7 21.7 87.9 53 325 628 36.9

Table 1: Main Results Comparison. Performance comparison of AERO against competitive
self-evolution baselines across nine benchmarks in three reasoning domains. We highlight
the best performance in bold and the second-best in underline.

3 Experiments

We conduct extensive experiments on nine benchmarks across three domains to address the
following research questions: (1) Can AERO enable autonomous reasoning evolution on
base models and outperform other baselines? (2) Is AERO robust across different model
families and parameter scales? (3) How effective is each key component of AERO in driving
its overall performance gains? (4) Does the Staggered Training Strategy effectively prevent
curriculum collapse? (5) How reliable is the endogenous feedback generated by ICC in the
absence of external ground-truth labels? (6) Does AERO truly achieve automated curriculum
learning throughout the multi-round self-evolution process?

3.1 Experimental Setting

Implementation Details. AERO utilizes m = 1,000 tasks and n = 16 trajectories per
inner-loop round, with ZPD thresholds 7j,,, = 0.3 and 7, = 0.7. Outer-loop optimization
employs KTO with 8 = 0.1. Full hyperparameter settings and hardware details are provided
in Appendix D.2.

Evaluation Benchmark. We conduct comprehensive experiments across nine challeng-
ing benchmarks spanning three distinct domains: (1) Mathematical Reasoning, including
GSMS8K (Cobbe et al., 2021), MATH500 (Hendrycks et al., 2021), and AMC; (2) Physical
Reasoning, including UGPhysics (Xu et al., 2025), PhysicsEval (Siddique et al., 2025), and
PHYBench (Qiu et al., 2025); (3) General Reasoning, including SuperGPQA (Du et al., 2025),
MMLU-Pro (Wang et al., 2024), and GPQA-Diamond (Rein et al., 2024). Detailed benchmark
specifications are provided in Appendix E.

Baseline Methods. We evaluate AERO against competitive self-evolving baselines, R-
Zero (Huang et al., 2026) and Absolute Zero (Zhao et al., 2025). For a fair comparison, we
utilize Qwen3-4B-Base and Qwen3-8B-Base (Yang et al., 2025) as primary backbone models.
Additionally, we assess the generalization of AERO across a diverse set of instruction-tuned
models, including Llama-3.2-3B-Instruct (Grattafiori et al., 2024), Qwen2.5-7B-Instruct, and
Qwen2.5-32B-Instruct (Qwen Team et al., 2024).
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3.2 Main Results

Based on the results presented in Table 1, we draw the following key insights.

Superiority Over Competitive Baselines. AERO demonstrates substantial superiority
over competitive baselines across multiple reasoning domains. Most notably, on the AMC
mathematical dataset using Qwen3-4B-Base, AERO R5 achieves a performance of 54.5%,
representing a significant 4.5% lead over the strongest baseline method, Absolute Zero.
This performance advantage is sustained across most evaluation benchmarks, where AERO
consistently provides higher reasoning accuracy than other self-evolving methods. Results
on the more challenging AIME 2024 /2025 benchmarks are reported in Appendix G.1.

Effectiveness of Autonomous Reasoning Evolution. AERO significantly drives endoge-
nous reasoning evolution, with Qwen3-4B-Base and Qwen3-8B-Base exhibiting average
performance gains of 4.6% and 5.1% across nine benchmarks, respectively. This growth is
most pronounced in mathematical reasoning, reaching 6.1% (4B) and 7.2% (8B) absolute
improvements. The continuous, round-by-round performance trajectory generally peaking
at the final iteration confirms AERO’s capacity to internalize advanced reasoning via purely
autonomous feedback loops, without relying on any external supervision.

3.3 Analysis

In this section, we conduct further experimental analysis to provide a comprehensive
evaluation of AERO.

Framework robustness. To assess our framework’s robustness, we apply AERO to vari-
ous model families and sizes, including Llama-3.2-3B-Instruct, Qwen2.5-7B-Instruct, and
Qwen2.5-32B-Instruct. As illustrated in Figure 4, which visualizes the relative improvement
of each round compared to the base model, all evaluated models demonstrate a clear and
sustained upward trend across the three reasoning domains. Notably, even the smaller
Llama-3.2-3B-Instruct model shows significant progress, maintaining a positive growth
trajectory. Although showing persistent growth, the evolution eventually reaches saturation
in the later stages, particularly for base models with smaller parameter scales; a detailed
discussion of this saturation phenomenon is provided in Appendix F.3. These results con-
firm that AERO’s endogenous feedback loops are not architecture-specific and can robustly
drive the evolution of reasoning capabilities.

Normalized Improvement: Math Normalized Improvement: Phys Normalized Improvement: General
61 —o— Liama-3.2-38-Instruct /' —— 10{ —e— Llama-3.2-38-Instruct /' 107 —o— Llama-3.2-38-Instruct /'
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Figure 4: Normalized improvement trends relative to the base model across five training
rounds. AERO exhibits robust scalability across diverse model architectures and parameter
scales in multiple reasoning domains.

Ablation Study. We conduct a comprehensive ablation to quantify the contributions of
AERO’s functional capacities and core mechanisms. As shown in Table 2, removing ei-
ther Self-Questioning or Self-Answering leads to a performance collapse (46.0 and 45.8,
respectively), nearly regressing to the base model’s 45.7 level. This underscores that the
core evolutionary drive originates from the synergy between ZPD task synthesis and high-
confidence reasoning. Furthermore, excluding Self-Criticism also results in a performance
decline to 48.1. While the drop is less drastic, it confirms that the Refiner role provides
the essential critical feedback necessary to transcend basic growth and achieve optimal
reasoning across all domains.
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Method Overall Math. Phys. Gen. 507 Math (Stagger) Phys (Sync)
Qwen?2.5-7B-Instruct 12.5 Math (Sync) B Gen (Stagger)
10.0- B Phys (Stagger) Gen (Sync)
Base Model 457 703 273 397
AERO 485 718 30.0 43.7 7.5

w /o Self-Question 46.025 70.31527.822 42,1716
w/o Self-Answer 45.827 70.315 282718 41.1-26
w /0 Self-Criticism 48.104 71.503 29 505 43.1-06

w/o ZPD 45.827 69.2°2:6 28 4716 39 938
w/oICC 46.916 70810 28119 41.819

Improvement %
!\J w
L4 o

o
)

|
g
2]

Round I Round 2 Round 3 Round 4 Round 5
Table 2: Ablation Study. All reported per-
formance metrics represent the best results
achieved across the five rounds.

Figure 5: Comparison of staggered (solid)
and synchronous (hatched) training per-
formance.
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Figure 6: Manifold visualization via t-SNE (van der Maaten & Hinton, 2008) illustrates the
evolutionary process of tasks synthesized across five rounds for Qwen2.5-7B-Instruct. The
“Avg Dist” metric in each legend indicates the average pairwise Euclidean distance in the
2D latent space, serving as a proxy for task diversity within each round.

Beyond role internalization, we evaluate two essential mechanisms: (1) ZPD Positioning:
Removing entropy-based filtering to train on all tasks regardless of difficulty causes a
significant decline to 45.8 (-2.7), confirming that without ZPD constraints, models fall
into sub-optimal learning zones that limit the growth of reasoning capabilities. (2) ICC
Consensus: Replacing ICC with Majority Voting reduces the score to 46.9 (-1.6), validating
that counterfactual convergence provides more reliable feedback for stable self-evolution
than simple statistical consensus. In summary, each AERO component is essential for
sustaining effective self-evolution.

Effectiveness of Staggered Training Strategy. We evaluate the effectiveness of our Stag-
gered Training Strategy against a standard synchronous baseline using the Qwen2.5-7B-
Instruct as the base model. As shown in Figure 5, the synchronous strategy (Sync) suffers
from curriculum collapse, where performance in domains like Mathematics even declines
below the base model by the final rounds. By introducing a temporal offset, our staggered
strategy synchronizes the development of questioning and solving roles. This ensures a
steady upward trend in performance across Mathematics, Physics, and General Reasoning
through 5 rounds, proving the strategy is essential for stable, long-term reasoning evolution.

Reliability of ICC Pseudo-labels. We evaluate ICC precision by comparing its pseudo-
labels against ground-truth data across five evolutionary rounds. Results indicate ICC
maintains higher accuracy than traditional majority voting as tasks become increasingly
complex. This advantage is particularly evident in later rounds, where statistical consensus
reinforces collective hallucinations within the LLM. A detailed quantitative analysis of these
results is provided in Appendix F.1.

Qualitative Analysis. To evaluate evolution process, we visualize the manifold of syn-
thesized task embeddings across five rounds in Figure 6. The Avg Dist metric tracks task
diversity via the average Euclidean distance between task points. As training progresses,
task distributions shift from a centralized cluster in early rounds to a specialized, outer-edge
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expansion by Round 5. This spatial dispersion and the consistent rise in Avg Dist demon-
strate that AERO effectively moves beyond repetitive patterns to explore broader regions
of the task space. This transition confirms that AERO facilitates an automated curriculum
where generated tasks dynamically align with the LLM’s evolving reasoning capabilities.
For a detailed description of the visualization pipeline, please refer to Appendix F.4.

4 Conclusion

We propose AERO, an unsupervised framework for autonomous reasoning evolution with-
out expert-annotated data or external correctness verifiers during training. By internalizing
the synergistic roles of self-questioning, answering, and criticism, AERO enables a com-
prehensive improvement in reasoning capabilities. The integration of entropy-based ZPD
positioning and ICC-based counterfactual convergence effectively targets the optimal learn-
ing zone and generates reliable feedback. Furthermore, the Staggered Training Strategy
maintains evolutionary stability by synchronizing the growth across all functional roles.
Extensive evaluations demonstrate that AERO effectively improves reasoning performance
across multiple domains through purely endogenous feedback loops. Although AERO pri-
marily targets tasks with well-defined answers, expanding AERO to open-ended domains
like creative writing remains a valuable research direction. Overall, AERO establishes a scal-
able pathway for machine intelligence to autonomously evolve across complex reasoning
frontiers.
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Appendix

A Related Work

Reinforcement Learning with Verifiable and Endogenous Rewards. LLM reasoning
has been significantly advanced by Reinforcement Learning from Verifiable Rewards
(RLVR) (Shao et al., 2024; Lambert et al., 2024; Guo et al., 2025), which provides deter-
ministic feedback in specialized domains like mathematics and coding (Zhao et al., 2025;
Chen et al., 2025b; Huang et al., 2025; Jin et al., 2025; Zheng et al., 2026; Lu et al., 2026). How-
ever, the applicability of RLVR is limited to fields where automated verifiers are available.
To address this, recent research has shifted toward paradigms without external correctness
verifiers using Endogenous feedback (Li et al., 2025), such as decoding probabilities (Yu
et al., 2025) or self-generated likelihoods (Zhou et al., 2026; Liu et al., 2025) as reward
signals. While these methods attempt to incorporate expert demonstrations to guide the
policy LLM (Cai et al., 2025), they still rely on external data. In contrast, AERO achieves
fully autonomous evolution by internalizing both generation and verification mechanisms,
eliminating the need for external correctness verifiers or expert supervision during training.

Self-Evolving Language Models. Inspired by the success of self-play in game-playing Al
like AlphaZero (Silver et al., 2017; Sukhbaatar et al., 2018), self-evolution allows LLMs to
iteratively enhance their reasoning capabilities by learning from their own experiences (Yuan
et al., 2024; Tao et al., 2024; Dong et al., 2025; Wang et al., 2025a). While previous works
focused on reward alignment (Zelikman et al., 2022; Chen et al., 2024; Dong et al., 2025),
the focus has shifted toward enhancing complex reasoning through “challenger-solver”
setups (Zhao et al., 2025; Huang et al., 2026; Kuba et al., 2025; Lin & Xu, 2025; Chen et al,,
2025a). Despite their promise, these methods face two major hurdles: they lack a principled
way to calibrate task difficulty (Kuba et al., 2025) and often rely on majority voting or
decoding confidence, which risks reinforcing incorrect priors and causing hallucinations (He
et al., 2025; Huang et al., 2026; Prabhudesai et al., 2025). AERO overcomes these limitations
by introducing an entropy-guided ZPD mechanism for dynamic task selection and ICC for
counterfactual consensus, creating a positive evolutionary cycle.

B Prompt

B.1 Generator

Generator Prompt Template

# Role

You are a Distinguished Professor in the Department of Physics and Mathematics,
specializing in designing rigorous, competition-level theoretical problems. Your
goal is to challenge advanced students with problems that prioritize deep conceptual
insight and symbolic derivation over brute-force calculation.

# Task
Generate a medium-to-hard difficulty quantitative problem (Mathematics, Physics, or
Theoretical Science) suitable for advanced undergraduates or early graduate students.

# Constraints
1. **Mathematical Rigor**: The problem must require clear definitions, precise
assumptions, and logically sound derivations. Multi-step reasoning is mandatory.

2. **Quantitative Structure**: The problem should include well-defined parameters or
constants. Calculations should lead to clean symbolic results, integers, or simple
rational expressions. Avoid excessive numerical approximation unless conceptually
necessary.

3. **Domain Variety*x: Avoid repeatedly using the same domain.
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4. *xLanguage*x: English, using standard mathematical and theoretical terminology.

5. xxFormatting Constraints*x: Qutput must be in **strict JSON format onlyx*. No
Markdown, explanations, or text outside the JSON object are allowed.

# JSON Structure
{
question : A complete and self-contained mathematical or mathematical-physics
problem statement, including all definitions, assumptions, and given constants. ,
meta : {
knowledge_points : [ Key concept 1 , Key concept 2 1,
domain : Specify the primary domain ,
background : A brief 1-2 sentence description of the mathematical or physical
context of the problem.

B.2 Solver

Solver Prompt Template

# Role

You are a Senior Research Fellow with expertise in advanced quantitative sciences.
Your task is to provide a Gold Standard solution that serves as a pedagogical
reference for complex academic problems.

# Task

Execute a rigorous, step-by-step derivation for the provided problem, ensuring every
logical transition is justified.

# Standardized Process

1. **Problem Analysis**: Identify the physical/mathematical framework and state all
underlying assumptions.

2. xxSymbolic Definition**: Explicitly define all variables, constants, and target
unknowns using LaTeX.

3. x*Analytical Derivationx*: Construct the solution from first principles (laws,
axioms, or theorems).

4. *xFormal Computation*x: Perform symbolic simplification or numerical evaluation
with high precision.

5. *xFinal Synthesis**: State the final result clearly.

# Constraints
- Use LaTeX for ALL mathematical notation (e.g., $E = mc"2%).

- The final numerical or symbolic answer must be enclosed in \boxed{3}.

# Problem
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B.3 Refiner

Refiner Prompt Template

# Role

You are a rigorous Academic Reviewer with expertise in mathematics, physics, and
quantitative sciences.

You are provided with a **Problem*x and a **Candidate Solutionxx, which is suspected
to be **INCORRECT#**.

# Task
1. Begin with the assumption that the Candidate Solution contains an error.

2. Carefully examine the logical reasoning, definitions, assumptions, derivations,
and calculations.

3. Identify the precise flaw or unjustified step (the error may be subtle or
conceptual).

4. *xRe-solve the problem from first principlesx*, using a clear and logically sound
approach.

5. Present the corrected result clearly, and **wrap the final answer in \\boxed{}**
when an explicit result is required.

# Output Format

Thinking Process: <Analyze where the error or weakness occurs>
Correct Solution: <Complete and rigorous derivation or reasoning>
Final Answer: \\boxed{<Corrected result>}

# Input

B.4 Semantic Answer Clustering

Semantic Answer Equivalence Prompt Template

# Role
You are a rigorous mathematical evaluator specializing in symbolic logic and
quantitative equivalence.

# Task

Your goal is to determine whether the two provided expressions represent the same
mathematical value or logical conclusion. You must account for different
presentation formats, such as algebraic simplifications, numerical approximations,
or symbolic variations.

# Instructions

1. Carefully analyze the underlying logic of Expression A and Expression B.

2. Determine if they are mathematically and logically identical regardless of their
surface form.

3. Provide your final judgment as a structured JSON object.

Expression A: {expr_a}
Expression B: {expr_b}

# Output
Reply with strictly JSON: {{ equivalent : true}} or {{ equivalent : false}}.
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C Algorithm

Algorithm 1 formalizes the dual-loop optimization process, which is structured into two
primary phases:

* Experience Synthesis (Inner Loop, Lines 3-14): In the inner loop, the Generator

synthesizes a batch of tasks Q'. These tasks are filtered using entropy-based ZPD
positioning, which calculates the normalized Shannon entropy of response clus-
ters to identify the solvability gap where the model’s current reasoning is neither
trivial nor chaotic. For tasks within the optimal learning zone, the model performs
Independent Counterfactual Correction, which leverages the Refiner role to ver-
ify reasoning paths, thereby producing high-fidelity endogenous labels without
external ground truth.

¢ Policy Optimization (Outer Loop, Lines 16-21): The outer loop leverages the Stag-

gered Training Strategy to preserve evolutionary stability and prevent curriculum
collapse. This approach ensures synchronized development across Self-Questioning,
Self-Answering, and Self-Criticism capabilities, coordinating the growth of the
LLM’s diverse functional roles. Subsequently, the LLM parameters 7ty are updated
via the KTO loss, which optimizes the policy based on binary feedback signals
synthesized during the inner loop phase.

Algorithm 1 Autonomous Evolutionary Reasoning Optimization (AERO)

Require: Base model 71); task batch size m; reasoning paths per task n; ZPD thresholds

[Tiow: Thign); iterations T.

1: fort=1,...,Tdo

2: > Inner Loop: Experience Synthesis

3 Q' ={q}p, ~my!

4:  foreachq; € Q' do

5 Yi={~m e

6: C! < Cluster(Y!) {Group paths by the final extracted answers}

7: H(g;) < Entropy(C!)

8: if H(q:) € [Tiow, Thigh] then

9: i1 < rtt"1(Correction | g;,C; 1)
10: ;2 < mi~1(Correction | g;,C;»)

: ot Jin ifres(9i1) = res(9i2)

1 Yi {J_ otherwise
12: end if
13:  end for
14:  Construct D§, D}, and D;. (Egs. 3-5).
15: > Outer Loop: Policy Optimization
16: ift =1 then
17: D,y < Dj
18: else
19: D,y < DgUDETUD!
20:  end if
21:  Update 7)™ using Lxro (Eq.7) on D!, | — k.
22: end for

23: return Tty

T
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D Implementation Details

D.1 Semantic Equivalence Clustering

The computation of Normalized Shannon Entropy H(g!) requires partitioning the n reason-
ing trajectories in )/ into k unique clusters C! based on their final answers. We denote ' j as
the symbolic or numerical answer extracted specifically from the content of the \boxed{. ..}
command within trajectory y; j- We define a binary equivalence function fe, (af,]., a;;) € {0,1}
that utilizes the LLM-based judge described in Appendix B.4 to evaluate whether two an-
swers represent the same logical conclusion.

We implement a greedy one-pass clustering procedure to organize these trajectories. For

each answer a! . where j ranges from 1 to 7, the assignment to a cluster ¢! follows the

L]
update rule:

Cg,m A Czt,m U {yf,j} if dm < k: feq (af,jl T’m) = 1/ (9)
where 1, is the representative seed of cluster cfm If no such m exists, a new cluster Cf,k L8
initialized such that ry 1 = af’ i This process continues until all 7 trajectories are processed.
Trajectories that do not contain a \boxed{. ..} tag or result in persistent parsing errors are
assigned to a dedicated null cluster c,,,,;; to maintain the integrity of the total sample size.

Following the completion of the clustering process, the empirical probability for each
semantic group is calculated as follows:

P(ct)) = "f|. (10)

A
S

This distribution forms the basis for calculating H(g}), effectively mapping reasoning uncer-
tainty to task difficulty. This clustering mechanism provides the necessary robust foundation
for identifying the Zone of Proximal Development while maintaining computational effi-
ciency during the iterative evolutionary process.

D.2 Experimental Details

The LLM is loaded from Hugging Face' and trained using the LLaMA-Factory?. All training
is conducted on eight NVIDIA H800-80GB GPUs, with bfloat16 precision enabled to reduce
memory usage and accelerate training. We employed Low-Rank Adaptation (LoRA) across
all linear layers with a rank of 16 to facilitate efficient adaptation during the KTO stage. The
training process spanned 3 epochs, utilizing a cosine learning rate scheduler with an initial
rate of 5.0 x 107% and a 10% warm-up ratio. With a per-device batch size of 1 and 8 gradient
accumulation steps, the effective global batch size reached 64. For preference optimization,
we applied a sigmoid loss function with a preference coefficient (8) of 0.1 and standard
sample weights (A, = A, = 1).

E Evaluation Benchmarks

¢ GSMSK (Cobbe et al., 2021): A dataset consisting of 8.5K high-quality grade school
math word problems. It requires models to perform multi-step reasoning and
serves as a standard benchmark for evaluating basic logical deduction and Chain-
of-Thought (CoT) capabilities.

e MATHS500 (Hendrycks et al., 2021): A representative subset of 500 problems sam-
pled from the MATH dataset (high school competition level). It covers diverse

topics from algebra to calculus, specifically designed to test the model’s ability to
solve complex, competition-level mathematical problems.

Thttps://huggingface.co
Znttps: //github.com/hiyouga/LLaMA-Factory

18


https://huggingface.co
https://github.com/hiyouga/LLaMA-Factory

Published as a conference paper at COLM 2026

¢ AMC: Comprising problems from the American Mathematics Competitions, this
benchmark challenges models with tasks that require not only rigorous logical
derivation but also mathematical intuition and creative problem-solving strategies.

* UGPhysics (Xu et al., 2025): Designed to evaluate undergraduate-level physics
knowledge. It covers core curriculum areas such as classical mechanics, electromag-
netism, thermodynamics, and quantum physics, assessing the model’s mastery of
advanced scientific concepts.

¢ PHYBench (Qiu et al., 2025): A comprehensive physics benchmark focusing on
complex scenario modeling. It evaluates a model’s proficiency in symbolic formula
derivation, precise numerical calculation, and the deep interpretation of physical
laws.

¢ PhysicsEval (Siddique et al., 2025): A multi-dimensional evaluation suite for physics
literacy. It utilizes fine-grained task categorization to measure a model’s perfor-
mance in both conceptual differentiation and quantitative analysis.

* SuperGPQA (Du et al., 2025): An expanded and enhanced version of the GPQA
dataset. It includes a larger volume of high-difficulty questions authored by domain
experts, spanning advanced fields in science, engineering, and medicine

¢ MMLU-Pro (Wang et al., 2024): An extension of the Massive Multitask Language
Understanding (MMLU) benchmark. By increasing the number of choices and
focusing on reasoning-intensive subjects, it provides a more discriminative and
robust evaluation for state-of-the-art models.

* GPQA-Diamond (Rein et al., 2024): The most challenging subset of the Graduate-
Level Google-Proof Q&A (GPQA) dataset. These expert-written and verified ques-
tions are so difficult that even non-expert humans with access to the internet struggle
to answer them correctly, making it a key metric for expert-level reasoning.

F Extended Analysis and Discussion

F1 Reliability of ICC Pseudo-labels

To evaluate the reliability of the endogenous feedback signals, we compare the accuracy
of pseudo-labels generated by Independent Counterfactual Correction (ICC) against the
standard majority voting (MV) baseline using Qwen2.5-7B-Instruct as the base model. Since
the synthesized tasks are generated autonomously and lack pre-existing ground-truth
labels, we employ responses from DeepSeek-R1 (Guo et al., 2025) as proxy reference labels
to facilitate this quantitative evaluation. Table 3 presents the precision of pseudo-labels
generated by ICC and MV.

Round MYV Accuracy ICC Accuracy Improvement A

Round 1 70.00% 72.27% +2.27%
Round 2 62.32% 74.97% +12.65%
Round 3 44.53% 64.53% +20.00%
Round 4 43.28% 61.04% +17.76%
Round 5 35.06% 50.91% +15.85%

Table 3: Comparison of pseudo-label accuracy between Majority Voting and Independent
Counterfactual Correction across five training rounds.

The experimental results demonstrate that while the absolute accuracy of both methods de-
clines as training progresses, Independent Counterfactual Correction consistently maintains
a substantial lead over the majority voting baseline. This downward trend in accuracy is
a natural consequence of the Generator moving toward more difficult reasoning frontiers
within the Zone of Proximal Development. As pseudo-label accuracy declines sharply,
the majority voting method becomes increasingly susceptible to collective hallucinations,
reaching an accuracy of only 35.06 percent by the final round.
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In contrast, our ICC method ensures that final feedback is based on internal logical con-
sistency rather than simple statistical agreement. Starting from the second round, the
performance gap between these two approaches widens significantly, reaching a peak im-
provement of 20.00% in the third round. This trend confirms that ICC is substantially more
robust than statistical consensus when handling complex reasoning tasks. Furthermore, the
logical discrepancies identified throughout this process provide critical learning signals for
the self-criticism functionality of the model. This ensures that the dual-loop evolutionary
process remains driven by high-reliability feedback even in the absence of external labels.

E2 Evolution of Task Difficulty Distribution

To investigate how AERO facilitates automated curriculum learning, we analyze the distri-
bution of synthesized tasks across three cognitive regions: the Zone of Mastery, the Zone of
Proximal Development (ZPD), and the Zone of Chaos. Figure 7 illustrates the evolution-
ary trajectory of these distributions over five training rounds for LLaMA3.2-3B-Instruct,
Qwen2.5-7B-Instruct, and Qwen2.5-32B-Instruct.

LLaMA3.2-3B-Instruct Qwen2.5-7B-Instruct Qwen2.5-32B-Instruct

100% 100%

Percentage of Synthesized Tasks
g
3 B3 B
Percentage of Synthesized Tasks

Percentage of Synthesized Tasks

Round 1 Round 2 Round 3 Round 4 Round 5

Figure 7: Evolution of synthesized task difficulty distribution over five evolutionary rounds.
Tasks are categorized into the Zone of Mastery (H (qf) < Tow), Zone of Proximal Develop-
ment (T, < H(q}) < Tyign), and Zone of Chaos (H(q;) > Thign) based on the normalized
Shannon entropy of response clusters.

The primary observation is the robust and steady expansion of the ZPD across every base
model architecture. For the Qwen2.5-32B-Instruct, the ZPD proportion increases from 64.3%
in Round 1 to 79.0% by Round 5. Similarly, the Qwen2.5-7B-Instruct rises from 47.5% to
70.9%. Even for the smaller LLaMA3.2-3B-Instruct, the ZPD exhibits a significant expansion
from 24.0% to 42.5% by the final round. This uniform upward trajectory demonstrates
that AERO effectively enables the Generator to identify the solvability gap and target the
difficulty interval with the highest learning efficiency, regardless of the base model’s initial
reasoning capacity or parameter scale.

The growth in ZPD is accompanied by a synchronized contraction of both the Zone of
Mastery and the Zone of Chaos across all models. The consistent decline in the Zone of
Mastery proves that AERO successfully avoids learning stagnation by filtering out tasks
with negligible learning gradients. Simultaneously, the reduction in the Zone of Chaos
indicates that as the model’s capabilities advance, tasks once perceived as random noise
are progressively internalized into the structured ZPD. While larger models exhibit higher
initial precision in defining their reasoning boundaries, the fundamental mechanism of
difficulty migration remains a universal property of the AERO dual-loop system, ensuring
high learning pressure throughout the evolutionary process.

E3 Discussion on Evolutionary Saturation

The experimental results presented in Figure 4 indicate that the performance gains of AERO
tend to reach a plateau or exhibit minor fluctuations by the fifth round, a phenomenon that
is particularly evident in the 3B-parameter model. We attribute this evolutionary saturation
to three primary factors.

One primary factor involves the inherent parameter constraints of LLaMA3.2-3B-Instruct,
which impose a fundamental ceiling on its representative capacity for complex reasoning.
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As an unsupervised framework, AERO focuses on internalizing latent reasoning patterns
already present within the pre-trained weights. Once these internal representations are
fully refined, the model eventually reaches a saturation point in its ability to capture and
represent increasingly sophisticated logical structures.

Furthermore, the solvability gap for smaller architectures appears both narrower and
more fragile than that of larger models. While the proportion of tasks within the Zone
of Proximal Development continues to grow throughout the evolutionary process, the
3B model struggles to maintain a dominant ZPD presence. As illustrated in Figure 7, a
significant portion of synthesized tasks either falls into the Zone of Chaos or remains in the
Zone of Mastery, which restricts the availability of high-quality learning signals compared
to larger-scale counterparts.

Additionally, the precision of endogenous feedback derived via Independent Counterfactual
Correction, tends to diminish as the Generator shifts the task distribution toward more
challenging frontiers. The quantitative analysis in Table 3 confirms that pseudo-label
accuracy declines as training progresses, although this trend remains more robust and
reliable than baseline methods such as majority voting. For smaller models, this reduction
in feedback fidelity leads to the accumulation of residual noise within the preference
datasets, which ultimately destabilizes the policy optimization and hinders the model from
transcending its current reasoning boundaries.

F4 Implementation of manifold visualization for Synthesized Tasks

To qualitatively assess the expansion of the reasoning frontier, we conduct a manifold
visualization of the synthesized tasks across five evolutionary rounds. This analysis is
performed using Qwen-2.5-7B-Instruct as the base model, where we visualize the entire set of
m = 1,000 tasks synthesized in each round to ensure a comprehensive representation of the
generative distribution. By projecting the high-dimensional semantic features of these 1,000
tasks into a two-dimensional plane, we can directly observe how the Generator explores the
task space while maintaining the output within the Zone of Proximal Development.

The implementation of the visualization pipeline follows a three-stage process involving
semantic encoding, non-linear projection, and diversity quantification. First, we transform
the raw text of all 1,000 tasks into high-dimensional semantic embeddings. This is achieved
using the paraphrase-multilingual-MiniLM-L12-v2 model®, which is a specialized Sentence-
BERT architecture designed to map logical and mathematical text into a dense vector space
where semantic similarity is preserved.

Second, these high-dimensional embeddings are projected into a two-dimensional plane
using t-Distributed Stochastic Neighbor Embedding, also referred to as t-SNE (van der
Maaten & Hinton, 2008). To capture the local structural clusters within the task manifold,
we set the perplexity to 10 and utilize PCA-based initialization to ensure stable projections
across different rounds. Third, to provide a quantitative measure of the diversity of the
synthesized tasks, we calculate the Average Euclidean Distance, denoted as Dyyg, within
the manifold space:

Y. lvi—vil2. (11)

2
Davg - m
1<i<j<m

(1)
In this formalization, v; and v; represent the two-dimensional coordinate vectors of the
tasks in the projected space, while m remains fixed at 1,000 for all evaluations.

G Additional Experimental Results

This section complements the main evaluation with evidence on challenging competition
mathematics, hyperparameter sensitivity, and the evolution of AERO’s data pipeline. Unless
otherwise noted, all experiments follow the same training and evaluation protocol as the
main results.

Shttps: //huggingface.co/sentence-transformers/paraphrase-multilingual-MinilM-L12-v2
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G.1 AIME Results

We evaluate AERO on AIME 2024 and AIME 2025 using mean@32. Table 4 presents the
reimplemented baselines together with all five AERO rounds. Across the five rounds, AERO
generally improves on both benchmarks; on Qwen3-8B-Base, R5 reaches 19.4 on AIME 2024
and 17.1 on AIME 2025.

Qwen3-4B-Base Qwen3-8B-Base
Method AIME24 AIME25 AIME24  AIME25
Base 6.2 10.9 16.7 13.9
+ R-Zero 43 12.7 19.2 16.4
+ AZR 134 12.2 18.2 18.4
+ AERO R1 5.8 10.4 16.3 14.2
+ AERO R2 7.1 11.3 17.1 14.8
+ AERO R3 8.9 11.7 17.8 15.6
+ AERO R4 10.2 12.2 18.6 16.9
+ AERO R5 11.6 11.9 19.4 17.1

Table 4: AIME mean@32 results. Baseline methods are reimplemented under the same
evaluation protocol; AERO R1-R5 denote successive evolutionary rounds. Bold marks the
best score for each backbone and benchmark.

G.2 Entropy-threshold Sensitivity

We sweep one ZPD boundary while fixing the other on Qwen2.5-7B-Instruct. Every tested
configuration improves over the base model. Performance is stable for 7, € [0.2,0.3]
and Tyg, € [0.6,0.8]; only extreme bands noticeably degrade performance by starving the
learner of useful tasks or admitting excessive noise.

Thigh (T = 030) 050 0.60 0.70 0.80 0.90

Score 469 48.0 48.5 48.0 48.1
Tiow (Thigh = 070) 010 020 0.30 040 050
Score 472 48.7 485 477 464

Table 5: Sensitivity to the entropy boundaries defining the ZPD.

G.3 Pipeline Statistics

Table 6 tracks how the data retained by AERO evolves across rounds. The share of generated
tasks that falls within the ZPD grows with both training progress and model capacity, while
the ICC convergence rate remains approximately stable. Consequently, larger models retain
more preference data per round.
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Backbone Round ZPD rate ICC rate Q A C Total
1 24% 48% 82% 12% 6% 508
2 29% 46% 84% 11% 6% 538
LLaMA-3.2-3B-Instruct 3 31% 45% 86% 9% 5% 531
4 37% 49% 89% 7% 4% 555
5 43% 46% 81% 12% 7% 652
1 48% 48% 64% 24% 12% 1144
2 53% 49% 62% 25% 13% 1217
Qwen2.5-7B-Instruct 3 60% 49% 66% 23% 12% 1207
4 63% 49% 66% 23% 12% 1186
5 71% 49% 62% 25% 13% 1267
1 64% 49% 56% 29% 15% 1345
2 72% 49% 57% 28% 15% 1425
Qwen2.5-32B-Instruct 3 70% 50% 56% 29% 15% 1406
4 77% 49% 55% 30% 15% 1549
5 79% 49% 55% 30% 15% 1549

Table 6: Per-round pipeline statistics. ZPD and ICC denote the task-acceptance and con-
vergence rates. Q, A, and C are the proportions of Self-Questioning, Self-Answering, and
Self-Criticism examples in the retained preference data.

H Case Study

In this section, we present representative tasks sampled from the Zone of Proximal Devel-
opment across five training rounds using Qwen2.5-7B-Instruct as the base model. These
examples illustrate the evolutionary trajectory of AERO, showing how the generated tasks
gradually transition to more complex and challenging scenarios that align with the model’s
advancing reasoning capabilities.

Round 1

A uniform rod of length L and mass M is pivoted at one end, allowing it to oscillate

freely within a vertical plane. We denote the angular displacement from the vertical

axis as 6(t). Under the small-angle approximation where sinf ~ 6, our objective is to

derive the governing equation of motion and determine the period of small oscillations.

Furthermore, we shall compare this result to the period of a simple pendulum with a
length equal to L and identify the physical factors leading to any differences.

| \

Round 2

Consider a function f : R — R defined by the functional equation:

f(x+y) = F@)f(y) forallxy € R

Assume f is not identically zero. Determine all possible forms of f under these conditions
and prove your assertion rigorously by considering the behavior of f at specific points
and using properties of exponential functions.

Round 3

Consider a sequence of functions { f,(x)} defined on the interval [0, 1], where
fall) = (1 - x)"
Determine the limit .
Tim /O Falx) dx.

Provide a rigorous proof of your result using appropriate convergence theorems and
techniques from real analysis.
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A perfectly superconducting ring of mass m, radius 7, and self-inductance L is positioned
in a horizontal plane above a fixed magnetic dipole. The dipole is located at the origin
with its magnetic moment my aligned along the vertical z-axis. We assume the ring’s
radius r is significantly smaller than its levitation height & above the origin. At an initial
height z, the ring carries zero current and is released from rest. As the ring moves under
the influence of gravity and the magnetic field, it maintains its horizontal orientation.

(a) Determine the induced current [ in the superconducting ring as a function of its
vertical position z by applying the principle of magnetic flux conservation.

(b) Identify the equilibrium height & where the magnetic levitation force exactly
balances the gravitational force.

(c) Derive the governing equation for the vertical motion of the ring and calculate
the frequency w of small oscillations around the equilibrium position.

(d) Analyze the energy conversion process and find the maximum current Iy
flowing through the ring during its downward descent if it is released from a
very large height.

2
A quantum harmonic oscillator is described by the Hamiltonian H = £ + %mwzxz,
where m is the mass, w is the angular frequency, and x and p are the position and
momentum operators. We let |1) denote the eigenstates of this system with correspond-

ing energy eigenvalues E, = fiw(n + ) for non-negative integers n. We define the
lowering operator a and the raising operator a' such that they satisfy the commuta-
tion relation [a,a'] = 1 along with the eigenvalue equations a|n) = /n|n — 1) and

afln) = Vn+1jn+1).

(a) Prove that the action of the raising operator a
energy by exactly fiw.

T on any eigenstate |n) increases its

(b) Using the ladder operator formalism, find the expectation value of the Hamilto-
nian (n|H|n) in terms of n and fiw.

(c) Show that the uncertainty product oy}, for the ground state |0) satisfies the
Heisenberg Uncertainty Principle which states that oy0;, > g
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