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Abstract

Reinforcement learning for large language model reasoning often suf-
fers from signal collapse: under uniform small-group sampling, difficult
prompts frequently produce uninformative all-fail or all-success groups,
causing useful gradients to disappear. We show that this failure is largely
a statistical artifact of undersampling rather than an inherent limitation
of the model. This suggests that sampling budget should be allocated
adaptively across prompts according to their pass rates. We formalize this
idea through a family of non-linear RL objectives, which induce difficulty-
aware weighting and recover prior log-objective analyses as a special case.
Based on this view, we propose REINFORCE-ADA, with an estimation-
based variant and a model-free sequential variant that adaptively allocate
rollouts to recover informative signals. Across multiple models and math
reasoning benchmarks, REINFORCE-ADA consistently improves over stan-
dard GRPO baselines, recovering much of the benefit of large-group train-
ing at substantially lower cost.

1 Introduction: Signal Collapse in RL with Group Sampling

We study signal collapse in reinforcement learning algorithms for large language models
(LLMs). Formally, for a prompt x ~ dy, the policy 7y produces a response a ~ 7y (+|x), and
a verifier yields a binary reward r*(x,a) € {0,1}. The learning objective is

](9) = ]Ex~d0 [anne(_‘x)r*(x, Ll)] = ]ExdePG (x), (1)

where py(x) is often referred to as the pass rate and serves as a metric of prompt difficulty
for the model 7.

Estimating its gradient requires sampling multiple responses. This group-sampling
paradigm underlies many widely used LLM post-training methods, including RAFT
(Dong et al} 2023), GRPO (Shao et al.,|2024), and online DPO (Xiong et al., 2023b)). With
only a few samples per prompt, inference is affordable but the gradient is noisy; with many
samples, the signal is clear but inference becomes prohibitively expensive. The trade-off
between signal quality and cost is a central challenge in RL for LLMs.

To make this trade-off concrete, we focus on Group Relative Policy Optimization (GRPO)
(Shao et al., 2024) to illustrate our motivation. Given a prompt x and a group of n sampled
responses {4;,7; }_;, GRPO uses the per-sample gradient estimator

80(x,ai) = Acrro (¥, 4;) - Vg log 1y (ai|x), €l
where the group-normalized advantage is
ri— 7
o +¢
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Agrro(X, a;) =
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where 7 and 0, are the mean and standard deviation of the group rewards. Despite these
benefits, GRPO fundamentally relies on a small and fixed n per prompt, creating a vul-
nerability to signal collapse. When all n samples for a prompt yield identical rewards,
either all correct or all incorrect, the group mean 7 equals each reward r;. Consequently,
the computed advantages vanish (Agrpo = 0), resulting in a zero gradient. Such uniform-
reward scenarios arise frequently: during early training phases when the model fails on all
attempts for challenging prompts, and later when it consistently succeeds on trivial ones.
For instance, with a group size of 8, if the pass rate p = 0.1, the probability that all 8 sam-
ples are 0 is 0.9% ~ 43%. Empirically, even with n = 32, more than half of prompts fall into
this “zero-gradient” regime as models improve (Yu et al.|[2025).

Crucially, this collapse is not due to the prompts being inherently trivial or impossible;
it is instead a statistical artifact of undersampling. With finitely many samples from
mg(-|x), the estimate py(x) can easily equal 0 or 1 even when the true pass rate satisfies
0 < pp(x) < 1. Training prompts are typically filtered to ensure moderate difficulty (e.g.,
Yang et al.[(2024) retain prompts where 2-5 out of 8 responses are correct), meaning most
prompts have non-trivial success probabilities. With small #, however, random fluctua-
tions make it likely to observe all-correct or all-incorrect groups, thereby masking the true
learning signal. Larger n reliably recovers these signals, but at unsustainable inference cost
(Figure.
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Figure 1: Pass@k curves (left) and the fraction of prompts with uniform-reward groups
(right) on a subset of the Open-R1 prompt set. We compare the Qwen2.5-Math-1.5B base
model with an RL checkpoint. As k increases, pass@k rises while uniform-reward groups
become substantially less frequent.

These observations reveal a deeper limitation of current practice. Most existing methods
use the same group size for every prompt, regardless of difficulty. This uniform alloca-
tion is simple, but statistically wasteful: easy prompts are often oversampled, while hard
prompts are exactly the cases where a small group is least likely to uncover a useful learn-
ing signal. From a learning dynamics perspective, however, hard prompts are often the
most informative, because progress on them changes the model where it currently fails.
To balance signal recovery against computational cost, we should allocate more budget to
prompts with low pass rates instead of sampling every prompt equally.

Motivated by |Yao et al|(2025), who derived a 1/p-weighted gradient for RAFT from a
statistical EM interpretation, we take a more general objective-level view that applies to
general policy gradient algorithms. A convenient way to express this intuition is through
a family of utility-transformed pass-rate objectives:

J£(6) = Ex[f(po(x))], 4)

where f is a non-linear utility function of the prompt pass rate. This formulation makes
the induced prompt-dependent weighting explicit in the gradient,

VI(0) = Ex[f'(po(x)) - Vpo(x)], )

thereby assigning different emphasis to different pass-rate regimes. For example, the log
utility f(p) = log p yields a 1/p weight. In this sense, the RAFT result of |Yao et al.| (2025)
can be viewed as the log-utility special case of a broader framework. Here, f serves as an
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analytical lens for expressing how strongly we wish to emphasize different prompt regimes
and for deriving adaptive allocation rules from that emphasis.

Building on this framework, we propose REINFORCE-ADA, a family of adaptive sampling
algorithms that realizes this weighting principle through inference budget allocation. Our
contributions are threefold:

1. A utility-based framework for prompt-dependent weighting. We introduce a
family of utility-transformed pass-rate objectives as a conceptual framework for
adaptive allocation. This view makes explicit how different choices of f emphasize
different prompt regimes.

2. A broad family of variance-reduction estimators and allocation rules. Within our
framework, different choices of f induce different prompt-dependent weightings,
which in turn give rise to a broad family of variance-reduction policy gradient
estimators and adaptive allocation rules for general policy gradient algorithms be-
yond RAFT. In this sense, our framework generalizes the result of|Yao et al.| (2025),
with the RAFT 1/p-weighted gradient appearing as the log-utility special case.
This perspective motivates our estimation-based method REINFORCE-ADA-EST.

3. A model-free method via sequential sampling. We introduce REINFORCE-ADA-
SEQ, in which the sampling budget is encoded implicitly in the expected stopping
time of the sequential sampling process. By continuing to sample until a stop-
ping condition is met, the method recovers signal without explicit pass-rate es-
timation. For example, the stopping rule “sample until one positive response is
observed” yields an expected allocation proportional to 1/ p, exactly matching the
log objective. Empirically, compared with standard GRPO with uniform sampling,
this leads to improved compute efficiency: under the same compute budget, our
method achieves better performance.

2 The Weighted Objective Framework

We now make the weighting principle from the introduction precise. Recall the general
non-linear objective in Equation (4), where f : (0,1] — R is a non-decreasing function.
When f(p) = p, we recover the standard objective. Choosing a concave f instead assigns
higher marginal utility to improvements on prompts with low pass rates. Expanding the
gradient in Equation (5) reveals the corresponding prompt-dependent weight:

V] (0) = Eywq, [f'(Pe(x)) “Earrg([x) [Ve log 7t (a|x) 'T(x/ﬂ)} } (6)
Weight w(p)

Different choices of f induce different weighting rules. A canonical choice is the log objec-
tive, f(p) = log p, which gives

v]log(()) = ]Ex~d0 [ ’ IEaNT[@(-\x) [r*(xra)ve log 7T9(Q|x)” :

po(x)

Thus the weight is 1/py(x), which explicitly emphasizes difficult prompts. This is closely
related to the weighted gradient derived for RAFT through the EM interpretation in |Yao
et al| (2025), but here it arises from a general policy-gradient objective beyond RAFT. A
broader family is given by the power objective f(p) = p* with « > 0, which yields

V]u(8) = Eyoq, [zxpg(x)“’l By () [ (x,0) Vg log ng(a|x)”, providing a softer form
of difficulty-aware weighting.

Figure [2] visualizes representative choices of f and f’. The standard objective f(p) = p
gives the uniform weight w(p) = 1, whereas concave choices such as log p and ,/p place
larger weights on lower-pass-rate prompts. This is the core mechanism behind adaptive
allocation in our framework.
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Figure 2: Visualization of different f(¢) and f’(t). The concave functions log(t) and v/t
assign larger weights f'(t) to difficult prompts (t — 0).

2.1 REINFORCE-ADA-EST: Estimation-based Allocation

We begin with the most direct implementation route. Suppose that the prompt pass rates
p; are already known, or have been estimated accurately enough to be treated as known for
allocation. We can then use this information to adapt the sampling budget across prompts.
The first application of the proposed non-linear framework is to generalize the variance-
reduction view of |Yao et al.|(2025) from RAFT to general policy gradients and beyond the
log objective. For a chosen utility f, let $j,a¢n be an unbiased estimator of the weighted
batch gradient in Equation (6), where prompt x; receives n; samples and weight w; =
f'(pi)- Let (ng (x;) denote the variance of the corresponding prompt-level gradient estimator
under unit weight, namely with w; = 1. Then the batch variance takes the generic form

B o3 (xi)

2

V= 2 gn, ws, ny o« wiog(x;), (7)
i=1 !

where the second relation follows from minimizing V under a fixed total budget ) ; n; = N.

Under the standard assumption that gradient norms are similar across prompts, agz(xi) is

driven mainly by reward variance: (ng(xi) o p; for RAFT and q%(xi) o p;i(1 — p;) for policy
gradient with a baseline, where the baseline further reduces variance through centering.
For the log utility, w; = 1/p;, which recovers the RAFT rule of|Yao et al.| (2025) and extends

it to policy gradient:

ny o \/g (RAFT), ny o 1/% (policy gradient).

For the power utility f(p) = p®, the same argument gives n} « zxp?‘*lffg(xi). In contrast,

the GRPO normalization corresponds to an implicit weight proportional to 1/+/p;(1 — p;),
which can be associated with the utility 2 arcsin(,/p;). Plugging this weight into the same
framework gives n « 1, so uniform allocation is exactly the variance-optimal rule in that
case. Intuitively, this happens because GRPO already normalizes by the within-group stan-
dard deviation. REINFORCE-ADA-EST implements this objective-conditioned variance-
reduction idea directly: it first estimates prompt pass rates, and then allocates sampling
budget according to the induced optimal rule. We defer the full derivations, additional
cases, pass-rate estimation methods, and proofs to Appendix|[Djand Appendix|C.2}

However, these examples also make clear that variance-optimality is defined relative to
the chosen utility. Different choices of f induce different optimal estimators and alloca-
tion rules. As shown by |Yao et al,|(2025), the log-weighted rule can outperform uniform
GRPO in pass rate. When our primary interest is pass rate itself, this suggests that the
tight coupling between utility and allocation can be risky, since the variance-optimal rule
for a chosen utility need not be the one that best improves pass rate. Moreover, methods
of this kind require estimating p, or equivalently the value of a prompt, in advance. This
typically incurs additional cost, either through extra inference, as in|Yao et al.[(2025) where
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part of the sample budget is used to estimate pass rates, or through training an auxiliary
value network. Finally, the variance analysis above also simplifies away the dependence
on prompt-level gradient norms. In principle, the optimal rule depends on these norms
as well, but they are high-dimensional and unlikely to be estimated robustly from limited
samples.

2.2 REINFORCE-ADA-SEQ: Implicit Allocation via Sequential Sampling

We now step back from direct objective-specific optimization and instead use the utility
view more as a lens for how strongly to emphasize different pass-rate regimes. This leads
to a model-free alternative that integrates estimation and adaptive allocation into a single
online sampling process.

From this perspective, the utility f acts as a control knob for adaptive allocation. Rather
than taking ] as a literal optimization target, we use f to specify a desired relative empha-

sis across prompts, and interpret the induced weight f'(p) as a target allocation pattern for
inference Compute Different choices of f therefore control behavior in the pass-rate tails.

For example f = log p gives f'(p) = 1/p and strongly emphasizes difficult prompts,
whereas f(p [ p yields a milder allocation rule. More generally, one-sided utilities
emphasize the d1f icult tail near p — 0, while two-sided utilities can also increase alloca-

tion near the easy tail when negative evidence becomes rare. Figure 2| can be read directly
from this perspective: the curves of f '(t) visualize how aggressively each utility allocates
relative compute across pass-rate regimes.

To instantiate this view, we begin with the log utility, which induces the allocation rule
1/p and therefore places strong emphasis on difficult prompts. The most direct way to
realize this rule would be to first estimate prompt pass rates and then allocate inference
compute proportionally to 1/p. A key observation, however, is that in the RAFT-style
binary-success setting, the same 1/ p allocation rule can also be realized implicitly through
a simple sequential procedure: keep sampling until the first positive response is observed.
The expected stopping time of this rule is E[N;] = 1/p;. This gives the same allocation
preference suggested by the log utility while simultaneously recovering a usable training
signal.

This observation suggests a broader algorithmic principle, reminiscent of successive elim-
ination methods in the multi-armed bandit literature (Slivkins et al., 2019). Rather than
separate pass-rate estimation from allocation, we can integrate them into a single online
sampling process by designing exit conditions whose expected stopping times realize the
desired allocation pattern. From the signal-recovery perspective, the rule is simple: keep
sampling until the prompt has produced enough evidence to support a stable update. For
REINFORCE-with-baseline style updates, mixed outcomes are the natural signal unit, so a
single positive sample is no longer the right stopping criterion. This motivates a two-sided
exit condition that continues sampling until both positive and negative evidence have been

observed. In the simplest case, the expected stopping time scales as % + 1%;71 — 1, which

increases allocation in both tails and closely matches the weighting induced by the two-
sided utility log £ "p]_ up to an additive constant. Algorithm |1|in Appendix gives the

full procedure. At a high level, the method operates over a batch of prompts in sequential
rounds:

1. Initialization: All prompts in the current batch begin in an active set (active arms).

2. Iterative Sampling: In each round, we generate M new responses for every
prompt currently in the active set.

3. Elimination: At the end of each round, active prompts are checked against an exit
condition, and those that satisfy it are removed from future rounds. We consider
two variants:

¢ Positive-focused (REINFORCE-ADA-SEQ-POS): A prompt is deactivated once
we collect at least Kpos correct responses.
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¢ Balanced (REINFORCE-ADA-SEQ-BALANCE): A prompt is deactivated once at
least Kpos correct and Kpeg incorrect responses are collected.

This process continues until all prompts are resolved or a maximum budget is reached

Practical Implementation via Static Batches. A practical challenge is that sequential
stopping produces random batch sizes, which are inconvenient for static GPU training.
A second motivation is empirical: retaining too many negative samples in the final train-
ing batch can make optimization unstable, consistent with the comparison in Figure [5and
the discussion of Xiong et al.| (2025). We therefore use all collected samples to compute a
robust global baseline p; = Npos/ N;, which helps recover the signal, and then systemati-
cally down-sample the response pool to a fixed update group of size n while keeping both
positive and negative samples when possible.

Down-sampling introduces selection bias, since some collected responses are more likely
than others to be retained in the final fixed-size update batch. We correct this with inverse-
probability weighting, dividing each retained sample by its inclusion probability under the
down-sampling scheme. If we also wish to preserve a utility-induced emphasis after fixing
the batch size, a natural weighted estimator is

N | 1 R
8r(xi) = we(pi) - Y. —Vlogn(aj | x;) (rj — pi)-
jeB; di

Here ws(p;) = f'(pi) is the utility-induced weight, and g; is the probability that sam-
ple j is retained by the down-sampling step. The key point, however, is that this explicit
weight is optional rather than essential in REINFORCE-ADA-SEQ. The main motivation of
the method is signal recovery: sequential sampling already directs more inference com-
pute to prompts that require more evidence, regardless of whether we explicitly optimize
a non-linear objective. In this sense, we use f primarily as a utility function for inference
allocation rather than as the RL objective itself. When we want closer adherence to a cho-
sen non-linear objective, we include the factor ws(p;). When pass rate itself is the primary
concern, omitting this factor is also a natural design choice. This lets REINFORCE-ADA-SEQ
retain the throughput of static batches while keeping the explicit weighting flexible.

Before turning to the large-scale LLM experiments, we also conduct detailed simulation
studies to examine the sampling cost and estimation bias induced by these adaptive pro-
cedures; see Appendix|[E]

3 Experiment

Experimental setup. We evaluate REINFORCE-ADA on three backbones, Qwen2.5-Math-
1.5B, Qwen2.5-Math-7B, and Llama-3.2-3B-Instruct, using MATHS500 (Hendrycks et al.,
2021), Minerva Math (Lewkowycz et al| [2022), OlympiadBench (He et al., 2024), and an
AIME-like set of 230 recent competition problems (Balunovic et al.| 2025). Training uses a
curated subset of Open-R1-Math-220K/"|with standard deduplication, verifier filtering, and
difficulty-based filtering to retain challenging prompts. Unless otherwise specified, each
run is trained for a fixed budget of 600 optimization steps. All evaluations report Ave@32
with temperature 1.0 and a maximum generation length of 4096. In the main comparisons,
our primary scalar metric is the weighted benchmark pass@1 aggregated across the evalu-
ation suite.

Comparison protocol. All methods share the same underlying RL recipe in verl (Sheng
et al.} [2024); we vary only the sampling mechanism. We use two complementary com-
parison protocols. Our main table reports a fixed-budget comparison under the default

1We also tested a more complex intra-round estimate-and-allocate variant, but it did not yield
clear gains over this simpler implementation.
Zhttps://huggingface.co/datasets/open-r1/0penR1-Math-220k
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Method Ave. Inference Ave. Train Ave. Cost
GRPO-4 4 4 16
ADA-SEQ-POS 7.2 4 19.2
ADA-SEQ-BALANCE 11.1 4 23.1
GRPO-8 / ADA-EST-n8 8 8 32
GRPO-16 16 16 64

Table 1: Comparison of average inference and training cost across methods. Ave. Cost is
computed as Inference + 3 x Train, where the factor 3 is a rough FLOPs proxy for training
relative to a forward pass. For REINFORCE-ADA-SEQ, the reported values are averaged
over prompts and training steps in the Qwen2.5-Math-1.5B runs. Costs are counted by the
number of responses, so the estimate is approximate because response lengths vary.

configurations in Table[2} GRPO uses group sizes n € {4,8,16}, ADA-SEQ-POS and ADA-
SEQ-BALANCE use a maximum inference size of Npmax = 32 together with a sub-sampled
training group size of n = 4, where ADA-SEQ-POS uses the stopping rule Kpos = 1 and
ADA-SEQ-BALANCE uses the balanced stopping rule Kpos = Kneg = 2. In all reported
ADA-SEQ experiments, we do not apply an additional prompt-dependent weight in the
final advantage. The reason is empirical as well as conceptual: the appendix ablation in
Section [G.4]shows that adding the GRPO-style standard-deviation normalization to scaled
ADA-SEQ-BALANCE hurts pass rate, suggesting that in at least some settings directly op-
timizing the associated non-linear objective can be less aligned with pass rate itself. For
ADA-EST, by contrast, we follow the RAFT-style log-p construction of [Yao et al.| (2025), so
the allocation rule is kept consistent with their analysis. At the same time, we simplify the
pass-rate estimation procedure and do not spend a separate inference stage purely to esti-
mate p in advance. ADA-EST-n8 therefore allocates budget from online pass-rate estimates
and is most directly comparable to GRPO-n8. This protocol is intended to compare final
performance under a common 600-step training budget. We refer readers to Appendix|C.2|
and Appendix |F for the full implementation details.

To study compute scaling directly, we construct weighted benchmark pass@l—cost curves
under a separate scaling protocol. GRPO uses larger group sizes n € {16,32}, while
ADA-SEQ-BALANCE uses matched configurations with maximum inference size 2n, sub-
sampled training group size n/2, and stopping thresholds Kyos = Kneg = 1/4. We report
these results separately because they are designed to trace a compute frontier rather than
match the default fixed-budget benchmark. The main text only summarizes the setup; full
details are deferred to Appendix[F

3.1 Main Results

Fixed-budget comparison at 600 training steps. Table [2| reports the final performance
of all methods under a common budget of 600 optimization steps. Because all runs are
trained for the same number of steps, the average per-step cost is proportional to the total
training cost. Using the Qwen2.5-Math-1.5B runs in Table [1| as a representative example,
the average cost over 600 steps follows a clear compute ladder:

GRPO-4 < ADA-SEQ-POS < ADA-SEQ-BALANCE < GRPO-8/ADA-EsT-n8 < GRPO-16.

Within the GRPO family, increasing the group size usually improves final test accuracy,
which is consistent with our signal-recovery intuition: larger groups are more likely to
recover informative gradients that would otherwise collapse under small-group sampling.

Adaptive allocation is more compute-efficient. Compared with uniform sampling,
adaptive allocation is more compute-efficient. At approximately matched cost, ADA-EST-
n8 consistently outperforms GRPO-n8, and ADA-SEQ-BALANCE is cheaper than GRPO-
n8 while outperforming it on all three backbones. On Qwen2.5-Math-1.5B, ADA-SEQ-
BALANCE even slightly surpasses the much more expensive GRPO-n16. These compar-
isons show that adaptive sampling recovers much of the benefit of scaling up group size,
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Model Algorithm Math500 Minerva Math Olympiad Bench AIME-like Weighted Average
GRPO-n4 74.2 34.4 38.4 16.2 45.3
GRPO-n8 75.3 34.3 39.2 17.3 46.1
GRPO-nl6 76.9 35.1 40.4 179 47.3
Quoen2.5-Math-1.58 x4 sro-Pos 75.8 35.7 38.6 16.5 46.1
ADA-SEQ-BALANCE 77.4 36.5 40.5 17.5 47.6
ADA-EST-n8 76.1 34.8 39.1 18.5 46.6
GRPO-n4 82.5 45.0 45.2 22.3 53.0
GRPO-n8 82.3 44.8 452 23.7 53.2
Quwen2.5-Math-7B ADA-SEQ-POS 82.7 45.1 46.7 23.7 54.2
ADA-SEQ-BALANCE 84.0 45.2 47.1 23.7 54.6
ADA-EST-n8 83.6 421 46.6 241 53.8
GRPO-n4 52.4 21.1 20.5 59 28.1
GRPO-n8 53.7 21.6 20.9 7.3 289
Llama-3.2-3B-instruct GRPO-n16 55.2 23.2 22.3 6.8 30.1
: ADA-SEQ-POS 52.6 222 21.0 7.5 28.8
ADA-SEQ-BALANCE 53.2 224 21.2 8.0 29.1
ADA-EST-n8 54.1 22.2 22.1 7.5 29.7

Table 2: Performance comparison of GRPO and REINFORCE-ADA. We report average@32
accuracy with a sampling temperature of 1.0 and a maximum generation length of 4096
tokens. The weighted average score is computed according to the number of prompts in
each benchmark. ADA-SEQ-P0OS and ADA-SEQ-BALANCE use a maximum inference size
of Nmax = 32 and a sub-sampled training group size of n = 4; ADA-SEQ-POS uses the
positive stopping rule Kpos = 1, while ADA-SEQ-BALANCE uses the balanced stopping
rule Kpos = Kneg = 2.

but does so more efficiently than uniform sampling under a fixed 600-step training budget.
They also motivate our focus on ADA-SEQ-BALANCE in the scaling study below.

3.2 Scaling ADA-SEQ-BALANCE Against GRPO

The fixed-budget comparison above also identifies ADA-SEQ-BALANCE as the strongest
sequential variant to scale further. It is consistently stronger than ADA-SEQ-POS, and it also
preserves policy entropy better than GRPO in the reward—entropy analysis. We therefore
use ADA-SEQ-BALANCE as the representative adaptive method in the scaling study.

Following the separate scaling protocol introduced in the setup, we compare ADA-SEQ-
BALANCE against larger-group GRPO baselines on Qwen2.5-Math-1.5B. We visualize two
adaptive configurations, with training keep sizes 8 and 16, against GRPO-n16 and GRPO-
n32, respectively. Figure [3| plots weighted benchmark pass@1 against log-compute. The
main pattern is that the smaller ADA-SEQ-BALANCE configuration is close to, and some-
times slightly better than, GRPO-n16 in the low-to-mid compute regime; GRPO-n16 re-
mains a strong baseline overall; and GRPO-n32 is clearly less compute-efficient. This
picture is also consistent with the auxiliary entropy analyses in Appendix |G}, which sug-
gest that adaptive allocation improves learning efficiency even when the gains in weighted
benchmark pass@1 are moderate.

3.3 Typical Sampling Dynamics of ADA-SEQ

To understand why the sequential method works, we next examine its sampling dynam-
ics on a single representative model, Qwen2.5-Math-1.5B. Figure[dtracks the extra samples
generated beyond the first-round GRPO budget, together with the composition of prompts
that remain unresolved under the balanced stopping rule. Early in training, the additional
budget is mainly spent on difficult prompts that are still missing positive evidence. Later,
as many prompts become easy and negative responses turn rare, the unresolved set shifts
toward prompts missing negative evidence. As a result, ADA-SEQ-BALANCE first allocates
more effort to hard prompts and later returns to easy prompts to recover rare failure sig-
nals, which helps prevent all-correct collapse and maintain a useful gradient throughout
training.

Additional Results and Ablations. We defer additional reward—entropy trade-off, Pass@k,
and training-difficulty ablations to Appendix|[G]
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Figure 3: Weighted benchmark pass@l-compute trajectories on Qwen2.5-Math-1.5B un-
der the scaling protocol. The horizontal axis is log-compute, measured by a token-based
FLOPs proxy that combines rollout sampling cost with training update cost. The vertical
axis is weighted benchmark pass@1. Left: REINFORCE-ADA with keep size 8 and maxi-
mum inference size 32 versus GRPO-n16. Right: REINFORCE-ADA with keep size 16 and
maximum inference size 64 versus GRPO-n32. The main pattern is that adaptive sampling
reaches a favorable efficiency regime close to GRPO-n16, while GRPO-n32 is substantially
less compute-efficient and less stable.
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Figure 4: Typical sampling dynamics of ADA-SEQ on Qwen2.5-Math-1.5B. Left: extra sam-
ples generated in later rounds beyond the first-round GRPO budget. Middle: number of
prompts that remain unresolved under ADA-SEQ-BALANCE, split by whether the stop-
ping rule is blocked by missing positive or missing negative evidence. Right: number of
prompts that can already be resolved within the first two rounds. All curves are smoothed
using a moving average with a window size of 20.

Discussion and End Note. In this work, we identify signal loss under small-group sam-
pling as a central bottleneck in RL post-training for LLMs. When the group size is small,
difficult prompts often produce collapsed all-fail or all-success groups, causing the policy-
gradient signal to disappear. Our main conclusion is that adaptive sampling offers an
efficient way to allocate additional inference compute for signal recovery, concentrating
rollouts on prompts for which informative evidence is hardest to obtain. To formalize this
intuition, we introduced a family of non-linear utilities over prompt pass rate. We first used
this framework to generalize objective-conditioned variance-reduction analyses beyond
RAFT, and then stepped back to use it more softly as an analytical lens for designing adap-
tive allocation rules. In this sense, the framework not only generalizes the log-weighted
insight of|Yao et al.|(2025) from RAFT to general policy gradients, but also provides a richer
perspective on the relationship between learning objectives and compute allocation, clari-
fying how different objective choices induce different allocation rules and trade-offs. This
broader view in turn motivates our model-free sequential method ADA-SEQ. Across mul-
tiple models and math benchmarks, REINFORCE-ADA improves compute efficiency rela-
tive to uniform group sampling, recovering much of the benefit of larger-group training
without paying its full cost. Our method is local in that it allocates responses within each
prompt, while many recent data-curation strategies operate at the macro, prompt level; we
believe these two perspectives are complementary and should ultimately be combined as
a single system.
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to validate its effectiveness; drafted the initial version of the paper, with subsequent con-
tributions and revisions from co-authors.

CY proposed the idea of global normalization; jointly developed the core sequential
sampling algorithms, including the codes for Reinforce-Ada-Seq-pos, Reinforce-Ada-Seq-
balance, global normalization, and verification; ran the experiments for Qwen2.5-Math-
1.5B and Qwen2.5-Math-7B; contributed to the paper writing.

BL processed the data; ran the experiments for Qwen2.5-Math-7B, Llama, Qwen3-4B; pro-
vided the released version of code (including the Tinker version); and contributed to the
paper proofreading.

HD initiated, coordinated, and drove the project; provided insights about the algo-
rithm and project design; designed and implemented the production-ready versions of
REINFORCE-ADA; developed and refactored a scalable and configurable codebase; con-
ducted key experiments for Qwen2.5-Math-1.5B; made substantial contributions to the
manuscript writing.

XX, CM, JB, NJ, TZ are senior authors, supported and advised the work, provided re-
sources, and suggested experiments and improvements to the writing.

B Related Work

Data filtering and selection in online RL training for LLMs. Our work is related to the
growing body of literature on data selection and filtering for online reinforcement learn-
ing with LLMs, which also traces back to RLHF studies (Zhang et al.j Xiong et al., [2023a;
Dong et al.,|2024; Shi et al., 2024; Feng et al.,|2025). In the context of RLVR, some methods
employ an oversample-then-downsample strategy: they first generate a large, uniform set
of responses for each prompt and then select a subset based on specific criteria. Xu et al.
(2025) propose downsampling to maximize reward variance within the group, while |Ye
et al.| (2025) use process rewards to select positive samples, mitigating issues with falsely
correct responses. Xue et al[(2025) study data filtering in the context of tool-integrated rea-
soning, where they find that trajectories with invalid tool calls significantly hurt training
stability. Li et al.|(2025) propose using process search to branch trajectories and collect data.

Addressing signal loss in GRPO. A central challenge in applying GRPO is the “signal
loss” problem, where groups of responses with uniform rewards yield zero gradients. Prior
work has identified this issue and proposed several solutions. The most direct approach
is passively filtering out these prompts (Yu et al,, [2025; Xiong et al., 2025). Among these
methods, DAPO (Yu et al.,2025) is the closest to ours in spirit, since both methods respond
to signal collapse through adaptive data collection. However, the two mechanisms oper-
ate at different levels. DAPO keeps a fixed group size for each prompt, repeatedly samples
new prompts, discards prompt groups with no learning signal, and accumulates only valid
groups until reaching a target batch size. In this sense, DAPO improves data efficiency after
signal collapse has already occurred. In contrast, REINFORCE-ADA operates at the within-
prompt allocation level: it actively allocates more responses to prompts whose signals are
hard to recover, with the goal of preventing or repairing collapse rather than filtering it
out afterward. The two ideas are complementary, since DAPO acts on prompt selection
while our method acts on response allocation within each prompt. Another line of work
proposes modifying the advantage computation to avoid zero gradients. To avoid discard-
ing samples, [Nan et al.| (2025) propose augmenting the reward group with a constant (the
maximum possible reward), ensuring the variance is not zero by introducing a bias. |Le
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et al.| (2025) propose assigning advantages based on entropy information for prompts with
uniform rewards. Finally, some works mitigate this issue by selectively choosing prompt
batches. For instance, Qu et al.| (2025) employ a Bayesian framework to predict a prompt’s
pass rate and selectively sample informative prompts during online training. Our work
differs by tackling the problem at the collection stage itself, ensuring that a sufficient sig-
nal is gathered adaptively rather than correcting for its absence afterward. Similarly, Shi
et al|(2025) propose using adaptive curriculum learning to select prompts with suitable
difficulty during online RL training. |Zhang et al.|(2025) also develop curriculum-learning
methods to select training prompts of intermediate difficulty in a two-stage manner. |Zheng
et al| (2025b) use a dictionary-based approach to record historical reward from the last
epoch and skip uninformative prompts.

Learning objective in RLVR. A key contribution of this work is the systematic formula-
tion of non-linear RL objectives and the weighted gradient estimators that arise from them.
Our theoretical framework builds directly on the foundational insights of |Yao et al.| (2025),
which is one of the earliest works to recognize that RLVR can be viewed through a prompt-
dependent weighting scheme from a theoretical perspective. In particular, Yao et al.|(2025)
interpret rejection sampling fine-tuning (RAFT) (Dong et al.,[2023) under an Expectation-
Maximization (EM) view (Singh et al., [2023; |Zhong et al.,[2025) and make the important
observation that the true expected gradient in EM-RAFT is weighted by 1/pg(x). They
further characterize the variance structure under this weighted gradient and show that the

optimal sampling budget should scale with 1//py(x). Motivated by their results, our
early attempts tried to extend their optimal variance-reduction estimator to the standard
Reinforce algorithm, but this turned out to be infeasible. This led us to analyze the log-
objective for Reinforce, which naturally recovers a variance structure similar to EM-RAFT.
Our framework also captures and generalizes the result of Yao et al|(2025) (see Appendix|D|
for details).

From an algorithmic perspective, |Yao et al.| (2025) propose an improved RAFT variant with
variance-reduced gradient estimates. However, their method follows a two-stage “explore-
then-exploit” procedure: a small portion of the budget is used to estimate pass rates (often
offline), and the remaining budget is allocated based on these estimates. This design has
a key limitation—when the initial budget is small, the pass-rate estimate has very high
variance, especially for difficult prompts (low p;), where the initial sample almost always
contains zero positive responses. In contrast, we study the more general Reinforce algo-
rithm, clarify the connection between explicit weighting and implicit weighted sampling,
and provide two practical realizations—an estimation-based method and a model-free se-
quential sampling method—that mitigate this issue.

We also note a very recent theoretical note by [Davis & Recht| (2025), which appeared con-
currently with our second preprint version. Their work also observes that non-linear ob-
jectives can be linked to heuristic weighting schemes used in algorithms such as GRPO.
In comparison, we not only establish the theoretical link but also explicate the duality be-
tween optimizing this objective via explicit weights versus adaptive sampling. Further-
more, we go beyond theory to translate these insights into a practical, efficient algorithm,
REINFORCE-ADA, and rigorously validate its effectiveness through extensive experiments.

GRPO variant designs. Our work is orthogonal to another line of research focusing on
modifying the policy gradient algorithm itself, such as innovations in advantage estima-
tion and clipping mechanisms (Hu, [2025;[Zhu et al., 2025; Zheng et al.| 2025a;|Huang et al.,
2025; Chu et al., [2025). While these methods refine the core update rule, we focus on the
data generation and construction pipeline. Our adaptive sampling framework is comple-
mentary to these algorithmic improvements and can be combined with them.

C Additional Details on Algorithm Design

C.1 REINFORCE-ADA-SEQ

Please refer to Algorithm [i}
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Algorithm 1 REINFORCE-ADA-SEQ (one training iteration)

16:

17:
18:

19:

20:
21:

22:
23:
24:
25:

Input: Current policy 71y, batch of prompts D, effective group size for update n, num-
ber of sampling rounds N, samples per round M > 7, and exit condition function
ExitCondition(-)
PHASE 1: ADAPTIVE SAMPLING DATA COLLECTION
Set all prompts x as active and initialize response set Sy +— @
fort=1,...,Ndo > Iterate through sampling rounds
for each prompt x € D where active(x) is true do
Sample M responses {4}, r]-}inl ~ 7 (+]x), (-, -)
Add to collection: Sy + Sy U {a;, ”j}inl

if ExitCondition(Sy) is met then
Mark prompt as inactive: active(x) < false
end if
end for
end for
PHASE 2: TRAINING BATCH AND OBJECTIVE CONSTRUCTION
Initialize an empty set for the final training data: B < @
for each prompt x € D do > Use all collected samples (“global statistics”) for
normalization
Let Sy = {(aj, rj)}]l-ixl‘ be the full set of collected samples for prompt x
Compute the global baseline: py <+ ISlTI Z}ixl‘ ri
Downsample Sy to a fixed update group By of size n, trying to ensure > n/2 size
for each correct or incorrect subset when possible
Compute the inclusion probability g; for each retained sample (a;,7;) € By under
the down-sampling scheme
for each retained sample (a;,7;) € By do
Compute IS-corrected advantage: A; < I ;jpx
Add (x,aj, Aj) to the final batch: B <- BU {(x,4;, 4;)}
end for
end for
Compute the policy gradient objective with batch B and update the model.

Algorithm 2 REINFORCE-ADA-EST under the log objective (one training iteration)

1

—_

Y RN > TR

: Input: Current policy 71y, batch of prompts D, effective update size 1, sampling bounds
[Nmin, Nmax), total budget target Niyt,1, and estimator £
: Get current pass-rate estimates py <— £(x) forallx € D

: Allocate budgets Ny « 1//px + € subject to Ny € [Nmin, Nmax] and Y, Ny ~ Nigtal
: for each prompt x € D do

Sample Ny responses {aj,rj}]l.\]le ~ (- | x), (-, )
Compute the full-pool mean 7 < N% Z]I,\’:’H ri
Apply the residual weight a, < 1/+/7x +¢€

Form weighted advantages Aj (rj — Py )ity

end for
: Update the policy using the weighted batch and refresh £ with the new observations

C.2 Implementation Details and Variants of REINFORCE-ADA-EST

In

practice, REINFORCE-ADA-EST follows an estimate-then-allocate pipeline. Given cur-

rent pass-rate estimates py, we allocate additional inference budget according to the target
weighting, then construct a weighted update from the enlarged sample pool. Algorithm 2]

sh

ows the hybrid realization used in our main experiments under the log objective.
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We consider two practical estimators for the pass rate. The first is a lightweight value
model Vi (x) that predicts prompt-level success probability. The second is ADA-EMA, a
model-free Bayesian moving average inspired by |Qu et al,| (2025), which maintains ex-
ponentially decayed counts of total trials and positive outcomes for each prompt. In our
main experiments, we use the hybrid log-objective strategy, allocating budget proportional
tol/ VPi and leaving the residual factor 1/ VPi in the gradient.

We also compare the effect of sampling and reweighting in REINFORCE-ADA-EST. The
training reward averaged at the prompt level is similar for both the hybrid strategy
(Wsample = 1/\/P, Wgraa = 1/,/p) and the implicit weighting via sampling (Wsampte =
1/p, wgrag = 1). However, the batch-level reward under implicit weighting eventually de-
creases. This indicates that the method is overly aggressive in sampling negative samples,
leading to excessive oversampling of difficult prompts. When the task distribution con-
tains many hard examples, this issue becomes more pronounced, since simpler samples
receive too few draws.

In fact, the number of samples drawn per prompt Ny, the total sampling budget N1, and
the reward r, satisfy
(rbatch - 7’pr0mpt)Ntotal = COV(NX/ rx)/

A large gap between prompt level reward and batch level reward implies a strong negative
covariance between Ny and ry, meaning low reward prompts dominate the sampling bud-
get. Under a finite sampling constraint, it is therefore important to ensure broad prompt
coverage and use a more moderate sampling strategy to avoid such imbalance and extreme
behavior.

Qwen2.5-Math-1.5B: Training Step vs Reward Qwen2.5-Math-1.5B: Training Step vs Reward (Batch)

0.50 = —
—— Wsample = 1/V/P, Wgrad = 1/\/p

0351 —— Wsample = 1/p, Wgrag = 1

0.45

0.40
0.30

©0.35
g
$0.30 0.25
0.25 A
0.20 R N
0.20 —— Wasample = LV, Wgrag = 1VP \y
0.15 —= Wsample = 1/p, Wgrag = 1 0.15
0 100 200 300 400 500 0 100 200 300 400 500

Training Steps Training Steps

Figure 5: Comparison with different sampling/reweighting strategy.

D Variance-Reduction Gradient Estimator under the Non-linear RL
Objective

In this section, we connect our general framework to the variance-reduction principle ex-
plored in |Yao et al|(2025). We begin with the canonical log objective, generalize their
findings from the specific case of Rejection Sampling Fine-Tuning (RFT) to the general Re-
inforce algorithm with a baseline, and then extend the same analysis to other non-linear
objectives.

We recall that|Yao et al.|(2025) demonstrated that RFT can be viewed as maximizing the log-
objective Jios(0) = E[log pg(x)]. Here, we analyze the gradient estimator for this objective
under the general Reinforce algorithm with baseline:

5 Boenin [Salog el (5) =)@

glog(x) = p

D.1 Optimal Budget Allocation

Our goal is to estimate the total gradient for a batch gpuen = Y log(¥i) With minimum
variance, given a total budget N. Suppose we have a total of N samples to distribute
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across B prompts x1, ..., xp. Using n; samples for prompt x;, the batch gradient estimator

is

1& 1 ¢

Sbatch = 5 le i 21 Vg log 7t (ajj|x;) (rij — pi), )
i= j=

where p; = pg(x;).

Optimal Inference Budget Allocation (N=4096, B=512)

EM-RAFT: n « %
v
50 1
) Reinforce with Baseline: n « 1;4
C
fs 40
£
© 30
(%]
©
3
S 20
(9}
o
< 10 -
O 4
0.0 0.2 0.4 0.6 0.8 1.0

Pass rate p

Figure 6: The theoretically optimal inference budget allocation of RAFT and Reinforce-
with-baseline algorithms under the log objective.

Crucially, note the distinction from Section [2} In this estimator, the optimization of the
log-objective is captured entirely by the explicit factor 1/p;. Since the inner sum is nor-
malized by #;, the allocation #; does not affect the optimization objective (it is an unbiased
estimator for any #n; > 1). Therefore, the role of n; here is purely to minimize the variance
of the estimator. We seek the allocation (111, ..., np) minimizing the total gradient variance:

B 0.2 x;
min V-3 2 ( 21)1 (10)
ni,...,nNg i=1 nipi

B
subject to Zn,- =N and n; > 1.
i=1

Here ng (x;) is the variance of the baselined Reinforce gradient Vg log 7t(a;j|x;)(rij — pi)- To
make its dependence on p(x) explicit, write g(a) = Vylog rg(a|x) and note that r € {0,1}
with  ~ Bernoulli(p(x)). For RFT without a baseline, the one-sample estimator is g(a)r,
so E[||g(a)r]|?] = p(x)E[||g(a)||? | = 1]. For Reinforce with a baseline, the one-sample
estimator is ¢(a) (r — p(x)). If the positive and negative samples have the same conditional

expected squared gradient norm,

E[llg(@* | r=1] = E[llg(a)|* | r = 0] = C,

then
Efl|lg(a)(r = p)IIP] = p(1 = p)*E[llg(a)[]* | r = 1]
+(1—p)p*E[g(@)|* | r = 0]
~ Czp(l - p).
Therefore,
2(x) o p(x) (RFT without baseline),
st {p(x) -(1—=p(x)) (Reinforce with baseline).
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Solving Equation (10) via Lagrange multipliers gives the optimal allocation rule:

o (x;
nfcxig( ), (11)
pi
which yields
RFT: n} o %, Reinforce: nj o %

This shows that incorporating a baseline reduces gradient variance and thus changes the
optimal sampling strategy. Combining these findings, we can formulate a reasonable
variance-reduction algorithm.

Reinforce with baseline. At each iteration t:

1—pg, (x;)

1. Allocate inference budgets as n; « N - .
Peo, (x;)

2. For each prompt x;, compute the advantage:

Al(xj, a7) = “(rij — pe, (x1)) \/ - (rij — po, (xi))-
P9r xl

i — po(xi))

3. Update the policy using the weighted gradient.

Remark 1 (Recovering the GRPO Advantage). The derived advantage term ——L— is exactl
( g ge) 8 m Y
equivalent to normalizing the reward by its standard deviation, since Std|[r Vp(l—p) for

binary rewards. This result provides an interesting explanation for the heurzstzc used in algorzthms
like GRPO (Shao et al.,|2024), which normalize advantages by the group standard deviation.

Remark 2 (The Necessity of the Log-Objective). It is important to note that the log-objective
factor (1/p) in Equation ([_Q}]; is essential for this result. If we were optimizing the standard objective

( i)

] = Elp] (where the weight is 1), the variance term would be g instead of

% ) . Minimizing
that variance would lead to allocating more budget to prompts wzth maximum varlzance (ie, p =
0.5) rather than the difficult prompts (p — 0). Thus, the log-objective is a prerequisite for focusing

the variance-reduction effort on difficult problems.

Extension to power objectives. The same argument extends to the power objective
f(p) = p° with weight f'(p) = cp®~L. In that case,

Vo= g B e sepogn),
i=1

Under the same conditional-gradient-norm assumption, this yields

_1 _1
RFT: n} o cpf z, Reinforce: n} « ¢ pf 2V/1—p;.

This matches the discussion in Section [2} smaller ¢ places more budget on low-pass-rate

prompts, while larger ¢ approaches more uniform allocation.

Extension to the logit objective. We also consider the two-sided objective implicitly op-
timized by REINFORCE-ADA-SEQ-BALANCE. As discussed in Section [2} the positive-only
stopping rule corresponds to the log objective because sampling until the first positive sam-
ple yields an expected cost proportional to 1/p. A natural symmetric extension is to keep
sampling until both positive and negative evidence have been observed. In the simplest
case, the expected stopping time then scales as

1 1

,_i_i_],
p 1-p
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where the additive constant does not affect the induced weighting. This suggests the logit
objective

foa1(p) = log %
Its derivative is . , .
/!
(h) =7+ = .
JeallP) = 4 1=, = pi = p)
Substituting this into the general allocation rule n} o« f’(p;)og(x;) and using the same
conditional-gradient-norm assumption, we obtain, for Reinforce with a baseline,

ny o pi(1—pi)
l pi(l1— Pl)
This yields a symmetric U—shaped allocation rule: prompts receive more budget when
either positive or negative evidence is rare. This matches the intuition behind REINFORCE-
ADA-SEQ-BALANCE, which continues sampling until both sides of the signal have been
observed.

E Simulation Studies for REINFORCE-ADA

To complement the full LLM experiments, we present a small set of simulation studies to
better understand the behavior of REINFORCE-ADA-SEQ in isolation. The goal of this part
is not to evaluate end-to-end model quality, but to build intuition for the sampling behavior
induced by the sequential stopping rules themselves.

We begin with the sampling cost induced by these stopping rules, illustrated in Figure [7}
We evaluate two variants of the method: REINFORCE-ADA-SEQ-POS, which continues
sampling until K positive responses are observed, and REINFORCE-ADA-SEQ-BALANCE,
which stops once both K positive and K negative responses have been collected.

For each strategy, we consider three maximum exploration budgets Nmax € {32,64,128}
and use a batch size of kpaten, = Nmax/8. We then vary the stopping requirement K and
estimate the expected number of samples required as a function of the true success prob-
ability p € (0,1). Because each response is a Bernoulli trial, the total number of required
samples can be simulated accurately and efficiently.

Average Sample Cost — Until-K-Positive (N_MAX=32, Batch=4) Average Sample Cost — Until-K-Positive (N_MAX=64, Batch=8) Average Sample Cost — Until-K-Positive (N_MAX=128, Batch=16)

[ Fan =i

iz

— Uil 4 Pos

— uni
100 unie
80

0o 02 0a o6 o8 10 0o o2 oa 05 0s To 0o 02 04 05 08 10
True pass rate p True pass rate p True pass rate p

Avo. samples EIN]
Avg. samples EIN]

Average Sample Cost — Until-KBalanced (N_MAX=32, Batch=4) Average Sample Cost — Until-K-Balanced (N_MAX=64, Batch=8) Average Sample Cost — Until-KBalanced (N_MAX=128, Batch=16)

Avg. samples EIN]

Avg. samples EIN]

Figure 7: Estimated sampling cost under sequential stopping rules. The first row shows
the expected number of responses required until observing K positive samples; the second
row shows the cost until collecting K positive and K negative samples. Each column corre-
sponds to a different maximum exploration budget Nmax € {32, 64,128}.
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Estimation Bias. The same simulation framework also lets us examine a second ques-
tion: how much bias is introduced by the empirical pass-rate estimates used in adaptive
sampling. To isolate this effect, we assume that the prompt set has difficulty uniformly
distributed over [0, 1], and evaluate the estimators on 100 evenly spaced true pass rates.

For REINFORCE-ADA-EST, we first use n samples to estimate the pass rate for each prompt.
We then assume that the second stage has a total budget of 4 - n - 100 samples, which is

allocated proportionally to /(1 — p)/p, where p is the first-stage estimated pass rate. To
avoid extreme allocation, we additionally impose a clipping threshold of 151 samples per
prompt.

For REINFORCE-ADA-SEQ, we sample sequentially in batches of size n, for at most 8
rounds. The REINFORCE-ADA-SEQ-POS variant stops once n/2 positive samples have
been collected, while REINFORCE-ADA-SEQ-BALANCE stops once both n/2 positive and
n/2 negative samples have been collected.

Figure 8: Bias of pass-rate estimation under adaptive sampling. Left: REINFORCE-ADA-
EsT, where a first-stage estimate based on n samples is followed by second-stage alloca-

tion proportional to /(1 — p)/p under a total budget of 4 - n - 100 and a per-prompt cap
of 15n. Right: REINFORCE-ADA-SEQ, where sampling proceeds in batches of size n for up
to 8 rounds, with POS stopping after collecting n/2 positive samples and BALANCE stop-
ping after collecting both 1n/2 positive and #/2 negative samples. In both cases, the true
prompt difficulty is assumed to be uniformly distributed over [0, 1] and evaluated on 100
grid points.

The results in Figure[§/show that the induced bias is still substantial when the group size is
small. For n € {4,8,16}, the bias remains fairly large, and for n = 4 there is a considerable
range of the true pass-rate spectrum where the estimation bias exceeds 0.04. In contrast,
once we scale the group size to n > 32, the bias becomes much smaller, especially for
REINFORCE-ADA-EST and REINFORCE-ADA-SEQ-BALANCE. This suggests that although
our adaptive procedures do introduce estimation bias, that bias naturally shrinks as we
scale up the group size.

F Additional Experiment Details

Models and benchmarks. We evaluate the generality of our framework across varying
scales and architectures, using three foundation models: Qwen2.5-Math (1.5B and 7B) and
Llama-3.2-3B-Instruct. For evaluation, we employ a comprehensive suite of mathematical
reasoning benchmarks: MATHS500 (Hendrycks et al., [2021), Minerva Math (Lewkowycz
et al., 2022), and OlympiadBench (He et al) [2024). Furthermore, to test robustness on
competition-level problems, we compile an AIME-like test set consisting of 230 problems
sourced from recent competitions: AIME24, AIME25, HMMT24, HMMT25, BRUMO?25,
AMC23, and CMIMC25 (Balunovi¢ et al., 2025). All evaluations report the Pass@1 accu-
racy averaged over 32 samples (Ave@32), generated with a temperature of 1.0 and a max
token limit of 4096. We also include a broader analysis of the reward-entropy trade-off and
Pass@k behavior in Appendix
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Training data and verifier. Training utilizes the standard subset of Opean-Math-ZZOlﬂ
We employ the Math-Verify tool (Kydlicek) for automatic solution correctness verifica-
tion. For the main table, we use Qwen-Math verifier for Minerva math dataset for fair
comparison, which has better extraction quality. To ensure a high-quality training signal,
we implement a standard preprocessing pipeline: (1) Deduplication of prompts; (2) Exclu-
sion of prompts where reference solutions fail verification; (3) Difficulty-based Filtering:
Following Yang et al. (2024), we filter prompts based on empirical difficulty estimated by
sampling 16 responses from the base model. We discard trivial prompts (average reward
> 0.375) and effectively impossible prompts (0 correct responses). This helps us to focus
the training distribution on problems of moderate difficulty rather than trivially easy or
impossibly hard ones. This choice is motivated by the observation of Hugging Face| (2025)
that incorporating overly simple problems into the training set can degrade model perfor-
mance.

RL training details. All experiments are conducted based on the verl framework (Sheng
et al.,)2024), where a Tinker—basedﬁ implementation is also provided. Training is configured
with a prompt batch size of 512, and each collected batch is used for four gradient-update
steps. We use the AdamW optimizer with a fixed learning rate of 1 x 10~°. To encourage
exploration (with 10-step warm-up), an entropy regularization term with coefficient 1 x
10~*is applied, while no KL penalty is introduced. Following Yu et al. (2025), we adopt the
clip-higher trick by setting the clipping range to [0.2,0.28]. For all variants, we keep these
standard RL hyperparameters (learning rate, batch size, entropy coefficient, optimizer, etc.)
fixed. No tuning was performed for REINFORCE-ADA. Each RL run is carried out for 600
training steps to obtain the final model.

Sampling configuration. The downsampling mechanism and random samples of
REINFORCE-ADA-SEQ make the methods not directly comparable. We standardize the
update group size (the number of samples used for the backward pass) to n = 4 for
REINFORCE-ADA-SEQ and baseline GRPO, but we also include GRPO baselines with larger
group size 8 and 16. We refer readers to Figure[l1|for a sense of the sampling dynamics of
different methods. Specifically, we consider the following competitors:

* GRPO baselines: We compare against GRPO with fixed group sizes n € {4,8,16}.

* REINFORCE-ADA-SEQ: The algorithm adaptively samples up to Npax = 32 re-
sponses per prompt but downsamples the collected pool to a fixed group size of
n = 4 for the gradient update. This ensures that the training cost of the backward
pass remains identical to GRPO-n4, with overhead limited only to inference.

* REINFORCE-ADA-EST: The total sampling budget is allocated proportionally to

1//pi. The hyperparameter value 8 is chosen to roughly match the sampling cost
of REINFORCE-ADA-SEQ.

In general, REINFORCE-ADA-EST is most directly comparable to GRPO-18, as they con-
sume approximately the same number of forward and backward samples. In contrast,
REINFORCE-ADA-SEQ involves inherent stochasticity in its adaptive sampling process, so
only coarse-grained comparisons are possible; nevertheless, our experiments consistently
show clear and robust trends across different models. Table|[l|in the main text provides an
illustration based on the Qwen2.5-Math-1.5B experiments.

G Additional Experiment Results and Ablation Studies

G.1 Adaptive Sampling Solves More Difficult Prompts

The impact of prompt set difficulty After ~200 steps (Fig. |11} right, second row), most
prompts become easy—two rounds already satisfy the positive quota—so additional sam-
pling brings diminishing returns. To stress-test our method, we construct a hard subset that

3https ://huggingface.co/datasets/open-ri1/0penR1-Math-220k
4https://github.com/thinking-machines-1lab/tinker-cookbook

21


https://huggingface.co/datasets/open-r1/OpenR1-Math-220k
https://github.com/thinking-machines-lab/tinker-cookbook

Published as a conference paper at COLM 2026

Model Algorithm Math500 Minerva Math Olympiad Bench AIME-like Weighted Average
GRPO-n4 74.2 34.4 38.4 16.2 453
Quwen2.5-Math-1.5B REINFORCE-ADA-SEQ-POS 75.8 35.7 38.6 16.5 46.1 (+0.8)
REINFORCE-ADA-SEQ-BALANCE 77.4 36.5 40.5 17.5 47.6 (+2.3)
GRPO 71.0 31.8 343 13.8 419
Quwen2.5-Math-1.5B (hard) REINFORCE-ADA-SEQ-POS 73.9 33.1 36.4 16.4 44.6 (+2.7)
REINFORCE-ADA-SEQ-BALANCE 747 33.7 38.7 17.6 45.5 (+3.6)
GRPO-n4 82.5 45.0 452 22.3 53.0
Quwen2.5-Math-7B REINFORCE-ADA-SEQ-POS 82.7 45.1 46.7 23.7 54.2
REINFORCE-ADA-SEQ-BALANCE 84.0 45.2 471 237 54.6
GRPO 80.7 42.8 429 21.8 51.3
Quwen2.5-Math-7B (hard) ~ REINFORCE-ADA-SEQ-POS 824 44.8 45.0 222 53.0
REINFORCE-ADA-SEQ-BALANCE 83.2 45.0 46.9 25.2 54.3
REINFORCE-ADA-EST 84.1 44.0 489 254 55.3

Table 3: Ablation study on the impact of prompt difficulty. The gains become more pro-
nounced on the more challenging training set, where our methods allocate more inference
budget to difficult prompts to recover a valid learning signal, while GRPO samples all
prompts uniformly.

Method Extremely Hard Hard Medium Easy Overall
Base Model 0.0000 0.0889 0.2950 0.6151 0.1139
GRPO 0.3414 (+34.14)  0.4639 (+37.51) 0.6497 (+3546) 0.6865 (+7.14) 0.4749 (+36.11)
DAPO 0.3487 (+34.87) 0.4648 (+37.60) 0.6521 (+35.71)  0.5580 (-5.70)  0.4757 (+36.19)
Reinforce-Ada 0.3674 (+36.74) 0.4825 (+39.37)  0.6579 (+36.29) 0.7153 (+10.02) 0.4933 (+37.94)

Table 4: Accuracy and absolute improvements over the base model across difficulty levels.
SEQ-BALANCE achieves consistent improvements across all difficulty categories.

keeps only prompts with 1-2 correct out of 16 initial samples. As shown in Fig. |9} adap-
tive sampling yields a much larger margin over GRPO on this challenging set, and the gap
widens late in training. This is also reflected on the final model performance reported in
Table[3l

Qwen2.5-Math-1.5B: Training Step vs Reward

Qwen2.5-Math-1.5B-Hard: Training Step vs Reward
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Figure 9: Ablation study on the prompt set difficulty. Left: prompt set with moderate
difficulty. Right: challenging prompt set. The benefit of adaptive sampling is more obvious
with challenging prompt set.

Intuitively, harder prompts reduce all-correct saturation and keep uncertainty high;
REINFORCE-ADA continues to mine informative negatives and avoids premature deacti-
vation, sustaining exploration and gradient signal.

To better understand how adaptive allocation reshapes the learning dynamics, we ran-
domly sample a subset of 5000 prompts from the hard training set. We partition the 5000-
prompt subset into four difficulty levels using the base model’s pass@16: (i) Extremely
Hard (0), (ii) Hard (0-0.2], (iii) Medium (0.2-0.5], and (iv) Easy (0.5-1.0]. The dataset is
dominated by difficult items where 984 (19.7%) are extremely hard and 3,082 (61.7%) are
hard. Meanwhile, medium and easy prompts account for 870 (17.4%) and 63 (1.3%), re-
spectively. As expected, the base model’s accuracy rises monotonically as prompts become
easier, achieving 0.00%, 8.89%, 29.50%, and 61.51% on the four groups.
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Table [d] summarizes different models” accuracy across four difficulty levels. All three RL
methods substantially improve over the base model, but REINFORCE-ADA-SEQ-BALANCE
achieves the highest accuracy in every category. The gains are especially pronounced on
the Extremely Hard and Hard prompts—where the base model succeeds rarely or not at
all—improving accuracy by +36.74 and +39.37 points, respectively. REINFORCE-ADA-SEQ-
BALANCE also attains the best performance on Easy prompts (71.53%), whereas DAPO
even hurts the performance in this regime. A likely reason is that DAPO tends to discard
high-pass-rate prompts during training, while our balanced adaptive sampling variant al-
locates sufficient inference budget to preserve learning signals even for easy items.

G.2 Training Reward Curves Across Backbones

Please refer to Figure

Qwen2.5-Math-1.58: Training Step vs Reward Qwen2.5-Math-78: Training Step vs Reward Llama3.2-3B-it: Training Step vs Reward
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Figure 10: Training reward vs. steps for GRPO and REINFORCE-ADA across backbones:
Qwen2.5-Math-1.5B, Qwen2.5-Math-7B, and Llama-3.2-3B-it. Curves are smoothed with
a 20-step moving average. In these experiments, REINFORCE-ADA generally learns faster
and reaches a higher reward than GRPO.

Sampling Strategy Comparison

8000
—— GRPO-8
7000 —-— GRPO-16
2 —— Reinforce-Ada-Seqg-Balance
f% 6000 T T T T T T T T T T T T -== Reinforce-Ada-Seq-Pos 7|
5 DAPO
2 5000
(%]
Q@
24000
1S
&
© 3000 ‘\i. ,
+ Uy ),
& 2000 Wb il y
\,ﬁl ":YF“’\‘."' ll\;ﬁﬁkl‘, wa A i | .
TR A A B A A A i b
1000 ! ! ."H! R B i I P P R
0 100 200 300 400 500
Training Step
| | oo | 5[ — e veon e s e — e
%
5000
] as /
H \ 9 350
& do0o \ fu H
g . T s 3

< - SR \
3000 35 \ 300

Adal

2000 AN 250,

N
e i A
o P

1000

100 200

%0 560 600 160 200 %0 560 600 160

300 360 260 360
Training Steps Training Steps Training Steps

Figure 11: First row: Sampling dynamics of different training strategies using the Qwen2.5-
Math-1.5B model. We omit REINFORCE-ADA-EST since its sampling cost matches that of
GRPO-8. Second row: Sampling dynamics with the Qwen2.5-Math-1.5B model. Left: ad-
ditional samples generated in later rounds compared to standard GRPO. Middle: number
of prompts that remain active after multi-round adaptive sampling with the REINFORCE-
ADA-SEQ-BALANCE variant. Right: number of prompts that satisfy the stopping criteria
within the first two rounds with the REINFORCE-ADA-SEQ-BALANCE variant. All curves
are smoothed using a moving average with a window size of 20.
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G.3 Sampling Dynamics and Inference Cost

Inference Cost Profile. The first row of Figure[l1|summarizes the inference cost, measured
as the average number of generated samples per iterationE] This view is intended to char-
acterize the sampling behavior of different methods rather than compare their final per-
formance. The main pattern is that GRPO-n4 has the lowest inference cost, SEQ-POS adds
moderate overhead, SEQ-BALANCE uses more inference because it continues sampling to
recover both positive and negative evidence, and GRPO-n16 remains the most expensive
because it pays for a uniformly large group on every prompt. This illustrates the basic allo-
cation trade-off behind adaptive sampling: it spends additional inference only where extra
evidence is needed, instead of paying the full cost of large-group sampling everywhere.

The Sampling Dynamics of ADA-SEQ. Figure[11] provides a deep dive into how ADA-
SEQ allocates its budget over time in the Qwen2.5-Math-1.5B experiments:

¢ Early Training (Exploration Phase): The cost is high as the model struggles with
difficult prompts. The algorithm automatically allocates more samples to find the
sparse positive solutions needed to initiate learning.

* Mid Training (Consolidation Phase): As the model improves, positive samples
become easier to find. The sampling cost for SEQ-POS drops monotonically.

* Late Training (Refinement Phase): Crucially, SEQ-BALANCE exhibits a distinct
“U-shaped” cost curve. After ~300 steps, the cost rises again. This phenomenon
occurs because the model becomes highly proficient, making negative samples (fail-
ures) rare. To maintain a valid gradient signal (variance > 0), the algorithm ac-
tively hunts for these hard negatives. This adaptivity prevents the “all-correct”
signal collapse that plagues standard GRPO in later stages.

G.4 Ablating Standard-Deviation Normalization in Scaled ADA-SEQ-BALANCE

We next study whether the scaled ADA-SEQ-BALANCE configuration should also include
the GRPO-style standard-deviation normalization in the final update. The experiment
is conducted on Qwen2.5-Math-1.5B using the smaller scaling configuration only: max-
imum inference size 32, sub-sampled training group size 8, and stopping thresholds
Kpos = Kneg = 4. We report this setting separately because it is part of the scaling study
and is intended to trace a compute frontier rather than match the default fixed-budget
benchmark.

This ablation asks whether, beyond using the utility view to drive adaptive allocation,
we should also explicitly normalize the update by 1/std, which moves the training sig-
nal toward the GRPO-style non-linear objective associated with 2arcsin(,/p). Figure
shows that this extra normalization is consistently harmful in this setting. The variant
with standard-deviation normalization performs worse than the unnormalized ADA-SEQ-
BALANCE from pass@1 to pass@16, with the plotted pass@1, pass@4, and pass@8 curves all
clearly below the corresponding baseline. This result suggests that directly coupling adap-
tive allocation with the non-linear objective can be detrimental here, which is consistent
with our discussion in the main text about the risk of tightly coupling allocation rules to a
specific objective when the primary quantity of interest is pass rate itself.

G.5 Entropy Dynamics and Pass@k

Beyond simple accuracy, we evaluate the quality of the learned policy through the lens
of the reward—entropy trade-off. A known challenge in evaluating the reasoning ability
of LLMs is the trade-off between reward (accuracy) and entropy (generation diversity).
Previous work has argued that post-training can trade this uncertainty for higher rewards
in a predictable manner (Cui et al.,2025). Moreover, prior work shows that standard GRPO

5We remark that GRPO-n16 uses more samples per iteration, resulting in a higher backward-pass
cost.

24



Published as a conference paper at COLM 2026

= Ada-5eq (no std norm) Ada-Seq (with std norm)
— pass@1 =—=—: pass@4 ---: pass@8
Qwen2.5-Math-1.5B: Ada-Seq std-normalization ablation
65
- u W ag®
-........ ----- PRy TR R pog 2
601 et PR
PR o

’\5 -.———.—’ﬂ—.—.’
&’ 55- _——4—
g ———I—
8 o
S e
o -
3 501
%)
©
e
245
<
o
(]
=

40

354

3x108  4x108 6 x 108 10°
Estimated token-compute (log scale)

Figure 12: Ablation of GRPO-style standard-deviation normalization in the scaled ADA-
SEQ-BALANCE setting on Qwen2.5-Math-1.5B. The compared configuration uses max-
imum inference size 32, sub-sampled training group size 8, and stopping thresholds
Kpos = Kneg = 4. Adding the extra 1/std normalization degrades performance across
the reported pass@1, pass@4, and pass@8 curves, and the same trend also holds through
pass@16.

often collapses to a low-entropy policy early in training, reducing reasoning diversity and
thus worsening pass@k for larger k (Shao et al., 2024} |Yue et al.,|2025).

An ideal algorithm should improve rewards without causing the policy to become overly
deterministic (entropy collapse). To provide a more comprehensive evaluation, we analyze
this trade-off here and present the results in Figure

(i) Reward-entropy frontier. While the precise entropy dynamics can vary depending
on the foundation model, REINFORCE-ADA consistently achieves a comparable or
superior reward—entropy curve. Specifically, from panel (2-1) of Figure L3, we ob-
serve that increasing the group size of GRPO does not improve the reward-entropy
trade-off. On Qwen2.5-Math-1.5B (1-1), GRPO concentrates mass early (low entropy,
narrow cloud) and achieves lower reward for a given entropy. All REINFORCE-ADA
variants shift the frontier outward, and REINFORCE-ADA-SEQ-BALANCE lies furthest
outward: at equal reward, it sustains higher entropy, and at equal entropy, it achieves
higher reward. On Llama-3.2-3B-it (1-2), the base policy starts with a higher en-
tropy floor, so the separation among different methods is smaller. Even so, the ADA-
SEQ variants achieve a more favorable frontier than GRPO, and ADA-EST performs
even better. We hypothesize that adaptive sampling encourages the model to explore
prompts about which it is uncertain, thereby preserving entropy. We also observe that
REINFORCE-ADA-SEQ-BALANCE > REINFORCE-ADA-SEQ-POS. We attribute this to
the fact that exposure to negative signals discourages the model from becoming over-
confident in a single solution path, thus preserving valuable policy diversity.

(if) Pass@k behavior. A related observation is that moderate policy entropy typically
converts into improved pass@k relative to the base model over a wide range of
k. Specifically, panel (2-2) shows that all RL methods dominate the base across
k, but the largest, most practical gains appear at small budgets (k < 8). In this
regime, REINFORCE-ADA yields the highest Pass@k; the advantage narrows as k
grows (diminishing-returns regime), where REINFORCE-ADA-SEQ-BALANCE typi-
cally remains marginally best. The pattern implies two complementary effects: (a)
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improved top-1 quality (higher reward at a given entropy), and (b) retained diversity
among high-scoring modes (shallower saturation with k). Together, adaptive sam-
pling moves the reward-entropy curve outward and converts that shift into higher
Pass@k at realistic attempt budgets, with REINFORCE-ADA-SEQ-BALANCE offering
the most stable trade-off.

We also present the corresponding reward—entropy comparisons for the scaled configu-
rations used in the compute-frontier study. Figure [14] shows that the same qualitative
conclusion continues to hold after scaling up: ADA-SEQ-BALANCE improves the pass-
rate—entropy frontier relative to the matched GRPO baselines. In other words, the gain
from adaptive allocation is not limited to the default setting; even in the higher-compute
regime, it attains higher pass rate at comparable entropy and maintains higher entropy at
comparable pass rate.
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Figure 13: Reward—-entropy trade-off in the first three panels and Pass@k in the bottom-
right panel on the test benchmarks. The three reward-entropy panels correspond to
Qwen2.5-Math-1.5B, Llama-3.2-3B-it, and an additional Qwen2.5-Math-1.5B comparison
under the difficulty ablation setting. Across these views, REINFORCE-ADA shifts the fron-
tier outward, achieving higher reward at fixed entropy and higher entropy at fixed re-
ward, and converts this into stronger Pass@k at small, practical budgets (k < 8), with
REINFORCE-ADA-SEQ-BALANCE typically best.
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Figure 14: Reward-entropy comparisons for the scaled configurations on Qwen2.5-Math-
1.5B. Left: ADA-SEQ-BALANCE with keep size 8 and maximum inference size 32 versus
GRPO-n16. Right: ADA-SEQ-BALANCE with keep size 16 and maximum inference size
64 versus GRPO-n32. In both regimes, adaptive sampling improves the pass-rate-entropy
frontier relative to the matched GRPO baseline.
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